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In a paper published in Physical Review B, Parsa Bon-
derson and Chetan Nayak from Microsoft Station Q at
the University of California at Santa Barbara, and Vic-
tor Gurarie from the University of Colorado, provide
a long-sought proof that quasiparticles in certain quan-
tized Hall states are non-Abelian anyons [1]. To appre-
ciate their achievement, it will be helpful to review the
basic concepts of what anyons are and how they are re-
alized in quantum Hall states, and also to clarify the
meaning, in this context, of “proof.”

What are anyons? In quantum theory, the physics of
indistinguishable particles displays fundamentally new
features that have no analog in classical physics. Specif-
ically: A process wherein the initial state has particles at
positions (A,B) while the final state has particles at (4,
B’) can take place through either of two distinct path-
ways. Indeed, if we follow (in our minds) the world-
lines of the (virtual) particles we might discover either
(A,B) — (A,B') or (A,B) — (B, A’). If we do not
actively observe the intermediate states, we must add
the amplitudes for those distinct possible pathways to
the same final physical state. Classical physics, which
guides us in calculating the relative contributions of
nearby trajectories, does not suggest a unique rule for
their relative weight. Two consistent rules are simply to
add them, corresponding to bosons, or to add them with
a relative factor —1, corresponding to fermions.

For particles that are constrained to move in a two-
dimensional plane, the classification of discretely differ-
ent (i.e., topologically distinct) pathways is more elab-
orate. It is governed by the braid group. As shown in
Fig. 1(a), histories with (A, B) — (B, A) can be achieved
with the first particle either passing over or passing un-
der the second particle. In three (or more) spatial dimen-
sions, it is possible to interpolate continuously between
those two kinds of histories, with ends held fixed, by
maneuvering in the spare dimension to avoid any cross-
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FIG. 1: Different aspects of the topology, or “braiding,” of vir-
tual worldlines in two spatial dimensions. The horizontal di-
rection represents time, the vertical and out of page directions
represent the two spatial dimensions available to the particles.
Thus our three spatial dimensions allow a convenient repre-
sentation of the worldlines for particles moving in two spatial
dimensions. (a) Two indistinguishable particles can change
places with either one passing over the other. These two kinds
of histories are topologically distinct; neither can be contin-
uously deformed into the other. (b) There is a natural mul-
tiplication operation on braids, which turns the topologically
distinct classes of braids into a group (the braid group). The
multiplication operation illustrated here is simply to glue the
separate braids together. (Credit: Alan Stonebraker)

ing. But in two dimensions, we must consider infinitely
many topologically distinct classes, distinguished ac-
cording to the integer multiple of 7 through which the
relative coordinate winds. When this integer is even,
we have (A,B) — (A, B), when it is odd, we have
(A,B) — (B, A); that distinction, of course, survives in
higher dimensions, but the finer classification collapses.
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It is natural to define multiplication of pathway
topologies P;, P, by gluing them together into longer
pathways, as shown in Fig. 1(b). It is not hard to see
that the topological class of the product P; P; is indepen-
dent of the choice of particular pathways to represent P
and P,. It is also not hard to see that the multiplication
operation defines a group, with the inverse of topolog-
ical class P containing the time-reversed versions of its
paths.

All these concepts generalize straightforwardly to the
case of N indistinguishable particles. Putting those par-
ticles in some reference order, we define elementary op-
erations 0j, wherein particle j winds through 7 around
particle j + 1, avoiding all the others, as in Fig. 2(a).
Then one can show—this is not so easy!—that all pos-
sible path topologies are generated by taking products
of the 0; and their inverses, subject only to the relations

ojox = oy0;, for |[j —k[ > 2, 1)

0j0j+10) = 0j+10j0j+1- )

The second of these relations, whose geometric content
is made visible in Fig. 2(b), is known as the Yang-Baxter
relation. These generators and relations define the braid
group. In three or more spatial dimensions, one has also
(7].2 =1 for all j, as discussed above.

In setting up the quantum mechanics of indistinguish-
able particles, it is consistent to weight the topologically
distinct classes of trajectories according to any represen-
tation of the braid group. We can take, for example,

0j = e’ (©)]

for all j. In this formulation, § = 0 (mod 27) corre-
sponds to bosons, and 8 = 7 (mod 27T) corresponds to
fermions; but more generally any angle 6 is consistent
with the general principles of quantum theory, and thus
we speak of anyons [2].

One can also consider multidimensional representa-
tions of the braid group. A particularly important one is
given by

;= ™1+ 757j01)/ V2, @)

where the matrices 7; obey the Clifford-Dirac algebra

{7 et = 2605 (5)

The size of the matrices 7; needed to realize this algebra
is 2(N=11/2; in particular, it grows exponentially with N.

