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The computation of radiative energy loss in a finite-size QCD medium with dynamical constituents is a key
ingredient for obtaining reliable predictions for jet quenching in ultrarelativistic heavy-ion collisions. We here
present a theoretical formalism for the calculation of the first order in opacity radiative energy loss of a quark jet
traveling through a finite-size dynamical QCD medium. We show that, while each individual contribution to the
energy loss is infrared divergent, the divergence is naturally regulated once all diagrams are taken into account.
Finite-size effects are shown to induce a nonlinear path-length dependence of the energy loss, recovering both the
incoherent Gunion-Bertsch limit, as well as destructive Landau-Pomeanchuk-Migdal limit. Finally, our results
suggest a remarkably simple general mapping between energy-loss expressions for static and dynamical QCD
media.
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I. INTRODUCTION

Suppression pattern of high transverse-momentum hadrons
is a powerful tool to map out the density of a QCD plasma
created in ultrarelativistic heavy-ion collisions [1–3]. Because
suppression (called jet quenching) results from the energy
loss of high-energy partons moving through the plasma [4–7],
reliable theoretical predictions for suppression require reliable
energy-loss calculations.

The medium-induced radiative energy loss is, in most
studies, computed by assuming that the QCD medium consists
of randomly distributed static scattering centers (“static QCD
medium”). However, in reality, constituents of the medium
are dynamical, and we recently showed that inclusion of
dynamical QCD medium effects are important in the radiative
energy-loss calculations [8,9]. Furthermore, calculation of the
energy loss has to be performed in a finite-size QCD medium,
because the size of the QCD medium created in both the
Relativistic Heavy Ion Collider (RHIC) and the Large Hadron
Collider (LHC) is finite. While methods for energy-loss
calculation have been developed for infinite optically thick
dynamical QCD medium, no such approach exists for finite
optically thin medium. However, it is of crucial importance to
develop the energy-loss formalism for the case of finite-size
optically thin medium to make reliable predictions applicable
for the range of parameters relevant for RHIC and LHC
experiments.

This article develops a theoretical formalism for the cal-
culation of the radiative energy loss in a finite-size dynamical
QCD medium, while main numerical results of the model are
presented elsewhere [9]. Our work is based a novel approach,
where two hard thermal loops are implemented within a
finite-size QCD model initially introduced by Zakharov [10].
The computations are presented in the appendices and include
analytical calculations of 24 Feynman diagrams, each of which
is individually infrared divergent. However, this divergence
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is naturally regulated when all the diagrams are taken into
account. Furthermore, we obtain an explicit analytical expres-
sion for the energy loss in dynamical medium, which can be
directly compared with the equivalent expression obtained in
static QCD medium. Finally, we discuss the obtained analytical
result in the context of several qualitative features: (i) recovery
of the static approximation for asymptotically high values
of energy, (ii) transition of the thickness dependence from
Gunion-Bertsch (GB) [11] to Landau-Pomeanchuk-Migdal
(LPM) [12] limits, and (iii) possible extension of the results to
higher orders in opacity.

II. RADIATIVE ENERGY LOSS IN A DYNAMICAL
QCD MEDIUM

In this section we outline the computation of the medium-
induced radiative energy loss for a heavy quark to first order in
opacity. We consider finite QCD medium of size L and assume
that the heavy quark is produced inside the medium at time
x0 = 0 at the left edge of the medium, traveling right.

Medium-induced radiative energy loss is caused by the
radiation of one or more gluons induced by collisional
interactions between the quark of interest and partons in the
medium. The energy-loss rate can be expanded in the number
of scattering events suffered by the heavy quark, which is
equivalent to an expansion in powers of the opacity. For a finite
medium, the opacity is given by the product of the density
of the medium with the transport cross section, integrated
along the path of the heavy quark. The lowest- (first-) order
contribution corresponds to one collisional interaction with the
medium, accompanied by emission of a single gluon.

We compute the medium-induced radiative energy loss for
a quark jet to the first (lowest) order in number of scattering
centers. The finite-size medium is introduced similarly as in
Ref. [13], i.e., by starting from the approach described in
Ref. [10]. That is, we assume that the medium has a size
L and that the collisional interaction has to occur inside the
medium.
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FIG. 1. Feynman diagrams M1,0,2,C , M1,0,2,L, and M1,0,2,R contribute to the radiative energy loss to the first order in the opacity. On each
panel, the left (right) gray ellipse represents the source J , which at time x0 (x5) produces an on-shell jet with momentum p2 (p5). The large
dashed circles (“blob”) represent effective HTL gluon propagators [14]. A cut gluon propagator with momentum k and color c corresponds to
the radiated gluon. A cut gluon propagator with momentum q and color a corresponds to a collisional interaction with a parton in the medium.
Specific time points are represented by xi . The diagrams are calculated in light cone coordinate system, and x+

2 − x+
0 < 2L on the first and the

third panels, as well as x+
3 − x+

5 < 2L on the first and the second panels, represent the condition that the distance between collisional interaction
and jet production has to be smaller than the size L of the medium. (Left) Middle and right panels present three possible cuts (central, left, and
right, respectively) of the same 2-HTL Feynman diagram, all of which contribute to the first order in opacity radiative energy loss.

As in Ref. [8], we describe the medium by a thermalized
quark-gluon plasma at temperature T and zero baryon density,
with nf effective massless quark flavors in equilibrium with
the gluons. The formalism for computing the energy loss in
finite-size dynamical QCD medium is presented in Appendices
C–N, and the diagrams are evaluated in finite temperature field
theory [15,16], using HTL resumed propagators [16] for all
gluons. To outline the calculations, in Fig. 1 we show three
typical diagrams that have to be computed. The Feynman
diagram in the left panel of Fig. 1 represents the source
J , which at time x0 produces an on-shell jet with momen-
tum p2 and subsequently radiates a gluon with momentum
k = (ω, kz, k) and exchanges a virtual gluon of momentum
q = (q0, qz, q) with a parton in the medium. The quark jet
emerges with (measured) momentum p = (E,pz, p). We
assume, as in Ref. [17], that J changes slowly with jet
momentum, i.e., that J (p + k + q) ≈ J (p + k) ≈ J (p). To
incorporate the effect of the finite-size QCD medium, we
assume that the distance between the jet production and
collisional interaction has to be smaller than the size of the
medium.

Because the produced jet can be off-shell, the Feynman
diagrams shown in the center and right panels of Fig. 1 also
contribute to the first order in opacity radiative energy loss.
They are complex conjugates to each other and they present
the terms that will interfere with the diagram shown in the left
panel of Fig. 1 and consequently lead to the appearance of
LPM effect (in the case of high-energy jets), after all relevant
contributions are taken into account. In addition to the three
diagrams shown in Fig. 1, there are 21 more diagrams that
contribute to the first order in opacity radiative energy loss, and
their calculation is presented in Appendices C–N. Note that the
calculation presented in this article differs from Ref. [18] by
the use of HTL gluon propagators to describe the interaction
of the quark with the medium. The difference from Ref. [8] is
that in this work we allow the jet to be on- or off-shell and the
vertices that correspond to gluon exchange are restricted to be
located inside the medium.

Because the exchanged gluon momentum is spacelike
[13,19,20]), only the Landau damping contribution (q0 � |�q|)
to the cut HTL effective gluon propagator D(q) needs to be
taken into account [13,19,21]. The radiated gluon has timelike
momentum k = (ω, �k), so only the quasiparticle contribution
at ω > |�k| from the cut gluon propagator D(k) contributes
[14–16]. Because our focus is on heavy quarks with mass
M � gT , we neglect the thermal shift of the heavy-quark
mass.

The effective gluon propagator has both transverse and lon-
gitudinal contributions [22–28]. The 1-HTL gluon propagator
has the form

iDµν(l) = P µν(l)

l2−�T (l)
+ Qµν(l)

l2−�L(l)
, (2.1)

where l = (l0,�l) is the four-momentum of the gluon and Pµν(l)
and Qµν(l) are the transverse and longitudinal projectors,
respectively. The transverse and longitudinal HTL gluon
self-energies �T and �L are given by

�T (l) = µ2

[
y2

2
+ y(1−y2)

4
ln

(
y+1

y−1

)]
,

(2.2)

�L(l) = µ2

[
1 − y2 − y(1−y2)

2
ln

(
y+1

y−1

)]
,

where y ≡ l0/|�l| and µ = gT
√

Nc/3 + Nf /6 is the Debye
screening mass.

While the results obtained in this article are gauge invariant
[20], the calculation is for simplicity presented in Coulomb
gauge. In this gauge the only nonzero terms in the transverse
and longitudinal projectors are

P ij (l) = −δij + li lj

�l2 ,

(2.3)

Q00(l) = − l2

�l2 = 1 − l2
0

�l2 = 1 − y2.
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As in Refs. [17,18,29–34], we use the same kinematic
approximations, i.e., we assume validity of the soft-gluon
(ω � E) and soft-rescattering (ω � |k| ∼ |q| ∼ q0, qz) ap-
proximations (see Appendix A for details). In Appendices
C–N we compute all the diagrams that contribute to the first
order in opacity radiative energy loss. Once the diagrams are
calculated, the interaction rate is given by:

�(E) = 1

NJ

Mtot = 1

NJ

(M1,0 + M1,1 + M1,2), (2.4)

here M1,0, M1,1, and M1,2 present the sum of all contributions
in which zero, one, or two (respectively) ends of the exchanged
gluon q are attached to the radiated gluon k. Furthermore,
NJ is an integrated invariant distribution of jets, created by
the effective jet source current and given by [17] (note that
DR = 3 accounts for the jet colors)

NJ = DR

∫
d3p

(2π )32E
|J (p)|2. (2.5)

Equations (C16), (D13), (D29), (E7), (F12), and (G7) give
final results for the Feynman diagrams contributing to M1,0.
After adding these expressions M1,0 becomes

M1,0 = 4LTg4[ta, tc][tc, ta]
∫

d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2 + µ2)
× k2

(k2 + χ )2

×
[

1 − sin(ξL)

ξL

]
,

= DR

∫
d3p

(2π )32E
|J (p)|2 CRαs

π

L

λdyn

∫
dx

x

d2k

π

d2q

π

× µ2

q2(q2 + µ2)
× k2

(k2 +χ )2

[
1 − sin(ξL)

ξL

]
, (2.6)

where χ ≡ M2x2 + m2
g and ξ ≡ k2+χ

xE+ are defined by Eq. (A8)
in Appendix A.

Here and below we used [ta, tc][tc, ta] = C2(G)CRDR [with
C2(G) = 3, CR = 4

3 , and DR = 3] and defined a “dynamical
mean free path” (see Ref. [8]) λdyn through

λ−1
dyn ≡ C2(G)αsT = 3αsT , (2.7)

where αs = g2

4π
is coupling constant, and we assumed constant

coupling g.
Equations (H11), (I8), (J10), and (K10) give final results

for the Feynman diagrams contributing to M1,1. After adding
these expressions M1,1 becomes

M1,1 = DR

∫
d3p

(2π )32E
|J (p)|2 CRαs

π

L

λdyn

×
∫

dx

x

d2k

π

d2q

π

µ2

q2(q2 + µ2)

× −2k · (k + q)

(k2 + χ )[(k + q)2 + χ ]

[
1 − sin(ζL)

ζL

]
, (2.8)

where ζ ≡ (k + q)2+χ

xE+ is defined by Eq. (A8) in Appendix A.

Equations (L7) and (M6) give final results for the Feynman
diagrams contributing to M1,2. After adding these expressions
M1,2 becomes

M1,2 = DR

∫
d3p

(2π )32E
|J (p)|2 CRαs

π

L

λdyn

×
∫

dx

x

d2k

π

d2q

π

µ2

q2(q2 + µ2)

{
2(k + q)2

[(k + q)2 + χ ]2

×
[

1 − sin(ζL)

ζL

]
− k2

(k2 + χ )2

[
1 − sin(ξL)

ξL

]}
.

(2.9)

By using Eqs. (2.5)–(2.9) the interaction rate [Eq. (2.4)]
reduces to

�(E) = CRαs

π

L

λdyn

∫
dx

x

d2k

π

d2q

π

µ2

q2(q2 + µ2)

2(k + q)

(k + q)2 + χ

×
[

k + q
(k + q)2 + χ

− k

k2 + χ

] [
1 − sin(ζL)

ζL

]
.

(2.10)

The heavy-quark radiative energy loss per unit length
is obtained from the above expression for the interaction
rate by weighting it with the lost energy ω + q0. In the
soft-rescattering approximation ω + q0 ≈ ω, leading to:

dEdyn

dL
= 1

DR

∫
dω ω

d�(E)

dω
≈ E

DR

∫
dxx

d�(E)

dx
.

(2.11)

This finally leads to

�Edyn

E

= CRαs

π

L

λdyn

∫
dx

d2k

π

d2q

π

µ2

q2(q2 + µ2)
× 2

k + q
(k + q)2 + χ

×
[

k + q
(k + q)2 + χ

− k

k2 + χ

] {
1 − sin

[ (k + q)2 + χ

xE+ L
]

(k + q)2 + χ

xE+ L

}
.

(2.12)

It is important to note that, similarly to Ref. [8], each
individual diagram that contributes to the energy loss in a
finite-size dynamical QCD medium diverges logarithmically
in the limit of zero transverse momentum of the exchanged
gluon, q → 0. The reason for this divergence is that in a
dynamical QCD medium both transverse and longitudinal
gluon exchange contribute to the radiative energy loss [35].
While Debye screening makes the longitudinal gluon exchange
infrared finite, transverse gluon exchange causes a well-known
logarithmic singularity [16] due to the absence of a magnetic
screening [36]. Remarkably, we see from Eq. (2.12) that,
when the contributions from all diagrams are taken into
account, the infrared divergences cancel, naturally regulating
the energy-loss rate.
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The analytical expression for the energy loss in dynamical
medium that we obtained can now be directly compared
with the equivalent expression for static QCD medium. We
below make this comparison to study the importance of
the dynamical QCD medium effects. To do that, we here
rewrite the expression for the DGLV first order in opacity
radiative energy loss in static QCD medium, which is obtained
in Ref. [18]:

�Estat

E

= CRαs

π

L

λstat

∫
dx

d2k

π

d2q

π

µ2

(q2 + µ2)2
× 2

k + q
(k + q)2 + χ

×
[

k + q
(k + q)2 + χ

− k

k2 + χ

] {
1 − sin

[ (k + q)2+χ

xE+ L
]

(k + q)2 +χ

xE+ L

}
,

(2.13)

with [8,37]

1

λstat
= 1

λg

+ 1

λq

= 6
1.202

π2

1 + nf

4

1 + nf

6

3αsT = c(nf )
1

λdyn
,

(2.14)

where c(nf ) ≡ 6 1.202
π2

1+nf /4
1+nf /6 is a slowly increasing function of

nf that varies between c(0) ≈ 0.73 and c(∞) ≈ 1.09. For a
typical value nf = 2.5 (which we use in this article), c(2.5) ≈
0.84.

We see that, similarly to the case of infinite QCD medium
[8], Eqs. (2.12) and (2.13) are remarkably similar, up to two
important differences: The first is an O(15%) decrease in the
effective mean free path

λdyn ⇐⇒ λstat = λdyn

c(nf )
, (2.15)

which increases the energy-loss rate in the dynamical medium
by O(20%). The second difference is a change in the effective
cross section, which in the energy-loss rate is reflected by the
replacement[

µ2

q2(q2 + µ2)

]
dyn

⇐⇒
[

µ2

(q2 + µ2)2

]
stat

. (2.16)

As discussed in Ref. [9], these differences lead to a significant
increase of the heavy-quark energy-loss rate in dynamical
compared to static QCD medium.

By using the above results, we can now discuss the
following two issues: (i) comparison between dynamical and
static energy-loss results and (ii) comparison between energy-
loss results in Bethe-Heitler limit and finite-size QCD medium.
Regarding the first comparison, one should note a remarkably
simple mapping between dynamical and static QCD medium.
That is, the expression for energy loss in dynamical QCD
medium can be obtained from the expression for the energy
loss in static QCD medium by simply replacing the effective
mean free path and the effective cross section by the appropri-
ate expressions given above. The simplicity of this substitution

rule is surprising, given the complexity of the calculations and
their different structure for static [18] and dynamical media.
In particular, one should note the infrared divergences in the
dynamical case that cancel only after summing all the diagrams
from Appendices C–N, but do not arise at all in the static case.
Regarding the second comparison, the expressions for both
dynamical and static energy loss in finite-size QCD medium
are significantly different from the corresponding expressions
in Bethe-Heitler limit [8]. However, despite this difference, the
same simple substitution rule is found to apply, suggesting a
possibly general mapping between static and dynamic QCD
media.

We also note that the study presented here considers a
finite, optically thin dynamical QCD medium [quark-gluon
plasma (QGP)], extending the DGLV approach [17,18] to
include parton recoil. In this sense it is complementary to the
work by Arnold, Moore, and Yaffe [34] who study energy
loss in an infinite, optically thick QGP. We note that the
AMY approach [34] yields the same form (2.16) for the
effective cross section in a dynamical QCD medium as found
here (see also Ref. [38]), further supporting our conjecture
above.

III. INCOHERENT LIMIT

First of the two relevant limits of the Eq. (2.12), which
we consider in this article is the incoherent, short formation
time limit. This limit is relevant for heavy quarks at lower jet
energy regions, and it can be extracted from the Eq. (2.12)

when
sin[ (k + q)2 + χ

xE+ L]
(k + q)2 + χ

xE+ L
→ 0:

�Edyn

E
= CRαs

π

L

λdyn

∫
dx

d2k

π

d2q

π

µ2

q2(q2 + µ2)

2(k + q)

(k + q)2 +χ

×
[

k + q
(k + q)2 + χ

− k

k2 + χ

]

= CRαs

π

L

λdyn

∫
dx dk2 dq2 µ2

q2(q2 + µ2)

1

k2 + χ

×
⎧⎨
⎩ k2 + 3q2 + χ√

χ2 + 2χ (k2 + q2) + (k2−q2)2
− 1

− 2q2[(k2−q2)2 + χ (5k2 + q2)][
χ2 + 2χ (k2 + q2) + (k2 − q2)2

] 3
2

⎫⎬
⎭ , (3.1)

where the second step is obtained after angular inte-
gration. Furthermore, under the assumption that αs is
not running, Eq. (3.1) can be further analytically inte-
grated over 0 � |k| � kmax, where kmax = 2E

√
x(1 − x) [18].

We obtain

�Edyn

E
= CRαs

π2

L

λdyn

∫
dx d2qJdyn(q, x), (3.2)
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where

Jdyn(q, x)

= µ2

q2(q2 + µ2)

⎧⎨
⎩−1 + q2 − k2

max + χ√
q4 + 2q2

(
χ − k2

max

) + (
k2

max + χ
)2

+ ln

⎡
⎣χ + k2

max − q2 +
√

q4 + 2q2
(
χ − k2

max

) + (
k2

max + χ
)2

2
(
χ + k2

max

)
⎤
⎦

+ (q2 + 2χ )

q2
√

1 + 4χ

q2

ln

⎡
⎢⎣k2

max +χ

χ

(q2 + 3χ ) +
√

1 + 4χ

q2 (q2 + χ )(
q2 − k2

max + 3χ
) +

√
1 + 4χ

q2

√
q4 + 2q2

(
χ − k2

max

) + (
k2

max + χ
)2

⎤
⎥⎦

⎫⎪⎬
⎪⎭ .

By comparing Eqs. (3.1)–(3.3) with the equivalent expressions
from Ref. [8] [see Eqs. (2.9)–(2.12)], we see that, though
similar, the corresponding expressions are not the same. The
reason is that, in Ref. [8], we considered the Bethe-Heitler
limit, which considers on-shell quark jets produced at remote
past, while in our study, we allow that quark jets can be both
on- and off-shell.

IV. LPM LIMIT

The second relevant limit that we consider is the non-
Abelian analog of the Landau-Pomeanchuk-Migdal limit. This
limit is relevant for highly energetic jets, where destructive
interference effects reduce the energy loss relative to the
incoherent limit. The limit is obtained from the Eq. (2.12)
when E+ ≈ 2E → ∞. In such a limit finite mass effects are
negligible. Additionally, kmax = 2E

√
x(1 − x) → ∞ as well,

which enables us to introduce a substitution k′ ≡ k + q in
Eq. (2.12). With these simplifications, Eq. (2.12) becomes

�Edyn

E
= CRαs

π

L

λdyn

∫
dx

d2k′

π

d2q

π

µ2

q2(q2 + µ2)

× 2q × (q − k′)
k′2(k′ − q)2

[
1 − sin

(
k′2L
2xE

)
k′2L
xE+

]

= 2
CRαs

π

L

λdyn

∫ 1

0
dx

∫ ∞

0
dk′2

∫ q2
max

0
dq2

× µ2

q2(q2 + µ2)
θ (|q| − |k′|)

[
1 − sin

(
k′2L
2xE

)
k′2L
2xE

]
,

(4.1)

where in the second step we performed angular integration. To
proceed further, we observe that the derivative over distance
L of the above expression (i.e., dE

dL
) is equal to

1

E

dEdyn

dL
= 2

CRαs

π

1

λdyn

∫ 1

0
dx

∫ ∞

0
dk′2

∫ q2
max

0
dq2

× µ2

q2(q2 + µ2)
θ (|q| − |k′|)

[
1 − cos

(
k′2L
2xE

)]

= 2
CRαs

π

1

λdyn

∫ 1

0
dx

∫ q2
max

0
dq2 µ2

q2(q2 + µ2)

×
[
γ − Ci

(
Lq2

2Ex

)
+ ln

(
Lq2

2Ex

)]
, (4.2)

where in the second step we performed an integral over k′2,
γ ≈ 0.577216 is Euler’s constant, and Ci(y) gives the cosine
integral function.

Finally after performing the integration over x, we obtain

1

E

dEdyn

dL
= 4

CRαs

π

1

λdyn

∫ q2
max

0
dq2 µ2

q2(q2 + µ2)

×
[
Z

(
Lq2

2E

)
+ π

(
Lq2

8E

) ]
, (4.3)

where

Z(y) ≡ γ − 1

2
cos(y) − Ci(y) + ln(y) + sin(y)

2y

− ySi(y)

2
−→
y→0

0. (4.4)

Therefore, for the asymptotically large jet energies, the
Eq. (4.3) reduces to

1

E

dEdyn

dL
= CRαs

2E

L

λdyn

∫ q2
max

0
dq2 µ2

q2 + µ2

= CRαs

2E

L

λdyn
µ2 ln

(
4ET

µ2

)
, (4.5)

where we used qmax = √
4ET [39]. Finally, �E

E
then becomes

�Edyn

E
= CRαs

4E

L2µ2

λdyn
ln

(
4ET

µ2

)
. (4.6)

From the above expressions, we see that at asymptotically large
jet energies we obtain quadratic thickness dependence for the
energy loss, that is, we recover the LPM limit. Therefore, for
highly energetic jet, finite-size corrections implemented in the
calculation presented in this article simulate the destructive
effects of LPM interference in an infinite QCD medium [5].
This behavior is expected [17] because the nuclear medium
has finite dimensions that may be small compared to the
jet radiation coherence length, especially in the case of light
partons or high jet energies. Due to this, in finite-size media
the basic formation time physics developed by LPM [12] leads
to destructive interference effects on the quark quenching.

Furthermore, by applying the same procedure, it is straight-
forward to obtain that, for asymptotically large jet energies, the
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radiative energy loss in static QCD medium becomes

�Estat

E
= CRαs

4E

L2µ2

λstat

[
ln

(
4ET

µ2

)
− 1

]
, (4.7)

so that ratio between energy losses in dynamical and static
QCD medium approaches

lim
E→∞

�Edyn

�Estat
= lim

E→∞
λstat

λdyn

ln 4ET
µ2

ln 4ET
µ2 − 1

= λstat

λdyn
. (4.8)

Therefore, we conclude that, at asymptotically large jet ener-
gies, approximation of the medium by a random distribution of
static scatterers becomes valid, up to a multiplicative constant
λstat
λdyn

that can be renormalized. This is consistent with what
would be expected from established BDMPS results [5].

V. CONCLUSION

In this article, we developed a theoretical formalism for
the calculation of the first order in opacity radiative energy
loss of a fast quark traveling through a finite dynamical QCD
medium. We obtain a closed analytical expression for the
energy loss in dynamical medium. The obtained result is
convergent, despite the fact that each individual contribution to
the energy loss is infrared divergent. Furthermore, the energy
loss has a nontrivial dependence on the size of the medium,
which depends on both mass and energy of the quark jet.
The finite-size effects are found to be most important in the
ultrarelativistic limit and they effectively reproduce the effects
of destructive LPM interference. Another interesting limit is an
incoherent (GB) limit, which is reproduced for heavy quarks
with moderately small jet energies.

The study presented here considered the radiative energy
loss in finite-size dynamical QCD medium up to the first order
in opacity. However, in static QCD medium, radiative energy
loss up to all orders in opacity is obtained [17,18]. Simplicity
of the mapping between the first order in opacity static and
dynamical energy loss, implies that the same mapping might
be generalized to higher order in opacity as well. That is, we
make a conjecture that, to obtain the energy-loss expressions in
dynamical QCD medium from the existing static QCD medium
expressions, one (only) needs to replace effective mean free
path and effective cross section from static QCD medium, with
the corresponding expressions from dynamical QCD medium.
However, to prove this conjecture is very nontrivial, which will
be a subject of further research.

The measurement of the heavy-flavor suppression is in
the current focus of intensive experimental efforts, and these
measurements are expected to became available soon at the
upcoming high-luminosity RHIC and LHC experiments. As
already mentioned, particle suppression is a consequence of
the energy loss. Our study, which incorporates dynamical ef-
fects in realistic finite-size QCD medium, enables us to provide
the most reliable computations of the energy loss in QGP. Our
future goal is to use these energy-loss calculations to make
accurate theoretical predictions for the heavy-flavor suppres-
sion. These predictions can then be directly compared with the

upcoming experimental data to test our understanding of QGP
and to further study the properties of this novel form of matter.
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APPENDIX A: NOTATION AND ASSUMPTIONS

In the following appendices, the calculation will mostly
(with the exception of G−+ propagators), be done using the
light cone coordinate system [40]. This coordinate system
is appropriate for systems moving with almost the speed of
light. It is obtained by choosing new spacetime coordinates
[x+, x−, x], related to the coordinates in the laboratory frame
(t, z, x) by (x is the transverse coordinate)

x+ = (t + z), x− = (t − z). (A1)

In the same way the light cone momentum [p+, p−, p] is
related to the momentum in the laboratory frame [E,pz, p] by
(p is the transverse momentum)

p+ = (E + pz), p− = (E − pz). (A2)

In this article we consider a quark of a finite mass M ,
produced inside the finite-size QGP, at some initial point x0.
The jet is assumed to have a large spatial momentum p′ � M ,
and it can be both on-shell and off-shell. This is in contrast
to the Bethe-Heitler limit, which we considered in Ref. [8],
where an on-shell jet was created at −∞. Further, we choose
coordinates such that the momentum of the initial quark is
along the z axis:

p′ = [E′+, p′−, 0]. (A3)

We are interested in the radiative energy loss to first order in
the opacity, so we study the case in which the quark exchanges
(in arbitrary sequence) one virtual gluon with spacelike
momentum

q = [q+, q−, q] = (q0, �q) = (q0, qz, q), q0 � |�q| (A4)

with a parton in the medium and radiates one (medium-
modified) real gluon with timelike momentum

k = [k+, k−, k] = (k0, �k) = (ω, kz, k), k0 � |�k| (A5)

into the medium. The on-shell quark jet emerges with four-
momentum pµ.

Similarly to all energy-loss formalisms developed so far
(see e.g. Refs. [5,17,18,29–34]), the calculations presented
in Appendices C–N are developed under the assumption of
a perturbative high-temperature QGP. We note that, strictly
speaking, this assumption may not be directly applicable
to the case of a strongly coupled QGP or in cold nuclear
matter. The validity of this assumption for the QGP created
in ultrarelativistic heavy-ion collisions can be tested by
comparison with upcoming experimental data from the RHIC
and LHC heavy-ion programs.

For the computation of the Feynman diagrams given
in Appendices B–D we will need G+

++(x), G−
−−(x), and
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G−+(x) propagators for the quark jet p, the radiated gluon
k, and the exchanged gluon q. These functions are derived in
Appendix B.

As in Refs. [17,18,29–33], we assume validity of the
soft-gluon (ω �E) and soft-rescattering (|q|∼|k| � kz) ap-
proximations. These approximations become more reliable
as the temperature increases and are expected to hold well
at the LHC, while at RHIC their application should be
further validated. Together with conservation of energy and
momentum (p′ = p + k + q) they yield

k =
[
k+, k− = k2 + m2

g

k+ , k

]
,

(A6)

p =
[
E+, p− = p2 + M2

E+ , p
]

.