Quantum statistics can be considered as a very spe-
cial kind of interaction. This sort of interaction is de-
termined entirely by large-scale, global (topological)
aspects of particles’ trajectories. This makes it sepa-
rate and distinct from ordinary interactions, which are
highly local. In particular, the statistical interaction af-
fects even distantly separated particles; in this sense, it
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FIG. 2: Worldlines for N indistinguishable particles. (a) El-
ementary braids involve interchanging two adjacent strands,
passing the higher over (out of page) the lower. An important
theorem states that any braid can be obtained by multiplying
elementary braids and their inverses. (b) There is a nonobvi-
ous relation among products of braids, known as the Yang-
Baxter relation, our Eq. (2). Its geometric content is displayed
here. The upper and lower braids, respectively, are the left-
and right-hand sides of Eq. (2). It is easy to see that these two
braids can be continuously related, i.e., that they are topologi-
cally equivalent. (Credit: Alan Stonebraker)

is a long-range interaction. Also, because the statistical
interaction only monitors global properties of the parti-
cle motion, it is robust against a wide variety of pertur-
bations. Thus anyons embody a form of quantum coher-
ence that is stable, yet open to controlled manipulation.
These complementary virtues make them promising as
a substrate for quantum computing.

The two realizations, Egs. (3) and (4), exemplify
Abelian and non-Abelian anyons, respectively. For
Abelian anyons the statistical interaction only multiplies
amplitudes by numbers. In this it represents a fairly
straightforward generalization of Bose and Fermi statis-
tics; it is simply that we allow complex phases, not just
£1. For non-Abelian anyons, the statistical interaction
multiplies by matrices, not merely numbers. Thus it in-
volves an expanded Hilbert space; to describe the many-
body state, given the positions of the particles, we must
also specify a location in a nontrivial—in our exam-
ple, 2IN-11/2_dimensional—Hilbert space. Very loosely
speaking, it is as if the particles develop an additional
internal degree of freedom, analogous to spin. That for-
mulation does not quite do justice to the situation, how-
ever. One sign of this is that the dimension of the Hilbert
space doubles only when we add two new particles, as if
they contribute a single “joint spin,” though they may be
far apart. Considered more accurately, the new degrees
of freedom encode subtle, spatially distributed prop-
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erties of the many-body wave function. One can also
have “quantum statistical” interactions between differ-
ent kinds of particles, sensitive to how their worldlines
entangle.

Since ordinary particles fundamentally exist in three
dimensions, they are either bosons or fermions, even
if they happen to be constrained, say by a potential,
to move in two dimensions. Anyons can only arise,
therefore, in essentially two-dimensional states of mat-
ter where the localized states of low energy—the quasi-
particles—are collective excitations involving correla-
tions among many electrons. Such quasiparticles are
candidate anyons.

To date, the theory of the quantum Hall effect has
been the most fruitful and reliable source of anyons.
That theory has three aspects: intuitive, macroscopic,
and microscopic. The overall intuitive picture is that in
the quantum Hall effect, electrons organize themselves
into an incompressible liquid whose preferred density
is proportional to the ambient magnetic field. More
detailed intuition comes from guessing many-electron
wave functions that are esthetically attractive. (This is
much less arbitrary than it might sound, because holo-
morphy and homogeneity constrain the choices.) The
macroscopic theory—in the jargon, the “effective” the-
ory—also involves inspired guesswork. Inspired by the
intuitive picture and wave functions, one formulates
model quantum field theories that consistently embody
the expected low-energy excitations and their proper-
ties, and makes deductions from the models. Finally, the
microscopic theory is based on finding sensible Hamil-
tonians (i.e., local, and based on few-body interactions)
for which the attractive wave functions demonstrably
describe the low-energy states. Although the real-world
Hamiltonian, which contains impurities, effects of extra-
neous (bulk) electrons, etc., is more complicated and less
tractable than the model Hamiltonian, some “universal”
quantities, including the quantum statistics of quasi-
particles, are insensitive to small perturbations, and for
these one can extrapolate from the model to reality reli-
ably. That defines, in this context, the standard of proof.

Abelian anyon statistics of the simplest quantum Hall
states, at filling fractions v = 1/(2p + 1), were de-
rived from a microscopic theory in the earliest calcula-
tions of this kind [3]. The quantum statistics emerged
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as a geometric or “Berry” phase accompanying the adi-
abatic motion of well-separated quasiparticles. Calcu-
lating the value of that phase required evaluation of a
formidable-looking definite integral. Fortunately, that
integral could be reduced, using Cauchy’s theorem in
complex variable theory, to estimation of the density of
the quantum Hall fluid. Now the rigidity (incompress-
ibility) and quantized value of that density is the central
feature of the intuitive theory of the quantum Hall effect;
indeed, it basically rephrases the observed quantization
of the Hall conductivity. Mathematical proof, however,
requires demonstration that the microscopic wave func-
tion in fact exhibits that density. For the relatively sim-
ple microscopic wave functions at v = 1/(2p + 1) this
crucial fact can be argued directly.

In more complicated cases, however, including all
known non-Abelian examples, direct calculation of the
required integrals seems out of reach. This mathemat-
ical difficulty has stood in the way of a genuine micro-
scopic derivation of non-Abelian anyons, even for quan-
tum Hall states where the macroscopic theory strongly
suggests their existence [4-6]. Bonderson, Gurarie, and
Nayak’s work, a tour de force of physical insight and
mathematical ingenuity, has broken through that bar-
rier. They exploit, in particular, a clever alternative re-
alization of their microscopic wave functions as the par-
tition function of a system of particles interacting by
Coulomb’s law—a system for which extensive numeri-
cal and analytical results are available. At last, the antic-
ipated properties of these particles, weird and unprece-
dented as they are, have a firm mathematical founda-
tion. Now we eagerly await the next great step: experi-
mental confirmation.
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