In Ref. [8] we showed that it is reasonable to assume that qz

has the same order of magnitude as |q|. Because |k| � kz and
qz∼|q|∼|k|, we then also have qz � kz. Thus kz + qz ≈ kz and
pz + kz + qz ≈ pz + kz ≈ pz + qz ≈ pz. Defining x ≡ k+

E+ , we
can therefore also assume that

x ≡ k+

E+ ≈ (k + q)+

(E + q)+
. (A7)

By using x, we further define χ , ξ , and ζ in the following way

χ ≡ M2x2 + m2
g

ξ ≡ k2 + χ

xE+
(A8)

ζ ≡ (k + q)2 + χ

xE+

ζ − ξ = (k + q)2 − k2

xE+ .

Finally, by using that ξ, ζ � |k| ∼ |q|, and that
qz ∼ |q| ∼ |k|, we obtain ξ, ζ � qz leading to

q− + ξ = q0 − (qz − ξ ) ≈ q0 − qz

q− + ζ = q0 − (qz − ζ ) ≈ q0 − qz (A9)

q− ± (ζ − ξ ) = q0 − [qz ± (ξ − ζ )] ≈ q0 − qz.

APPENDIX B: DERIVATION OF THE PROPAGATORS IN
LIGHT CONE COORDINATE SYSTEM

In this appendix we present in some detail the derivation
of the propagators G±± in the light cone coordinate system,
which are needed for the calculations presented in the
following appendices. To derive these functions we start from
Kallen-Lehmann theorem [41]:

Gab(x) = i

2π

∫ ∞

0
ds

∫
d4l

(2π )4

×
[

ρab(s, l)

l2 − s + iε
+ ρ̃ab(s, l)

l2 − s − iε

]
e−il·x, (B1)

where a, b can be + or − and ρab(s, l) and ρ̃ab(s, l) are spectral
functions. We can now decompose the propagator as

Gab(x) = θ (x+)G+
ab(x) + θ (−x+)G−

ab(x). (B2)

Note that
l · x = 1

2 l+x− + 1
2 l−x+ − l · x (B3)

l2 = l+l− − l2 , (B4)

We first concentrate on G+
ab(x). To obtain G+

ab(x) we
take poles from Eq. (B1). Pole l2 − s + iε = 0 contributes to
G+

ab(x) only if l+ > 0, while pole l2 − s − iε = 0 contributes
to G+

ab(x) only if l+ < 0, leading to

G+
ab(x)

=
∫

d4l

(2π )4
e−il·x

∫ ∞

0
ds δ(l2 − s)[θ (l+)ρab(s, l)

− θ (−l+)ρ̃ab(s, l)]

=
∫

d4l

(2π )4
e−il·x G+

ab(l), (B5)

where

G+
ab(l) = θ (l+)ρab(l2, l) − θ (−l+)ρ̃ab(l2, l), (B6)

where θ (l+) and θ (−l+) are unit step functions.
To proceed further, we use the following expressions

ρ++(l2, l) = −ρ̃−−(l2, l) = [θ (l0) + f (l0)] ρ(l)

ρ−−(l2, l) = −ρ̃++(l2, l) = [θ (−l0) + f (l0)] ρ(l)
(B7)

ρ+−(l2, l) = −ρ̃+−(l2, l) = f (l0) ρ(l)

ρ−+(l2, l) = −ρ̃−+(l2, l) = [1 + f (l0)] ρ(l),

which can be straightforwardly derived from Ref. [41]. Here
θ (l0) is unit step function, f (l0) = (el0/T − 1)−1, where T is
the temperature of the medium and ρ(l) is a spectral function.

Then, by using Eqs. (B6) and (B7), we obtain

G+
++(l) = −θ (l+) ρ++(l) + θ (−l+) ρ−−(l)

= [θ (l+) θ (l0) + θ (−l+) θ (−l0) + f (l0)]ρ(l)

G+
−−(l) = −θ (l+) ρ−−(l) + θ (−l+) ρ++(l)

= [θ (l+) θ (−l0) + θ (−l+) θ (l0) + f (l0)]ρ(l)

G+
+−(l) = −θ (l+) ρ+−(l) + θ (−l+) ρ+−(l)

= ρ+−(l) = f (l0) ρ(l)
G+

−+(l) = −θ (l+) ρ−+(l) + θ (−l+) ρ−+(l)

= ρ−+(l) = [1 + f (l0)] ρ(l). (B8)

Furthermore, it is straightforward to show that

G+
++(l) = G−

−−(l)
(B9)

G−
−+(l) = G+

+−(l).

In this article we will need only G+
++(x), G−

−−(x), and
G−+(x) propagators for the quark jet p, the radiated gluon k,
and the exchanged gluon q. We will first derive these functions
for the exchanged gluon q. To do this, let us first note that,
as noted in the previous appendix, in this article we assume
high-temperature QGP and a soft-gluon, soft-rescattering
approximation. In such a limit, for the exchanged gluon q,
f (q0) ≈ T

q0
� 1, reducing the Eqs. (B8) and (B9) to

G+
++(q) ≈ G+

−−(q) ≈ G+
+−(q) ≈ G+

−+(q) ≈ G−
−−(q)

≈ G−
−+(q) ≈ f (q0) ρ(q). (B10)
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By using Eq. (B10), it is then straightforward to obtain that
corresponding propagators for the exchanged gluon are given
by

D
+µν
++ (xi − xj ) = D

−µν
−− (xi − xj ) ≈ D

µν
+−(xi − xj )

≈
∫

d4q

(2π )4
D>(q)e−iq(xi−xj ), (B11)

where D>(q) is the effective 1-HTL cut gluon propagator for
the exchanged gluon [8]

D>
µν(q) = θ

(
1 − q2

0

�q2

)
[1 + f (q0)]

× 2 Im

[
Pµν(q)

q2 − �T (q)
+ Qµν(q)

q2 − �L(q)

]
. (B12)

Here �T (q) and �L(q) [see Eq. (2.2)] are transverse and longi-
tudinal self-energies. Note that exchanged gluons are spacelike
[see Eq. (A4)]. Therefore, in the cut 1-HTL exchanged gluon
propagator, only Landau damping contribution from the gluon
spectral function contribute to the above expression (for more
details, see Ref. [8]).

We will now concentrate on the propagators for the radiated
gluon and quarks jet. For radiated gluon and quark jet f (l0) =
(el0/T − 1)−1 � 1, reducing the Eq. (B8) to

G+
++(l) = [θ (l+) θ (l0) + θ (−l+) θ (−l0)]ρ(l)

G+
−−(l) = [θ (l+) θ (−l0) + θ (−l+) θ (l0)]ρ(l)

(B13)
G+

+−(l) = 0

G+
−+(l) = ρ(l).

To proceed further with propagators for the radiated gluon
propagator, we note that, for the radiated gluon with momen-
tum k, the longitudinal contribution can be neglected relative
to the transverse one. Also, for the transverse gluon the self-
energy �T (k) can be approximated by m2

g , where mg ≈ µ/
√

2
is the asymptotic mass (see Ref. [14]). These approximations
are true in the soft-rescattering limit ω � |q| ∼ |k| ∼ gT that
we use in this article. With these approximations the HTL
gluon propagator for the emitted gluon can be simplified to [14]

Dµν(k) ≈ −i
Pµν(k)

k2 − m2
g + iε

, (B14)

where Pµν is the transverse projector.
Then, by using Eqs. (B13) and (B14), relevant radiative

gluon propagators become (see also [40]):

D
+µν
++ (xi − xj ) = D

−µν
−− (xi − xj )

=
∫

dk+d2k

(2π )32k+ θ (k+)P µν(k)e−ik(xi−xj ) (B15)

D
µν
−+(xi − xj ) =

∫
d3k

(2π )32ω
P µν(k)e−ik(xi−xj ), (B16)

where ω ≈
√

�k2 + m2
g and k+ = ω + kz.

Note that we here assume that gluon mass is given by
the expression mg ≈ µ/

√
2 regardless whether the gluon is

radiated inside or outside of the medium. Strictly speaking,
including the finite-size effects on the radiated gluon would
assume that the above gluon mass is valid only for gluons
radiated inside the medium, while for the gluons radiated

outside the medium the gluon mass should be equal to
zero (see Ref. [33]). However, based on [33], neglecting the
finite-size effects on the radiated gluon is expected to be a
reasonable approximation, and we adopt it here to simplify
the calculations.

Finally, we now concentrate on the relevant propagators for
the quark jet. By repeating similar procedure as for the radiated
gluon, we obtain

�+
++(xi − xj ) = �−

−−(xi − xj )

=
∫

dp+d2p

(2π )32p+ θ (p+)e−ip(xi−xj ) (B17)

�−+(xi − xj ) =
∫

d3p

(2π )32E
e−ip(xi−xj ) (B18)

APPENDIX C: COMPUTATION OF DIAGRAM M1,0,1,C

In Appendices C–G we present in some detail the calcula-
tion of the diagrams where both ends of the exchanged gluon
q are attached to the heavy quark, i.e., none is attached to the
radiated gluon k and no three-gluon vertex is involved. In this
appendix, we start with the calculation of the diagram shown
in Fig. 2.

Here and later the diagrams are labeled as follows: In
M1,i,j,C , 1 denotes that these diagrams contribute to the energy
loss to first order in opacity, i denotes how many ends of the
virtual gluon q are attached to the radiated gluon k, and j

labels the specific diagram in that class. The letter C denotes
that we consider central cut of the diagram. In the next chapters,
letter R (L) will denote that we consider right (left) cut of the
Feynman diagram.

We will first calculate the cut diagram M1,0,1,C :

M1,0,1,C

=
∫ 5∏

i=0

d4xiJ (x0)�+
++(x1 − x0)v+

µ (x1)Dµν
−+(x4 − x1)

×�+
++(x2 − x1)v+

ρ (x2)Dρσ
−+(x3 − x2)�−+(x3 − x2)

M1,0,1,C

p

k, c

q, a

J x0 J x5x1 x2 x3 x4

x1 x0 2L x4 x5 2L

µ νρ σ

p1 p3p2 p4

FIG. 2. Feynman diagram M1,0,1,C , contributing to the radiative
energy loss to first order in opacity, labeled the same way as in Fig. 1.
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× v−
σ (x3)�−

−−(x4 − x3)v−
ν (x4)�−

−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x+
1 − x+

0 )]

× θ (x+
4 − x+

5 )θ (x+
3 − x+

4 )θ [2L − (x+
4 − x+

5 )], (C1)

where J is the source of a jet, � correspond to the jet
propagator, D to gluon propagators and v to vertices. By using
expressions for the propagators from the previous section, we
obtain:

M1,0,1,C

=
∫ 5∏

i=0

d4xiJ (x0)
∫ ∞

−∞

∫ ∞

0

dp+
2 d2p2

(2π )32p+
2

e−ip2·(x1−x0)

×
∫

d4q

(2π )4
D>

µν(q)e−iq(x4−x1)
∫ ∞

−∞

∫ ∞

0

dp+
1 d2p1

(2π )32p+
1

× e−ip1·(x2−x1)[−ig(p2 + p1)µta](−1)
∫

d3k

(2π )32ω

×Pρσ (k)e−ik·(x3−x2)
∫

d3p

(2π )32E
e−ip·(x3−x2)

× [−ig(p1 + p)ρtc]
∫ ∞

−∞

∫ ∞

0

dp+
3 d2p3

(2π )32p+
3

e−ip3·(x4−x3)

× (ig(p + p3)σ tc)
∫ ∞

−∞

∫ ∞

0

dp+
4 d2p4

(2π )32p+
4

e−ip4·(x5−x4)

× (ig(p3 + p4)ν ta) J (x5) θ (x+
1 − x+

0 )

× θ (x+
2 − x+

1 )θ [2L − (x+
1 − x+

0 )]θ (x+
4 − x+

5 )

× θ (x+
3 − x+

4 )θ (2L − (x+
4 − x+

5 ))

=
∫ ∞

−∞

∫ ∞

0

4∏
i=1

dp+
i d2pi

(2π )32p+
i

∫
d3k

(2π )32ω

∫
d3p

(2π )32E

×
∫

d4q

(2π )4
g4tatctcta(p1 + p2)µD>

µν(q)

× (p3 + p4)ν (p + p1)ρPρσ (k)(p + p3)σ I, (C2)

where

I =
∫ 5∏

i=0

d4xiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x+
1 − x+

0 )]

× θ (x+
4 − x+

5 )θ (x+
3 − x+

4 )θ [2L − (x+
4 − x+

5 )]

× e−ip2·(x1−x0)e−iq·(x4−x1)e−ip1·(x2−x1)e−i(p+k)·(x3−x2)

× e−ip3·(x4−x3)e−ip4·(x5−x4)J (x0)J (x5)

= |J (p)|2(2π )3δ[(p2 − p − k − q)+]δ2( p2 − p − k − q)

× (2π )3δ[(p1 − p − k)+]δ2( p1 − p − k)(2π )3δ

× [(p3 − p − k)+]δ2( p3 − p − k)(2π )3

× δ[(p4 − p − k − q)+]δ2( p4 − p − k − q)I1, (C3)

where

I1 =
∫ ∞

0
dx ′+

2 e− i
2 (p1−p−k)−x ′+

2

∫ 2L

0
dx ′+

1 e− i
2 (p2−p−k−q)−x ′+

1

×
∫ ∞

0
dx ′+

3 e
i
2 (p3−p−k)−x ′+

3

∫ 2L

0
dx ′+

4 e
i
2 (p4−p−k−q)−x ′+

4 .

(C4)

Here we defined x ′
1 = x1 − x0, x ′

2 = x2 − x1, x ′
3 = x3 − x4,

x ′
4 = x4 − x5.

By applying δ functions from Eq. (C3), and by using

p−
i = p2

i + M2

p+
i

(C5)

k− = k2 + m2
g

k+ ,

we obtain (note p + k + q = 0 → p + k = −q):

p−
1 = p−

3 = q2 + M2

(p + k)+
. (C6)

Then in the soft-gluon, soft-rescattering limit we obtain [note
x ≡ k+

E+ and that ξ and ζ are defined in Eq. (A8)]:

(p1 − p − k)− = (p3 − p − k)− = k2 + χ

xE+ = −ξ

(C7)

(p2 − p − k)− = (k + q)2 + χ

xE+ = −ζ

leading to

I1 = 16

[(p1 − p − k)−]2
4

sin2
[
(p2 − p − k − q)− L

2

]
[(p2 − p − k − q)−]2 (C8)

In Ref. [13], it was shown that finite-size effects on collisions
are negligible, i.e., for collisional parts

4
sin2

[
(p2 − p − k − q)− L

2

]
[(p2 − p − k − q)−]2 ≈ 2πLδ[(p2 − p − k − q)−]

≈ 2πLδ(q− + ζ )

≈ 2πLδ(q0 − qz), (C9)

where in the last step we used soft-gluon, soft-rescattering
approximation, i.e., Eq. (A9).

By using Eq. (C9), Eq. (C8) reduces to

I1 ≈ 16x2E+2

(k2 + χ )2
2πLδ(q0 − qz). (C10)

Similarly as in Ref. [8], for highly energetic jets

(p + p1)ρPρσ (k)(p + p3)σ ≈ −4
k2

x2

(p1 +p2)µPµν(q)(p3 + p4)ν ≈ −(p1+p2)µQµν(q)(p3+p4)ν

≈ −E+2 q2

�q2
, (C11)

By using Eq. (C11) and Eqs. (B12),
(p1 + p2)µD>

µν(q)(p3 + p4)ν becomes

(p1 + p2)µD>
µν(q)(p3 + p4)ν

≈ (p1 + p2)µ2 Im

[
Pµν(q)

q2−�T (q)
+ Qµν(q)

q2−�L(q)

]
(p3 + p4)ν

≈ θ

(
1 − q2

0

�q2

)
f (q0)E+2 q2

�q2

× 2 Im

[
1

q2−�L(q)
− 1

q2−�T (q)

]
(C12)
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Finally, by using Eqs. (C3), (C4), (C10), (C11), and (C12),
and after performing integrations over p1, p2, p3, and p4,
Eq. (C2) reduces to

M1,0,1,C = 4Lg4tatctcta

∫
d3p

(2π )32E
|J (p)|2

× d3k

(2π )32ω

k2

(k2 + χ )2
Iq, (C13)

where

Iq =
∫

d4q

(2π )4
2πδ(q0 − qz)f (q0)

q2

�q2

× 2 Im

[
1

q2−�L(q)
− 1

q2−�T (q)

]
. (C14)

In the high-temperature limit Iq reduces to (see Appendix C
in Ref. [8]):

Iq = T

∫
d2q

(2π )2

µ2

q2(q2 + µ2)
. (C15)

Finally, Eq. (C13) becomes

M1,0,1,C = 4LTg4tatctcta

∫
d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× d2q

(2π )2

µ2

q2(q2 + µ2)

k2

(k2 + χ )2
. (C16)

APPENDIX D: COMPUTATION OF DIAGRAMS
M1,0,2,C , M1,0,2,R, AND M1,0,2,L

In this appendix we present in some detail the calculation
of the diagrams shown in Fig. 3.

We will first calculate the cut diagram M1,0,2,C , shown in
the left panel of Fig. 3:

M1,0,2,C =
∫ 5∏

i=0

d4xiJ (x0)�+
++(x1− x0)v+

µ (x1)Dµν
−+(x4 − x1)

×�+
++(x2 − x1)v+

ρ (x2)Dρσ
−+(x3 − x2)�−+(x3 − x2)

× v−
σ (x3)�−

−−(x4 − x3)v−
ν (x4)�−

−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x+
2 − x+

0 )]

× θ (x+
4 − x+

5 )θ (x+
3 − x+

4 )θ [2L − (x+
3 − x+

5 )]

= −
∫ ∞

−∞

∫ ∞

0

4∏
i=1

dp+
i d2pi

(2π )32p+
i

∫
d3k

(2π )32ω

×
∫

d3p

(2π )32E

∫
d4q

(2π )4
g4tctatatc(p1 + p2)µ

×Pµν(k)(p3 + p4)ν (p + p1)ρD>
ρσ (q)(p + p3)σ I,

(D1)

where

I =
∫ 5∏

i=0

d4xiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x+
2 − x+

0 )]

× θ (x+
4 − x+

5 )θ (x+
3 − x+

4 )θ [2L − (x+
3 − x+

5 )]

× e−ip2·(x1−x0)e−ik·(x4−x1)e−ip1·(x2−x1)e−i(p+q)·(x3−x2)

× e−ip3·(x4−x3)e−ip4·(x5−x4)J (x0)J (x5)

= |J (p)|2(2π )3δ[(p2 − p1 − k)+]δ2( p2 − p1 − k)(2π )3

× δ[(p1 − p − q)+]δ2( p1 − p − q)

× (2π )3δ[(p3 − p − q)+]δ2( p3 − p − q)(2π )3

× δ[(p4 − p3 − k)+]δ2( p4 − p3 − k)I1 (D2)

and where

I1 =
∫ 2L

0
dx ′+

2 e− i
2 (p1−p−q)−x ′+

2

∫ x ′+
2

0
dx ′+

1 e− i
2 (p2−p1−k)−x ′+

1

×
∫ 2L

0
dx ′+

3 e
i
2 (p3−p−q)−x ′+

3

∫ x ′+
3

0
dx ′+

4 e
i
2 (p4−p3−k)−x ′+

4

(D3)

Here we defined x ′
1 = x1 − x0, x ′

2 = x2 − x0, x ′
3 = x3 − x5,

x ′
4 = x4 − x5.

By applying δ functions from Eq. (D2), and by using
Eq. (C5), we obtain p−

1 = p−
3 and p−

2 = p−
4 .

I1 then becomes

I1 = 16

[p2 − p1 − k)−]2

{
e−i(p2−p−k−q)−L − 1

(p2 − p − k − q)−

×
[

ei(p2−p−k−q)−L − 1

(p2 − p − k − q)−
− ei(p1−p−q)−L − 1

(p1 − p − q)−

]

M1,0,2,C

J x0 J x5x1 x2 x3 x4

x2 x0 2L x3 x5 2L

µ νρ σp1 p3

pp2 p4

k, c

q, a

M1,0,2,L

p

k, c

q, a

J x0 J x5x1 x2 x3 x4

x3 x5 2L

µ νρ σ p3p2p1 p4

k, c

q, a

M1,0,2,R

p

k, c

q, a

J x0 J x5x1 x2 x3 x4

x2 x0 2L

µ νρ σp1p2p3 p4

k, c

q, a

FIG. 3. Feynman diagrams M1,0,2,C , M1,0,2,L, and M1,0,2,R contributing to the radiative energy loss to first order in opacity, labeled the same
way as in Fig. 1. The same figure is also presented as Fig. 1 in the main text and is repeated here for completeness.
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+ e−i(p1−p−q)−L − 1

(p1 − p − q)−

[
ei(p2−p−k−q)−L − 1

(p2 − p − k − q)−

− ei(p1−p−q)−L − 1

(p1 − p − q)−

]}

= 16

[(p2 − p1 − k)−]2

{
4

sin2
[
(p2 − p − k − q)− L

2

]
[(p2 − p − k − q)−]2

×
[

1 − (p2 − p − k − q)−

ei(p2−p−k−q)−L − 1

ei(p1−p−q)−L − 1

(p1 − p − q)−

]

+ 4
sin2

[
(p1 − p − q)− L

2

]
[(p1 − p − q)−]2

×
[

1 − ei(p1−p−q)−L − 1

(p1 − p − q)−
(p2 − p − k − q)−

ei(p2−p−k−q)−L − 1

]}
.

(D4)

In Ref. [13], it was shown that finite-size effect are small for
collisional energy loss, i.e., for collisional parts the following
approximation can be used

4
sin2

[
(p2 − p − k − q)− L

2

]
[(p2 − p − k − q)−]2 ≈ 2πLδ[(p2 − p − k − q)−]

sin2
[
(p1 − p − q)− L

2

]
[(p1 − p − q)−]2 ≈ 2πLδ[(p1 − p − q)−].

(D5)

By using Eq. (D5), Eq. (D4) reduces to

I1 = 32πL

[(p1 + k − p2)−]2

{
δ[(p2 − p − k − q)−]

×
[

1 − ei(p1+k−p2)−L − 1

i(p1 + k − p2)−L

]
δ[(p1 − p − q)−]

+
[

1 − e−i(p1+k−p2)−L − 1

−i(p1 + k − p2)−L

]}

= 32πL

[(p1 + k − p2)−]2

(
{δ[(p2 − p − k − q)−]

+ δ[(p1 − p − q)−]}
{

1 − sin[(p1 + k − p2)−L]

(p1 + k − p2)−L

}
+ i{δ[(p2 − p − k − q)−] − δ[(p1 − p − q)−})
× cos[(p1 + k − p2)−L] − 1

(p1 + k − p2)−L

)
. (D6)

In the soft-gluon, soft-rescattering approximation

(p1 − p)− ≈ k2 − (k + q)2

E+

(p1 + k − p2)− ≈ ξ. (D7)

Note that (p1 − p)− � ξ � |k|, |q|, qz, leading to
{δ[(p2 − p − k − q)−] + δ[(p1 − p − q)−]}

≈ 2δ[(p2 − p − k − q)−] ≈ 2δ(q0 − qz),

{δ[(p2 − p − k − q)−] − δ[(p1 − p − q)−]}
≈ δ(q0 − qz + ξ ) − δ(q0 − qz). (D8)

By using Eq. (D8), Eq. (D6) finally reduces to

I1 ≈ 2πL
16x2E+2

(k2 + χ )2

{
2δ(q0 − qz)

[
1 − sin(ξL)

ξL

]

+ i[δ(q0 − qz + ξ ) − δ(q0 − qz)]
cos(ξL) − 1

ξL

}
. (D9)

Similarly as in previous section, for highly energetic jets
and in a high-temperature limit

(p1 + p2)µPµν(k)(p3 + p4)ν ≈ −4
k2

x2
,

(p + p1)ρD>
ρσ (q)(p + p3)σ

≈ θ

(
1 − q2

0

�q2

)
T

q0
E+2 q2

�q2
2 Im

[
1

q2−�L(q)
− 1

q2−�T (q)

]

≡ F (q0, qz, q) (D10)

By using Eqs. (D2), (D9), and (D10), and after performing
integrations over p1, p2, p3, and p4, Eq. (D1) becomes

M1,0,2,C

= 4LTg4tctatatc

∫
d3p

(2π )32E
|J (p)|2 d3k

(2π )32ω

k2

(k2 + χ )2

×
{

2

[
1 − sin(ξL)

ξL

]
Iq + i

cos(ξL) − 1

ξL
Jq

}
, (D11)

where Iq is given by Eq. (C15) and

Jq =
∫

d4q

(2π )4
[δ(q0 − qz + ξ ) − δ(q0 − qz)]F (q0, qz, q)

= ξ

∫
d3q

(2π )3

dF (q0, qz, q)

dq0
|q0=qz

= 0. (D12)

In the last step we used that dF (q0,qz,q)
dq0

|q0=qz
is an odd function

of qz.
Finally, by using Eqs. (C15) and (D12), Eq. (D11) reduces

to

M1,0,2,C = 8LTg4tctatatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2 + µ2)

k2

(k2 + χ )2

×
[

1 − sin(ξL)

ξL

]
. (D13)

We will now calculate the cut diagrams M1,0,2,L and
M1,0,2,R , shown in the central and right panels of Fig. 3,
respectively. We start with M1,0,2,R:

M1,0,2,R =
∫ 5∏

i=0

d4xiJ (x0)�+
++(x1 − x0)v+

µ (x1)

×D
µν
−+(x4 − x1)�+

++(x2 − x1)v+
ρ (x2)

×D
+ρσ
++ (x3 − x2)�+

++(x3 − x2)v+
σ (x3)

×�−+(x4 − x3)v−
ν (x4)�−

−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (x+
3 − x+

2 )

× θ [2L − (x+
2 − x+

0 )]θ (x+
4 − x+

5 )
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=
∫ ∞

−∞

∫ ∞

0

4∏
i=1

dp+
i d2pi

(2π )32p+
i

∫
d3k

(2π )32ω

∫
d3p

(2π )32E

×
∫

d4q

(2π )4
g4tctatatc(p2 + p3)µPµν(k)(p+p4)ν

× (p1 + p2)ρD>
ρσ (q)(p + p1)σ I, (D14)

where

I =
∫ 5∏

i=0

d4xiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (x+
3 − x+

2 )

× θ [2L − (x+
2 − x+

0 )]θ (x+
4 − x+

5 )

× e−ip3·(x1−x0)e−ik·(x4−x1)e−ip2·(x2−x1)e−i(p1+q)·(x3−x2)

× e−ip·(x4−x3)e−ip4·(x5−x4)J (x0)J (x5)

= |J (p)|2(2π )3δ[(p3 − p2 − k)+]δ2( p3 − p2 − k)(2π )3

× δ[(p2 − p)+]δ2( p2 − p)

× (2π )3δ[(p1 − p + q)+]δ2( p1 − p + q)(2π )3

× δ[(p4 − p − k)+]δ2( p4 − p − k)I1 (D15)

and where

I1 =
∫ 2L

0
dx ′+

2 e− i
2 (p2−p)−x ′+

2

∫ x ′+
2

0
dx ′+

1 e− i
2 (p3−p2−k)−x ′+

1

×
∫ ∞

0
dx ′+

3 e− i
2 (p1−p+q)−x ′+

3

∫ ∞

0
dx ′+

4 e
i
2 (p4−p−k)−x ′+

4 .

(D16)

Here we defined x ′
1 = x1 − x0, x ′

2 = x2 − x0, x ′
3 = x3 − x2,

x ′
4 = x4 − x5.

By applying δ functions from Eq. (D15), and by using
Eq. (C5), we obtain

p−
2 = p− → (p2 − p)− = 0,

p−
3 = p−

4 = ( p + k)2 + M2

(p + k)+
≈ M2

E+
(D17)

(p + k − p3)− = ξ

(p1 − p + q)− ≈ q−.

Note that in the second equation we used p = −k and (p +
k)+ ≈ E+.

I1 then becomes

I1 =
∫ 2L

0
dx ′+

2

∫ x ′+
2

0
dx ′+

1 e
i
2 ξx ′+

1

∫ ∞

0
dx ′+

3 e− i
2 (p1−p+q)−x ′+

2

×
∫ ∞

0
dx ′+

4 e− i
2 ξx ′+

4

= 8L

ξ 2

(
1 − sin ξL

ξL
− i

1 − cos ξL

ξL

) ∫ ∞

0
dx ′+

3 e− i
2 q−x ′+

3 .

(D18)

By using Eqs. (D18), (D15), and (D14) M1,0,2,R becomes

(y ≡ x ′+
3
2 ):

M1,0,2,R = −4Lg4tctatatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

k2

(k2 + χ )2

×
(

1 − sin ξL

ξL
− i

1 − cos ξL

ξL

)

×
∫

d4q

(2π )4
(p + p1)ρD>

ρσ (q)(p + p1)σ

×
∫ ∞

0
dye−iq−y, (D19)

where, as in the previous sections, we used
(p + p3)µPµν(k)(p + p3)ν ≈ −4 k2

x2 .
In the same way, it can be obtained that M1,0,2,L is equal to

M1,0,2,L = −4Lg4tctatatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

k2

(k2 + χ )2

×
(

1 − sin ξL

ξL
− i

1 − cos ξL

ξL

)

×
∫

d4q

(2π )4
(p + p1)ρD>

ρσ (q)(p + p1)σ

×
∫ ∞

0
dyeiq−y. (D20)

M1,0,2,R + M1,0,2,L then becomes

M1,0,2,R + M1,0,2,L = −4Lg4tctatatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

k2

(k2 + χ )2

∫
d4q

(2π )4

× (p + p1)ρD>
ρσ (q)(p + p1)σ I2,

(D21)

where

I2 =
(

1 − sin ξL

ξL
− i

1 − cos ξL

ξL

) ∫ ∞

0
dye−iyq−

+
(

1 − sin ξL

ξL
+ i

1 − cos ξL

ξL

) ∫ ∞

0
dyeiyq−

=
(

1 − sin ξL

ξL

) ∫ ∞

−∞
dye−iyq−

− 2
1 − cos ξL

ξL

∫ ∞

0
dy sin (q−y)

≈
(

1 − sin ξL

ξL

)
2πδ(q−)

− 2
1 − cos ξL

ξL

∫ ∞

0
dy sin (q−y). (D22)
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Similarly as in previous section, for highly energetic jets

(p +p1)ρD>
ρσ (q)(p + p1)σ

≈ θ

(
1−q2

0

�q2

)
f (q0)E+2 q2

�q2
2 Im

[
1

q2−�L(q)
− 1

q2−�T (q)

]
.

(D23)

Finally, by using Eqs. (D22) and (D23), Eq. (D21) becomes

M1,0,2,R + M1,0,2,L = −4Lg4tctatatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

k2

(k2 + χ )2

(
1 − sin ξL

ξL

)

× Iq + 8Lg4tctatatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

k2

(k2 + χ )2

1 − cos ξL

ξL
Jq,

(D24)

where Iq is given by Eq. (C15), and Jq is given by

Jq =
∫ ∞

0
dz

∫
dq0dqzd

2q

(2π )4
[sin(q0z) cos(qzz)

− cos(q0z) sin(qzz)]F (q0, qz, q), (D25)

In the above equation, we defined F (q0, qz, q) as

F (q0, qz, q) ≡ q2

�q2

T

q0

{
2 Im�L(q)

[q2 − Re�L(q)]2 + Im�L(q)2

− 2 Im�T (q)

[q2 − Re�T (q)]2 + Im�T (q)2

}
. (D26)

F (q0, qz, q) is even function of both q0 and qz, leading to∫ ∞

−∞
dq0 sin(q0z)F (q0, qz, q) = 0

∫ ∞

−∞
dqz sin(qzz)F (q0, qz, q) = 0, (D27)

which consequently leads to

Jq = 0. (D28)

Finally, by using Eqs. (C15) and (D28), Eq. (D24) becomes

M1,0,2,R + M1,0,2,L = −4LTg4tctatatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2+µ2)

× k2

(k2 + χ )2

[
1 − sin(ξL)

ξL

]
. (D29)

APPENDIX E: COMPUTATION OF DIAGRAMS
M1,0,3,C AND M1,0,4,C

We will now calculate cut diagrams M1,0,3,C and M1,0,4,C ,
shown in Fig. 4. We start with M1,0,3,C :

M1,0,3,C =
∫ 5∏

i=0

d4xiJ (x0)�+
++(x1 − x0)v+

µ (x1)

×D
µν
−+(x3 − x1)�+

++(x2 − x1)v+
ρ (x2)

×D
ρσ
−+(x4 − x2)�−+(x3 − x2)v−

ν (x3)

×�−
−−(x4 − x3)v−

σ (x4)�−
−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x1 − x0)+]

× θ (x+
4 − x+

5 )θ (x+
3 − x+

4 )θ [2L − (x3 − x5)+]

= −
∫ ∞

−∞

∫ ∞

0

4∏
i=1

dp+
i d2pi

(2π )32p+
i

∫
d3k

(2π )32ω

×
∫

d3p

(2π )32E

∫
d4q

(2π )4
g4tatctatc

× (p1 + p2)µD>
µν(q)(p + p3)ν

× (p + p1)ρPρσ (k)(p3 + p4)σ I, (E1)

M1,0,3,C

ρ σµ ν

p

q, a

k, c

J x0 J x5x1 x2 x3 x4

x1 x0 2L x3 x5 2L

p1 p3p2 p4

M1,0,4,C

ρ σµ ν

p

q, a

k, c

J x0 J x5x1 x2 x3 x4

x2 x0 2L x4 x5 2L

p1 p3p2 p4

FIG. 4. Feynman diagrams M1,0,3,C and M1,0,4,C contributing to the radiative energy loss to first order in opacity, labeled the same way as
in Fig. 1.
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where

I =
∫ 5∏

i=0

d4xiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x1 − x0)+]

× θ (x+
4 − x+

5 )θ (x+
3 − x+

4 )θ [2L − (x3 − x5)+]

× e−ip2·(x1−x0)e−iq·(x3−x1)e−ip1·(x2−x1)e−ik·(x4−x2)

× e−ip·(x3−x2)e−ip3·(x4−x3)e−ip4·(x5−x4)J (x0)J (x5)

= |J (p)|2(2π )3δ[(p2 − p − k − q)+]δ2( p2 − p − k − q)

× (2π )3δ[(p1 − p − k)+]δ2( p1 − p − k)

× (2π )3δ[(p3 − p − q)+]δ2( p3 − p − q)

× (2π )3δ[(p4 − p3 − k)+]δ2( p4 − p3 − k)I1 (E2)

and where

I1 =
∫ ∞

0
dx ′+

2 e− i
2 (p1−p−k)−x ′+

2

∫ 2L

0
dx ′+

1 e− i
2 (p2−p−k−q)−x ′+

1

×
∫ 2L

0
dx ′+

3 e
i
2 (p3−p−q)−x ′+

3

∫ x3

0
dx ′+

4 e
i
2 (p4−p3−k)−x ′+

4

= −16

(p1 − p − k)−(p4 − p3 − k)−
e−i(p2−p−k−q)L − 1

(p2 − p − k − q)−

×
[

ei(p4−p−k−q)−L − 1

(p4 − p − k − q)−
− ei(p3−p−q)−L − 1

(p3 − p − q)−

]
. (E3)

Similarly as in previous sections, by using δ functions from
Eqs. (E2) and (C5), we obtain p−

4 = p−
2 and

(p1 − p − k)− ≈ (p4 − p3 − k)− = −ξ. (E4)

I1 then becomes

I1 − −16

ξ 2

4 sin2
[
(p2 − p − k − q)− L

2

]
[(p2 − p − k − q)−]2

×
[

1 − (p2 − p − k − q)−

e−i(p2−p−k−q)−L − 1

ei(p3−p−q)−L − 1

(p3 − p − q)−

]

≈ −16

ξ 2
2πLδ[(p2 − p − k − q)−]

[
1 − lim

(p2−p−k−q)−→0

× (p2 − p − k − q)−

e−i(p2−p−k−q)−L − 1

ei{(p2−p−k−q)−+ξ}L − 1

(p2 − p − k − q)− + ξ

]

≈ −16

ξ 2
2πLδ(q0 − qz)

[
1 − sin(ξL)

ξL
+ i

cos(ξL) − 1

ξL

]
,

(E5)

where similarly to previous sections, in the second step we used
Eq. (A9) and the fact that finite-size effects are negligible for

collisional interactions. That is, we used
4 sin2[(p2−p−k−q)− L

2 ]
[(p2−p−k−q)−]2 ≈

2πLδ(q− − ξ ) ≈ 2πLδ(q0 − qz).
Finally, by using Eqs. (E2) and (E5), Eq. (E1) becomes

M1,0,3,C = −4LTg4tatctatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

k2

(k2 +χ )2

∫
d2q

(2π )2

µ2

q2(q2 + µ2)

×
[

1 − sin(ξL)

ξL
− i

1 − cos(ξL)

ξL

]
. (E6)

Because M1,0,4,C = (M1,0,4,C)∗, we obtain

M1,0,3,C + M1,0,4,C = −8LTg4tatctatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2 + µ2)

× k2

(k2 + χ )2

[
1 − sin(ξL)

ξL

]
. (E7)

APPENDIX F: COMPUTATION OF DIAGRAMS
M1,0,3,R AND M1,0,4,L

We will now calculate the cut diagrams M1,0,3,R and
M1,0,4,L, shown in Fig. 5. We start with M1,0,3,R:

M1,0,3,R =
∫ 5∏

i=0

d4xiJ (x0)�+
++(x1 − x0)v+

µ (x1)

×D
+µν
++ (x3 − x1)�+

++(x2 − x1)v+
ρ (x2)

×D
ρσ
−+(x4 − x2)�+

++(x3 − x2)v+
λ (x3)

×�−+(x4 − x3)v−
σ (x4)�−

−−(x5 − x4)J (x5)

×
3∏

i=0

θ (x+
i+1 − x+

i )θ (x+
4 − x+

5 )θ [2L− (x1 − x0)
+]

=
∫ ∞

−∞

∫ ∞

0

dp+
i d2pi

(2π )32p+
i

∫
d3k

(2π )32ω

d3p

(2π )32E

× d4q

(2π )4
g4tatctatc (p2 + p3)µD>

µλ(q)(p + p1)λ

× (p1 + p2)ρPρσ (k)(p + p4)σ I, (F1)

where

I =
∫ 5∏

i=0

d4xi

3∏
j=0

θ (x+
j+1 − x+

j )

× θ [2L − (x1 − x0)+]θ (x+
4 − x+

5 )J (x0)J (x5)

× e−ip3·(x1−x0)e−iq·(x3−x1)e−ip2·(x2−x1)e−ip1·(x3−x2)

× e−ip·(x4−x3)e−ik·(x4−x1)e−ip4·(x5−x4)

= |J (p)|2(2π )3δ[(p3 − p − k)+]δ2( p3 − p − k)(2π )3

× δ[(p2 − p1 − k)+]δ2( p2 − p1 − k)

× (2π )3δ[(p1 + q − p)+]δ2( p1 + q − p)(2π )3

× δ[(p4 − p − k)+]δ2( p4 − p − k)I1. (F2)

Here

I1 =
∫ ∞

0
dx ′+

3 e− i
2 (p1+q−p)−x+

3

∫ x+
3

0
dx ′+

2 e− i
2 (p2−p1−k)−x ′+

2

×
∫ 2L

0
dx ′+

1 e
−i
2 (p3−p−k)−x ′+

1

∫ ∞

0
dx ′+

4 e
i
2 (p4−p−k)−x ′+

4 ,

(F3)

where we defined x ′
1 = x1 − x0, x ′

2 = x2 − x1, x ′
3 = x3 − x1,

and x ′
4 = x4 − x5. By using δ functions from Eqs. (F2)
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M1,0,3,R

ρ σµ ν p

q, a

k, c

J x0 J x5x1 x2 x3 x4

x1 x0 2L

p2 p1p3 p4

M1,0,4,L

ρ σµ νp

q, a

k, c

J x0 J x5x1 x2 x3 x4

x4 x5 2L

p3p2p1 p4

FIG. 5. Feynman diagrams M1,0,3,R and M1,0,4,L contributing to the radiative energy loss to first order in opacity, labeled the same way as
in Fig. 1.

and (C5), we obtain in soft-gluon, soft-rescattering approx-
imation:

(p3 − p − k)− = (p4 − p − k)− ≈ (p2 − k − p1)− ≈ −ξ

(F4)

(p1 − p)− ≈ q2 + 2kq
p+ � ξ � |q|, |k|, qz,

leading to (p1 − p)− + q− ≈ q−. (F5)

I1 then becomes

I1 = −8

ξ 3
[sin ξL + i(1 − cos ξL)]

×
∫ ∞

0
dx ′+

3 (e− i
2 (q−−ξ )x ′+

3 − e− i
2 q−x ′+

3 ). (F6)

Finally, by using Eqs. (F2) and (F6) Eq. (F1) becomes

M1,0,3,R = 2Lg4tatctatc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

k2

(k2 + χ )2

∫
d4q

(2π )4
f (q0)

× q2

�q2
2 Im

(
1

q2−�L

− 1

q2−�T

)

×
(

sin ξL

ξL
+ i

1 − cos ξL

ξL

)

×
∫ ∞

0
dx ′+

3 [e− i
2 (q−−ξ )x ′+

3 − e− i
2 q−x ′+

3 ]. (F7)

Note that M1,0,4,L = (M1,0,3,R)∗, leading to

M1,0,3,R + M1,0,4,L

= 4Lg4tatctcta

∫
d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

k2

(k2 + χ )2

×
∫

d4q

(2π )4
f (q0)

q2

�q2
2 Im

(
1

q2−�L

− 1

q2−�T

)
θ

×
(

1 − q2
0

�q2

) {
sin ξL

ξL
[δ(q− − ξ ) − δ(q−)]

+ 2
1 − cos ξL

ξL

∫ ∞

0
dy[sin(q− − ξ )y − sin(q−y)]

}
,

(F8)

where y ≡ x ′
3

2 . Let us define

F
(
q0, q

2
z , q2

) = f (q0)
q2

�q2
2 Im

[
1

q2−�L(q)

− 1

q2−�T (q)

]
θ

(
1 − q2

0

�q2

)
. (F9)

In the high-temperature limit F (q0, q
2
z , q2) is even function

of q0 and qz. Then ∂F (q0,q
2
z ,q2)

∂q0
|q0=qz

is an odd function of qz,
leading to∫

d4q

(2π )4
F

(
q0, q

2
z , q2

)
[δ(q0 − qz − ξ ) − δ(q2 − qz)]

= ξ

∫
d3q

(2π )3

∂F
(
q0, q

2
z , q2

)
∂q0

∣∣∣∣∣
q0=qz

= 0.

We will now compute the second part of the integral in
Eq. (F8):∫

d4q

(2π )4
F

(
q0, q

2
z , q2

) ∫ ∞

0
dy[sin(q0 − qz − ξ )y

− sin(q0 − qz)y]. (F10)

To do this we first concentrate on∫ ∞

0
dy

∫ ∞

0

d4q

(2π )4
F

(
q0, q

2
z , q2

)
sin[(q0 − qz − ξ )y]

=
∫ ∞

0
dy

∫ ∞

0

d4q

(2π )4
F

(
q0, q

2
z , q2

)
×{sin(q0y) cos[(qz − ξ )y] − cos(q0y) sin[(qz − ξ )y]}

=
∫ ∞

0
dy

∫ ∞

0

d3q

(2π )4
cos[(qz − ξ )y]

×
∫

dq0F
(
q0, q

2
z , q2

)
sin(q0y) −

∫ ∞

0
dy

×
∫

dq0d
2q

(2π )4
cos(q0y)

∫
dqz g

(
q0, q

2
z , q2

)
× sin[(qz − ξ )y]. (F11)
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Because ξ � qz, |q| we can assume qz − ξ ≈ qz. There-
fore sin[(qz − ξ )y] ≈ sin qzy, leading to

∫
dqzF (q0, q

2
z , q2)

sin[(qz − ξ )y] ≈ ∫
dqzF (q0, q

2
z , q2) sin(qzy) = 0. Similarly,

for the second part of the integral in Eq. (F10) we also obtain
0, which finally leads to

M1,0,3,R + M1,0,4,L ≈ 0. (F12)

APPENDIX G: COMPUTATION OF DIAGRAMS
M1,0,5,R AND M1,0,6,L

We will now calculate the cut diagrams M1,0,5,R and
M1,0,6,L, shown in Fig. 6. We start with M1,0,5,R:

M1,0,5,R =
∫ 5∏

i=0

d4xiJ (x0)�+
++(x1 − x0)v+

µ (x1)

×D
+µν
++ (x2 − x1)�+

++(x2 − x1)v+
ν (x2)

×�+
++(x3 − x2)v+

ρ (x3)Dρσ
−+(x4 − x3)

×�−+(x4 − x3)v−
σ (x4)�−

−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )

× θ (x+
3 − x+

2 )θ (x+
5 − x+

4 )θ [2L − (x1 − x0)+]

= g4tatatctc

∫ ∞

0

∫ ∞

−∞

4∏
i=1

dp+
i d2pi

(2π )32p+
i

×
∫

d3k

(2π )32ω

d3p

(2π )32E

∫
d4q

(2π )4

×{(p2 + p3)µD>
µν(q)(p1 + p2)ν}

× {(p + p1)ρPρσ (k)(p + p4)σ }I, (G1)

where

I =
∫ 5∏

i=0

d4xiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (x+
3 − x+

2 )

× θ (x+
4 − x+

5 )θ [2L − (x+
1 − x+

0 )]

× e−ip3·(x1−x0)e−iq·(x2−x1)e−ip2·(x2−x1)e−ip1·(x3−x2)

× e−ik(x4−x3)e−ip·(x4−x3)e−ip4·(x5−x4)J (x0)J (x5)

= |J (p)|2(2π )3δ[(p3 − p − k)+]δ2( p3 − p − k)

× (2π )3δ[(p2 + q − p − k)+]δ2( p2 + q − p − k)

× (2π )3δ[(p1 − p − k)+]δ2( p1 − p − k)(2π )3

× δ[(p4 − p − k)+]δ2( p4 − p − k)I1 (G2)

and where

I1 =
∫ 2L

0
dx ′+

1 e− i
2 (p3−p−k)−x ′+

1

∫ ∞

0
dx ′+

4 e
i
2 (p4−p−k)−x ′+

4

×
∫ ∞

0
dx ′+

3 e− i
2 (p1−p−k)−x ′+

3

∫ ∞

0
dx ′+

2 e− i
2 (p2+q−p−k)−x ′+

2 .

(G3)

Here we defined x ′
1 = x1 − x0, x ′

2 = x2 − x1, x ′
3 = x3 − x2,

x ′
4 = x4 − x5.

By using δ functions from Eqs. (G2) and (C5) we obtain
p−

1 = p−
3 = p−

4 and

(p3 − p − k)− = (p1 − p − k)− = (p4 − p − k)− = −ξ.

(G4)

Equation (G3) then becomes

I1 = 16L

ξ 2

(
e−iξL − 1

−iξL

) ∫ ∞

0
dy e−iy(p2−p−k+q)−

≈ 16L

ξ 2

(
sin ξL

ξL
− i

cos ξL − 1

ξL

) ∫ ∞

0
dy e−iyq−

, (G5)

where y = x ′
2/2, and in the last step we used (p2 − p − k +

q)− = q− − ξ ≈ q− for small ξ .
Finally, by using Eqs. (G2) and (G5), Eq. (G1) becomes

M1,0,5,R = −4LTg4tatatctc

∫
d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× k2

(k2 + χ )2

∫
d4q

(2π )4
θ

(
1 − q2

0

�q2

)
1

q0

q2

�q2

× 2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]

×
(

sin ξL

ξL
− i

cos ξL − 1

ξL

) ∫ ∞

0
dy e−iyq−

.

(G6)

M1,0,5,R

ρ σµ ν p

q, a

k, c

J x0 J x5x1 x2 x3 x4

x1 x0 2L

p3 p2 p1 p4

M1,0,6,L

ρ σµ νp

q, a

k, c

J x0 J x5x1 x2 x3 x4

x4 x5 2L

p1 p3p2 p4

FIG. 6. Feynman diagrams M1,0,5,R and M1,0,6,L contributing to the radiative energy loss to first order in opacity, labeled the same way as
in Fig. 1.
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Because M1,0,6,L = (M1,0,5,R)∗, it is straightforward to
obtain [note that, similarly to Appendix D, ( cos ξL−1

ξL
) part will

vanish under integration over q]:

M1,0,5,R + M1,0,6,L = −4LTg4tatatctc

∫
d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2 + µ2)

× k2

(k2 + χ )2

sin ξL

ξL
. (G7)

APPENDIX H: COMPUTATION OF DIAGRAMS
M1,1,1,C AND M1,1,2,C

In Appendices H–K we present in some detail the calcu-
lation of the diagrams where only one end of the exchanged
gluon q is attached to the heavy quark, i.e., one end is attached
to the radiated gluon k and consequently one three-gluon vertex
is involved in the process. In this appendix, we start with the
calculation of the diagrams shown in Fig. 7.

We will first calculate the cut diagram M1,1,1,C :

M1,1,1,C =
∫ 5∏

i=0

dxiJ (x0)�+
++(x1 − x0)v+

µ (x1)

×D
+µρ1
++ (x2 − x1)v+

ρ1ρ2ρ3
(x2)�−+(x3 − x1)

×D
ρ3ν
−+(x3 − x2)v−

ν (x3)Dρ2σ
−+ (x4 − x2)v−

σ (x4)

×�−
−−(x4 − x3)�−

−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x2 − x0)+]

× θ (x+
3 − x+

4 )θ (x+
4 − x+

5 )θ [2L − (x4 − x5)+]

= −
∫ ∞

−∞

∫ ∞

0

3∏
i=1

dp+
i d2pi

(2π )32p+
i

dk+
1 d2k1

(2π )32k+
1

×
∫

d3k

(2π )32ω

d3p

(2π )32E

d4q

(2π )4
(−i)g4f cba tctbta

× (p + p1)µPµρ1 (k1)[gρ1ρ3 (k1 + k)ρ2

+ gρ2ρ3 (q − k)ρ1 + gρ1ρ2 (−k1 − q)ρ3 ]

×Pρ3ν(k) D>
ρ2σ

(q)(p + p2)ν(p2 + p3)σ I, (H1)

where

I =
∫ 5∏

i=0

dxiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x2 − x0)+]

× θ (x+
3 − x+

4 )θ (x+
4 − x+

5 )θ [2L − (x4 − x5)+]

× e−ip1(x1−x0)e−ik1(x2−x1)e−ip(x3−x1)e−ik(x3−x2)e−iq(x4−x2)

× e−ip2(x4−x3)e−ip3(x5−x4)J (x0) J (x5)

= |J (p)|2(2π )3δ[(p1 − p − k1)+]δ2( p1 − p − k1)

× (2π )3δ[(k1 − k − q)+]δ2(k1 − k − q)

× (2π )3δ[(p + k − p2)+]δ2( p + k − p2)(2π )3

× δ[(p + k + q − p2)+]δ2( p + k + q − p2) I1 (H2)

and where

I1 =
∫ 2L

0
dx ′+

2 e− i
2 (k1−k−q)−x ′+

2

∫ x ′+
2

0
dx ′+

1 e− i
2 (p1−p−k1)−x ′+

1

×
∫ ∞

0
dx ′+

3 e− i
2 (p+k−p2)−x ′+

3

∫ 2L

0
dx ′+

4 e− i
2 (p+k+q−p3)−x ′+

4

= 1

− i
2 (p1 − k1 − p)−

[
e−i(p1−p−k−q)−L − 1

− i
2 (p1 − p − k − q)−

− e−i(k1−k−q)−L − 1

− i
2 (k1 − k − q)−

]

= 1

− i
2 (p1 − k1 − p)−

e−i(p1−p−k−q)−L−1

− i
2 (p1 − p − k − q)−

×
[

1 − − i
2 (p1 − p − k − q)−

e−i(p1−p−k−q)−L − 1

e−i(k1−k−q)−L − 1

− i
2 (k1 − k − q)−

]
.

(H3)

M1,1,1,C

J x0 J x5
x2

x3 x4

σx1, µ ν

x2 x0 2L x4 x5 2L

p
p1 p2 p3

q, a

k1, b

k, c

M1,1,2,C

J x0 J x5
x3

x1 x2

x1 x0 2L x3 x5 2L

µ ν x4, σ
p

p2 p1 p3

q, a

k, c
k1, b

FIG. 7. Feynman diagrams M1,1,1,C and M1,1,2,C contributing to the radiative energy loss to first order in opacity, labeled the same way as
in Fig. 1.
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By applying δ3 functions from Eq. (H2), and by using p−
i =

p2
i +M2

p+
i

we obtain

p−
1 = p−

3 = M2

p+
1

= M2

(p + k + q)+

p− = (k + q)2 + M2

p+ , k− = k2 + m2
g

k+ ,

k−
1 = (k + q)2 + m2

g

(k + q)+
p−

2 = q2 + M2

(p + q)+
, (H4)

which leads to

(p + k − p2)− = k2 + χ

2xE
≡ ξ (H5)

[derived for x = k+
(p+k+) and x � 1] and

(p1 − k1 − p)− ≈ − (k + q)2 + χ

2xE
≡ −ζ, (H6)

[derived for x1 = (k+q)+
(p+k+q)+ ≈ k

(p+k)+ ≈ x, and x � 1].
By using Eqs. (H5) and (H6) and assuming (as in previous

sections) that finite-size effects are negligible for collisional
contribution, we obtain

I1 = −16x2E+2

(k2 + χ )[(k + q)2 + χ ]

×
(

1 − e−iζL − 1

−iζL

)
2πLδ(q1 − qz), (H7)

where we used δ[(p + k + q − p1)−] ≈ δ(q1 − qz).
Let us now compute

(p1 + p2)µ(p + p2)ν(p2 + p3)σPµρ1 (k1)Pρ3ν(k)D>
ρ2σ

(q)

× [gρ1ρ3 (k + k1)ρ2 + gρ2ρ3 (q − k)ρ1 + gρ1ρ2 (−k1 − q)ρ3 ]

≈ [
(p1 + p2)µPµρ1 (k1)P ρ1

ν (k)(p + p2)ν
]
[(k + k1)ρD>

ρσ (q)

× (p2 + p3)σ ] ≈
[
− 4

k · k1

x2

]{
θ

(
1 − q2

0

�q2

)
f (q0)E+k+

× q2

�q2
2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]}
. (H8)

(for more details see Eqs. (C1)–(C4) in Ref. [8]). Also, note
that

− if abctatbtc = 1
2 [ta, tc][tc, ta]· (H9)

Finally, by using Eqs. (H2), (H7), (H8), and (H9), Eq. (H1)
reduces to

M1,1,1,C = −2LTg4[ta, tc] [tc, ta]
∫

d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2 + µ2)

× k · (k + q)

(k2 + χ )[(k + q)2 + χ ]

×
[

1 − sin ζL

ζL
+ i

1 − cos ζL

ζL

]
. (H10)

Because M1,1,2,C is a complex conjugate of M1,1,1,C , one
finally obtains

M1,1,1,C + M1,1,2,C

= −4LTg4[ta, tc] [tc, ta]
∫

d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× d2q

(2π )2

µ2

q2(q2 + µ2)

k · (k + q)

(k2 + χ )[(k + q)2 + χ ]

×
(

1 − sin ζL

ζL

)
. (H11)

APPENDIX I: COMPUTATION OF DIAGRAMS
M1,1,2,R + M1,1,1,L

In this appendix we will calculate cut diagrams M1,1,1,L and
M1,1,2,R , shown in Fig. 8. We start with M1,1,2,R:

M1,1,2,R =
∫ 5∏

i=0

dxiJ (x0)�+
++(x1 − x0)v+

µ (x1)D+µρ2
++

× (x3 − x1)v+
ρ1ρ2ρ3

(x3)�+
++(x2 − x1)

×D
ρ1ν
++(x3 − x2)v+

ν (x2)Dρ3σ
−+ (x4 − x2)v−

σ (x4)

×�−+(x4 − x2)v−
−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x1 − x0)+]

× θ (x+
3 − x+

2 )θ (x+
4 − x+

5 )

=
∫ ∞

−∞

∫ ∞

0

3∏
i=1

dp+
i d2pi

(2π )32p+
i

dk+
1 d2k1

(2π )32k+
1

∫
d3k

(2π )32ω

× d3p

(2π )32E

d4q

(2π )4
(−i)g4f abc tatbtc(p1 + p2)µ

× (p + p1)ν(p + p3)σD>
µρ2

(q)Pνρ1 (k1)Pρ3σ (k)

× [gρ1ρ3 (k + k1)ρ2 + gρ2ρ3 (−k − q)ρ1

+ gρ1ρ2 (q − k1)ρ3 ]I, (I1)

where

I =
∫ 5∏

i=0

dxiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (2L − (x1 − x0)+)

× θ (x+
3 −x+

2 )θ (x+
4 −x+

5 )e−ip2(x1−x0)e−iq(x3−x1)e−ip1(x2−x1)

× e−ik1(x3−x2)e−ik(x4−x3)e−ip(x4−x2)e−ip3(x5−x4)J (x0) J (x5)

= |J (p)|2(2π )3δ[(p2 − p − k)+]δ2( p2 − p − k)(2π )3

× δ[(p1 − p − k1)+]δ2( p1 − p − k1)

× (2π )3δ[(k1 + q − k)+]δ2(k1 + q − k)(2π )3

× δ[(p3 − p − k)+]δ2( p3 − p − k) I1 (I2)

and where

I1 =
∫ 2L

0
dx ′+

1 e− i
2 (p2−p−k)−x ′+

1

∫ ∞

0
dx ′+

4 e
i
2 (p3−p−k)−x ′+

4

×
∫ ∞

0
dx ′+

3 e− i
2 (k1+q−k)−x ′+

3

∫ x ′+
3

0
dx ′+

2 e− i
2 (p1−p−k1)−x ′+

2 .

(I3)
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M1,1,2,R

J x0 J x5
x3

x1 x2

x1 x0 2L

µ ν x4, σ
p

p2 p1 p3

q, a

k1, b
k, c

M1,1,1,L

J x0 J x5
x2

x3 x4

σx1, µ ν

x4 x5 2L

p
p1 p2 p3

q, a

k, c

k1, b

FIG. 8. Feynman diagrams M1,1,1,L and M1,1,2,R contributing to the radiative energy loss to first order in opacity, labeled the same way as
in Fig. 1.

In the last equation we defined x ′
1 = x1 − x0, x ′

2 = x2 − x1,
x ′

3 = x3 − x1, and x ′
4 = x4 − x5.

By applying δ3 functions from Eq. (I2), and by using p−
i =

p2
i +M2

p+
i

, we obtain p−
2 = p−

3 = M2

(p+k)+ , leading to (in soft-gluon,

soft-rescattering approximation)

(p2 − p − k)− = (p3 − p − k)− = −ξ

(p1 − p − k1)− ≈ −ζ, (I4)

where in the second relation we used x1 = (k−q)+
(p+k−q)+ ≈

k+
(p+k)+ = x.

I1 then becomes

I1 = 8L

ξζ

1 − eiξL

iξL

∫ ∞

0
dx ′+

3

[
e− i

2 (q−−ξ )x ′+
3 − e− i

2 (q−+ζ−ξ )x ′+
3

]
.

(I5)

Furthermore, similarly as in Ref. [8], for highly energetic
jets {

(p + p1)νPνρ1 (k1)P ρ1
σ (k)(p + p3)σ

}
× {

(p1 + p2)µDµσ (q)(k + k1)ρ
}

≈
[

− 4
k · (k − q)

x2

] [
E+k+θ

(
1 − q2

0

�q2

)
f (q0)

q2

�q2

× 2 Im

[
1

q2−�L(q)
− 1

q2−�T (q)

] ]
. (I6)

By using Eqs. (I2), (I5), (I6), and (H9), Eq. (I1) finally
reduces to

M1,1,2,R = Lg4[ta, tc] [tc, ta]
∫

d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× d4q

(2π )4

k · (k − q)

(k2 + χ )[(k − q)2 + χ ]
θ

(
1 − q2

0

�q2

)

× f (q0)
q2

�q2
2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]

×
(

i
1 − cos ξL

ξL
+ sin ξL

ξL

) ∫ ∞

0
dx ′+

3

× [
e− i

2 (q0−qz−ξ )x ′+
3 − e− i

2 (q0−qz+ζ−ξ )x ′+
3

]
(I7)

Because M1,1,1,L is a complex conjugate of M1,1,2,R , it is
straightforward to obtain (y ≡ x+

3 /2)

M1,1,1,L + M1,1,2,R = 2Lg4[ta, tc] [tc, ta]

×
∫

d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

d4q

(2π )4

× k · (k − q)

(k2 + χ )[(k − q)2 + χ ]
θ

(
1 − q2

0

�q2

)
f (q0)

q2

�q2

× 2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]

×
{

sin ξL

ξL
[δ(q0 − qz − ξ ) − δ(q0 − qz + ζ − ξ )]

}

+ 2
1 − cos ξL

ξL

∫ ∞

0
dy[sin(q0 − qz − ξ )y

− sin(q0 − qz + ζ − ξ )y]. (I8)

By applying the same procedure as in Appendix F, we
obtain M1,1,1,L + M1,1,2,R = 0.

APPENDIX J: COMPUTATION OF DIAGRAMS
M1,1,3,C AND M1,1,4,C

In this appendix we will calculate the cut diagrams M1,1,3,C

and M1,1,4,C , shown in Fig. 9. We start with M1,1,3,C :

M1,1,3,C =
∫ 5∏

i=0

dxiJ (x0)�+
++(x1 − x0)v+

µ (x1)D+µρ1
++

× (x2 − x1)v+
ρ1ρ2ρ3

(x2)�−+(x3 − x1)

×D
ρ2λ
−+(x3 − x2)v−

λ (x3)�−
−−(x4 − x3)Dρ3σ

−+

× (x4 − x2)v−
σ (x4)�−

−−(x5 − x4)J (x5)

×
∫ ∞

−∞

∫ ∞

0

dp+
3 d2p3

(2π )32p+
3

e−ip3(x5−x4)

× [ig(p2 + p3)σ tb]J (x5)θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )
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x2 x0 2L x3 x5 2L
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p1
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k1, bq, a

FIG. 9. Feynman diagrams M1,1,3,C and M1,1,4,C contributing to the radiative energy loss to first order in opacity, labeled the same way as
in Fig. 1.

× θ [2L − (x2 − x0)+]θ (x+
3 − x+

4 )

× θ (x+
4 − x+

5 )θ [2L − (x3 − x5)+]

=
∫ ∞

−∞

∫ ∞

0

3∏
i=1

dpi+d2pi

(2π )32pi+
dk+

1 d2k1

(2π )32k+
1

∫
d3k

(2π )3
2ω

× d3p

(2π )32E

d4q

(2π )4
g4 (−i)f bac tbtatc

× (p + p1)µ (p + p2)ν (p2 + p3)σ

×Pµρ1 (k1) D>
ρ2ν

(q) Pρ3σ (k)

× (gρ1ρ3 (k1 + k)ρ2 + gρ2ρ3 (q − k)ρ1

+ gρ1ρ2 (−k1 − q)ρ3 ) I, (J1)

where

I =
∫ 5∏

i=0

dxiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (2L − (x2 − x0)+)

× θ (x+
3 − x+

4 )θ (x+
4 − x+

5 )θ [2L − (x3 − x5)+]

× J (x0) J (x5)e−ip1(x1 − x0)e−ik1(x2 − x1)e−ip(x3−x1)

× e−iq(x3−x2)e−ip2(x4−x3)e−ip3(x5−x4)e−ik(x4−x2)

= |J (p)|2(2π )3δ[(p1 − p − k1)+]δ2( p1 − p − k)(2π )3

× δ[(k1 − k − q)+]δ2(k1 − k − q)

× (2π )3δ[(p2 − p − q)+]δ2( p2 − p − q)(2π )3

× δ[(p3 − p2 − k)+]δ2( p3 − p2 − k) I1 (J2)

and where

I1 =
∫ 2L

0
dx ′+

2 e− i
2 (k1−k−q)−x ′+

2

∫ 2x ′+
2

0
dx ′+

1 e− i
2 (p1−p−k1)−x ′+

1

×
∫ 2L

0
dx ′+

3 e− i
2 (p2−p−q)−x ′+

3

∫ 2x ′+
3

0
dx ′+

4 e− i
2 (p3−p2−k)−x ′+

4 .

(J3)

Here we defined x ′+
1 = x1 − x0, x ′+

2 = x2 − x0, x ′+
3 = x3 −

x5, and x ′+
4 = x4 − x5.

By applying δ3 functions from Eq. (J1), and by using p−
i =

p2
i +M2

p+
i

we obtain

p− = (k + q)2 + M2

p+ , p−
2 = k2 + M2

(p + q)+
,

p−
3 = p−

1 = M2

p+
1

= M2

(p + k + q)+
,

k− = k2 + m2
g

k+ , k−
1 = (k + q)2 + m2

g

(k + q)+
, (J4)

which leads to

(p1 − p − k1)− = −ζ, (J5)

[derived for x1 = (k+q)+
(p+k+q)+ ≈ k+

(p+k)+ ≈ x � 1] and

(p3 − p2 − k)− = −ξ, (J6)

[derived for x2 = k+
(p+k+q)+ ≈ (k+q)+

(p+k+q)+ ≈ k+
(p+k)+ ≈ x � 1].

By using Eqs. (J4)–(J6), Eq. (J3) becomes

I1 = 16

ζ ξ

{
4 sin2(p1 − p − k − q)−L/2

[(p1 − p − k − q)−]2

[
1 − (p1 − p − k − q)−

e−i(p1−p−k−q)−L − 1
× e−i(k1−k−q)−L − 1

(k1 − k − q)−

]
− 4 sin2(p2 − p − q)−L/2

[(p2 − p − q)−]2

×
[
− (p2 − p − q)−

e−i(p2−p−q)−L − 1
× e−i(k1−k−q)−L − 1

(k1 − k − q)−
+ (p2 − p − q)−

e−i(p2−p−q)−L − 1
× e−i(p1−p−k−q)−L − 1

p1 − p − k − q)−

]}

≈ 16

ζ ξ
2πL

{
δ(q− + ζ )

(
1 − e−iζL − 1

−iζL

)
− δ(p1 − p − q)−

[
eiξL − 1

iξL
− e−i(ζ−ξ )L − 1

−i(ζ − ξ )L

]}

≈ 16

ζ ξ
2πL δ(q−)

[
1 − e−iζL − 1

−iζL
− eiξL − 1

iξL
+ e−i(ζ−ξ )L − 1

−i(ζ − ξ )L

]
, (J7)
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where, as in the previous sections, we assumed that finite-size
effects are negligible for collisional contribution, and in the
last step we used Eq. (A9).

Analogously to calculations performed in Ref. [8] (see
Appendix C in Ref. [8]) one has

(p + p1)µ(p + p2)ν(p2 + p3)σ Pµρ1 (k1) D>
ρ2λ

(q) Pρ3σ (k)

× (gρ1ρ3 (k + k1)ρ2 + gρ2ρ3 (q − k)ρ1 + gρ1ρ2 (−k1 − q)ρ3 )

≈ (p + p1)µ Pµρ1 (k1) P ρ1
σ (k) (p2 + p3)σ

× [(k + k1)ρ D>
ρσ (q)(p + p2)ν]

≈ −4
k · (k + q)

x2
θ

(
1 − q2

0

�q2

)
f (q0) E+k+ q2

�q2

× 2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]
. (J8)

By using Eqs. (J2), (J7), (J8), and (H9), Eq. (J1) finally
reduces to

M1,1,3,C = −2LTg4[ta, tc] [tc, ta]
∫

d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2 + µ2)

× k · (k + q)

(k2 + χ )[(k + q)2 + χ ]

×
[

1 − e−iζL − 1

−iζL
− eiξL − 1

iξL
+ e−i(ζ−ξ )L − 1

−i(ζ − ξ )L

]
.

(J9)

Because M1,1,4,C is a complex conjugate of M1,1,3,C , one
finally obtains

M1,1,3,C + M1,1,4,C

= −4LTg4[ta, tc] [tc, ta]
∫

d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× d2q

(2π )2

µ2

q2(q2 + µ2)

k · (k + q)

(k2 + χ )[(k + q)2 + χ ]

×
[

1 − sin ζL

ζL
− sin ξL

ξL
+ sin(ζ − ξ )L

(ζ − ξ )L

]
. (J10)

APPENDIX K: COMPUTATION OF DIAGRAMS
M1,1,3,R, M1,1,3,L, M1,1,4,L , AND M1,1,4,R

In this appendix we will calculate the cut diagrams M1,1,3,R ,
M1,1,3,L, M1,1,4,R , and M1,1,4,L shown in Fig. 10. We start with
M1,1,3,R:

M1,1,3,R =
∫ 5∏

i=0

dxiJ (x0)�+
++(x1 − x0)v+

µ (x1)D+µρ1
++

× (x2 − x1)v+
ρ1ρ2ρ3

(x2)�+
++(x3 − x1)

×D
+ρ2ν
++ (x3 − x2)v+

ν (x3)Dρ3σ
−+ (x4 − x2)v−

σ (x4)

×�−+(x4 − x3)�−
−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x2 − x0)+]

× θ (x+
3 − x+

2 )θ (x+
4 − x+

5 )

≈ −
∫ ∞

−∞

∫ ∞

0

3∏
i=1

dp+
i d2pi

(2π )32p+
i

dk+
1 d2k1

(2π )32k+
1

∫
d3k

(2π )3
2ω

× d3p

(2π )32E

d4q

(2π )4
(−i)g4f cba tctbta

× [
(p1 + p2)µPµρ1 (k1)P ρ1

σ (k)(p + p3)σ
]

× [
(k + k1)ρ2D>

ρ2σ
(q)(p + p1)ν

]
I, (K1)

M1,1,3,R

J x0 J x5

x2

x2 x0 2L

x1, µ x4, σx3, νp1p2

p
p3

k, c

k1, b q, a

M1,1,4,L

J x0 J x5

x3

x3 x5 2L

x1, µ x4, σx2, ν p1p2

p
p3

k, c

k1, bq, a

M1,1,3,L

J x0 J x5

x2

x3 x5 2L

x1, µ x4, σx3, νpp1

p2

p3

k1, b

k, c q, a

M1,1,4,R

J x0 J x5

x3

x2 x0 2L

x1, µ x4, σx2, ν pp2

p1

p3

k1, b

k, cq, a

FIG. 10. Feynman diagrams M1,1,3,R , M1,1,3,L, M1,1,4,R , and M1,1,4,L contributing to the radiative energy loss to first order in opacity, labeled
the same way as in Fig. 1.
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where we used that in soft-gluon, soft-rescattering approxima-
tion (see Eqs. (C1)–(C4) in Eq. [8])

(p1 + p2)µ(p + p1)ν(p + p3)σPµρ1 (k1)D>
ρ2ν

(q)Pρ3σ (k)

× (gρ1ρ3 (k1 + k)ρ2 + gρ2ρ3 (q − k)ρ1 + gρ1ρ2 (−k1 − q)ρ3 )

≈ [
(p1 + p2)µPµρ1 (k1)P ρ1

σ (k)(p + p3)σ
]

× [
(k + k1)ρ2D>

ρ2ν
(q)(p + p1)ν

]
. (K2)

In Eq. (K1) I corresponds to

I =
∫ 5∏

i=0

dxiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (2L − (x2 − x0)+)

× θ (x+
3 − x+

2 )θ (x+
4 − x+

5 )

× e−ip2(x1−x0)e−ik1(x2−x1)e−ip1(x3−x1)e−iq(x3−x2)

× e−ik(x4−x2)e−ip(x4−x3)e−ip3(x5−x4)J (x0) J (x5)

= |J (p)|2(2π )3δ[(p2 − p1 − k1)+]δ2( p2 − p1 − k1)

× (2π )3δ[(k1 − k + p1 − p)+]δ2(k1 − k + p1 − p)

× (2π )3δ[(p1 + q − p)+]δ2( p1 + q − p)(2π )3

× δ[(p3 − p − k)+]δ2( p3 − p − k) I1, (K3)

where

I1 =
∫ 2L

0
dx ′+

2 e− i
2 (k1−k−p1−p)−x ′+

2

∫ x ′+
2

0
dx ′+

1 e− i
2 (p2−p1−k1)−x ′+

1

×
∫ ∞

0
dx ′+

3 e− i
2 (p1+q−p)−x ′+

3

∫ ∞

0
dx ′+

4 e
i
2 (p3−p−k)−x ′+

4 .

(K4)

By applying δ3 functions from Eq. (K3) and by using

p−
i = p2

i +M2

p+
i

we obtain in the soft-gluon, soft-rescattering

approximation [see also Eq. (A9)]

p−
2 = p−

3 = M2

E+ , (p2 − p1 − k2)− = −ζ,

(p3 − p − k)− = (p2 − p − k)− = −ξ,

(k1 − k + p1 − p)− = ζ − ξ, (q + p1 − p)− ≈ q0 − qz.

(K5)

By using Eq. (K5), Eq. (K4) becomes (y ≡ x ′+
3
2 )

I1 = −16L

ζξ

[
eiξL − 1

iξL
− ei(ξ−ζ )L − 1

i(ξ − ζ )L

] ∫ ∞

0
e−iq−ydy.

(K6)

Similarly to previous appendices, Eq. (K2) is equal to{
(p1 + p2)µPµρ1 (k1)P ρ1

σ (k)(p + p2)σ
}

× {
(k + k1)ρ2D>

ρ2ν
(q)(p2 + p3)ν

}
≈ −4

k · (k + q)

x2
θ

(
1 − q2

0

�q2

)
f (q0) E+k+ q2

�q2

× 2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]
. (K7)

Finally, by using Eqs. (K3), (K6)–(H9), Eq. (K1) reduces to

M1,1,3,R

= −2Lg4[ta, tc] [tc, ta]
∫

d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× d4q

(2π )4

k · (k + q)

[(k + q)2 + χ ](k2 + χ
)θ

(
1 − q2

0

�q2

)
f (q0)

q2

�q2

× 2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]

×
[
eiξL − 1

iξL
− ei(ξ−ζ )L − 1

i(ξ − ζ )L

] ∫ ∞

0
e−iq−ydy. (K8)

Because M1,1,4,L is a complex conjugate of M1,1,3,R , one
finally obtains

M1,1,3,R + M1,1,4,L

= −2LTg4[ta, tc] [tc, ta]
∫

d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× d2q

(2π )2

µ2

q2(q2 + µ2)

k · (k + q)

[(k + q)2 + χ ](k2 + χ )

×
[

sin ξL

ξL
− sin(ζ − ξ )L

(ζ − ξ )L

]
. (K9)

Similarly M1,1,3,L + M1,1,4,R = M1,1,3,R + M1,1,4,L lead-
ing to

M1,1,3,L + M1,1,3,R + M1,1,4,R + M1,1,4,L

= −4LTg4[ta, tc] [tc, ta]
∫

d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× d2q

(2π )2

µ2

q2(q2 + µ2)

k · (k + q)

[(k + q)2 + χ ](k2 + χ )

×
[

sin ξL

ξL
− sin(ζ − ξ )L

(ζ − ξ )L

]
. (K10)

APPENDIX L: COMPUTATION OF DIAGRAM M1,2,C

In Appendices L and M we present in some detail the
calculation of the diagrams where both ends of the exchanged
gluon q are attached to the radiated gluon k, i.e., there are two
three-gluon vertices involved in the process. In this appendix,
we start with the calculation of the diagram M1,2,C shown in
Fig. 11.

M1,2,C

=
∫ 5∏

i=0

dxiJ (x0)�+
++(x1 − x0)v+

µ (x1)D+µρ1
++ (x2 − x1)

M1,2,C

J x0 J x5

x1, µ x4, ν

x2 x3

p
p1 p2

k, c

k1, b k2, d

q, a

FIG. 11. Feynman diagram M1,2 contributing to the radiative
energy loss to first order in opacity, labeled the same way as in
Fig. 1.
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× v+
ρ1ρ2ρ3

(x2)Dρ3σ3
−+ (x3 − x2)Dρ2σ2

−+ (x3 − x2)�−+(x4 − x1)

× v−
σ1σ2σ3

(x3)D−σ1ν−− (x4 − x3)v−
ν (x4)�−

−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x2 − x0)+]

× θ (x+
3 − x+

4 )θ (x+
4 − x+

5 )θ [2L − (x3 − x5)+]

= −
∫ ∞

0

∫ ∞

−∞

2∏
i=1

dp+
i d2pi

(2π )32p+
i

dk+
i d2ki

(2π )32k+
i

∫
d3k

(2π )32ω

× d3p

(2π )32E

d4q

(2π )4
g4f bac tbf

dactd

× [(k + k1)ρ2D>
ρ2σ2

(k + k2)σ2 ][(p + p1)µPµρ1 (k1)

×P σ1ρ1 (k)Pρ1ν(k2)(p + p2)ν]I, (L1)

where in the second step we only keep the dominant parts from
triple gluon vertices (see Ref. [8]).

In Eq. (L1) I corresponds to

I =
∫ 5∏

i=0

dxiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (2L − (x2 − x0)+)

× θ [2L − (x3 − x5)+]θ (x+
3 − x+

4 )θ (x+
4 − x+

5 )

× e−ip1(x1−x0)e−ik1(x2−x1)e−ik(x3−x2)e−iq(x3−x2)

× e−ip(x4−x1)e−ik2(x4−x3)e−ip2(x5−x4)J (x0)J (x5)

= |J (p)|2(2π )3δ[(p1 − p − k1)+]δ2( p1 − p − k1)(2π )3δ

× [(k1 − k − q)+]δ2(k1 − k − q)

× (2π )3δ[(k2 − q − k)+]δ2(k2 − q − k)(2π )3δ

× [(p2 − p − k2)+]δ2( p2 − p − k2) I1, (L2)

where

I1 =
∫ 2L

0
dx ′+

2 e− i
2 (k1−k−q)−x ′+

2

∫ x ′+
2

0
dx ′+

1 e− i
2 (p1−p−k1)−x ′+

1

×
∫ 2L

0
dx ′+

3 e
i
2 (k2−q−k)−x ′+

3

∫ x ′+
3

0
dx ′+

4 e
i
2 (p2−p−k2)−x ′+

4 .

(L3)

Here x ′+
1 = x+

1 − x+
0 , x ′+

2 = x+
2 − x+

0 , x ′+
3 = x+

3 − x+
5 , and

x ′+
4 = x+

4 − x+
5 . Furthermore, from δ functions in Eq. (L2)

it follows that

p2 = p1, k2 = k1,

(p1 − k1 − p)− = (p2 − k2 − p)− = −ζ. (L4)

After using Eq. (L4), Eq. (L3) becomes

I1 = 16

ζ 2

(
4 sin2[(p1 − p − k − q)−L/2] − 1

[(p1 − p − k − p)−]2

{
1 − (p1 − p − k − q)−

ei(p1−p−k−q)−L − 1
× e−i(k1−k−q)−L − 1

k1 − k − q
− (p1 − p − k − q)−

e−i(p1−p−k−q)−L − 1

× ei(k1−k−q)−L − 1

k1 − k − q

}
+ 4 sin2[(k1 − k − q)−L/2] − 1

[(k1 − k − q)−]2

)
≈ 16

ζ 2

{
2πLδ[(p1 − p − k − q)−]

(
1 − eiζL − 1

iζL
− e−iζL − 1

−iζL

)

+ 2πLδ[(k1 − k − q)−]

}
= 2πL

16

ζ 2

{(
1 − 2

sin ζL

ζL

)
δ[(p1 − p − k − q)−] + δ[(k1 − k − q)−]

}

≈ 64πL

ζ 2

(
1 − sin ζL

ζL

)
δ(q0 − qz). (L5)

As in the previous sections, we here assumed that finite-size
effects are negligible for collisional energy loss. Furthermore,
in the last step we used Eq. (A9), i.e., (p1 − p − k − q)− ≈
(k1 − k − q)− ≈ q0 − qz.

Similarly as in Ref. [8], for highly energetic jets

(p + p1)µPµρ1 (k1)P σ1ρ1 (k)Pσν(k2)(p + p1)ν

= (p + p1)µPµρ1 (k1)P σ1ρ1 (k)Pσ1ν(k1)(p + p1)ν

≈ −4(k + q)2

x2
(k + k1)ρ2D>

ρ2σ2
(q)(k + k2)σ2

≈ k+k+
1 θ

(
1 − q2

0

�q2

)
f (q0)

q2

�q2

× 2 Im

[
1

q2−�L(q)
− 1

q2−�T (q)

]
(L6)

Finally, by using Eqs. (L2), (L5), and (L6), and after
performing the same procedure as in the previous appendices,

Eq. (L1) reduces to

M1,2,C = 8LTg4[ta, tc][tc, ta]
∫

d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2 + µ2)

× (k + q)2

[(k + q)2 + χ ]2

[
1 − sin(ζL)

ζL

]
. (L7)

APPENDIX M: COMPUTATION OF DIAGRAMS
M1,2,R AND M1,2,L

In this appendix, we will calculate the cut diagrams M1,2,R

and M1,2,L, which are shown in Fig. 12. We start with M1,2,R:

M1,2,R =
∫ 5∏

i=0

dxiJ (x0)�+
++(x1 − x0)v+

µ (x1)

×D
+µρ1
++ (x2 − x1)v+

ρ1ρ2ρ3
(x2)D+ρ3σ3

++ (x3 − x2)
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M1,2,L

J x0 J x5

x1, µ x4, ν

x2 x3

p
p1 p2

k1, b

k, c k2, d

q, a

M1,2,R

J x0 J x5

x1, µ x4, ν

x2 x3

p
p1 p2

k1, b

k2, d k, c

q, a

FIG. 12. Feynman diagram M1,2 contributing to the radiative energy loss to first order in opacity, labeled the same way as in Fig. 1.

×D
+ρ2σ2
++ (x3 − x2)�−+(x4 − x1)v+

σ1σ2σ3
(x3)

×D
σ1ν−+(x4 − x3)v−

ν (x4)�−
−−(x5 − x4)J (x5)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (x+
3 − x+

2 )

× θ (x+
4 − x+

5 )θ [2L − (x2 − x0)]

≈ −
∫ ∞

0

∫ ∞

−∞

2∏
i=1

dp+
i d2pi

(2π )32p+
i

dk+
i d2ki

(2π )32k+
i

×
∫

d3k

(2π )32ω

d3p

(2π )32E

d4q

(2π )4
g4f cba tcf

abd td

× [(k1 + k2)ρD>
ρσ (q)(k + k1)σ ]

[
(p + p1)µ

×Pµρ1 (k2)P σ1ρ1 (k1)Pρ1ν(k)(p + p2)ν
]
I, (M1)

where in the second step we keep only the dominant parts from
triple gluon vertices (see Ref. [8]).

In Eq. (M1) I corresponds to

I =
∫ 5∏

i=0

dxiθ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ (2L − (x2 − x0)+)

× θ (x+
3 − x+

2 )θ (x+
4 − x+

5 )e−ip1(x1−x0)

× e−ik2(x2−x1)e−ik1(x3−x2)e−iq(x3−x2)e−ip(x4−x1)

× e−ik(x4−x3)e−ip2(x5−x4)J (x0)J (x5)

= |J (p)|2(2π )3δ[(p1 − p − k2)+]δ2( p1 − p − k2)(2π )3

× δ[(k2 − k)+]δ2(k2 − k)(2π )3δ[(k1 + q − k)+]

× δ2(k1 + q − k)(2π )3δ[(p2 − k − p)+]

× δ2( p2 − p − k) I1 (M2)

and where

I1 =
∫ 2L

0
dx ′+

2 e− i
2 (k2−k)−x ′+

2

∫ x ′+
2

0
dx ′+

1 e− i
2 (p1−p−k2)−x ′+

1

×
∫ ∞

0
dx ′+

3 e− i
2 (k1+q−k)−x ′+

3

∫ ∞

0
dx ′+

4 e
i
2 (p2−p−k)−x ′+

4 .

(M3)

In the last equation, we defined x ′+
1 = x+

1 − x+
0 , x ′+

2 = x+
2 −

x+
0 , x ′+

3 = x+
3 − x+

2 , and x ′+
4 = x+

4 − x+
5 .

After applying δ functions from Eq. (M2) and by using
Eq. (C5), we obtain k− = k−

2 , which reduces the Eq. (M3) to

I1 =
∫ 2L

0
dx ′+

2

∫ x ′+
2

0
e

i
2 ξx ′+

1 dx ′+
1

∫ ∞

0
dx ′+

4 e− i
2 ξx ′+

4

×
∫ ∞

0
dx ′+

3 e−iq−y

= 16L

ξ 2

[
1 − sin ξL

ξL
+ i

1 − cos ξL

ξL

] ∫ ∞

0
dye−iq−y.

(M4)

In the above equation, we also used (p1 − k − p)− = (p2 −
p − k)− = −ξ , (k1 + q − k)− ≈ q− and y ≡ x ′+

3
2 .

Similarly as in Ref. [8], for highly energetic jets

(p + p1)µPµρ1 (k2)P ρ1σ1 (k)Pσ1ν(k)(p + p2)ν = −4k2

ξ 2

(k + k1)ρD>
ρσ (q)(k + k1)σ ≈ k+k+

1 θ

(
1 − q2

0

�q2

)
f (q0)

q2

�q2

× 2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]
. (M5)

Finally, by using Eqs. (M2), (M4), and (M5), and after
performing the same procedure as in the previous appendices,
Eq. (M1) reduces to

M1,2,R = −4LTg4[tc, ta][ta, tc]
∫

d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d4q

(2π )4

k2

(k2 + χ )2

(
1 − sin ξL

ξL

+ i
1 − cos ξL

ξL

) ∫ ∞

0
dye−iq−yθ

(
1 − q2

0

�q2

)
1

q0

× q2

�q2
2 Im

[
1

q2 − �L(q)
− 1

q2 − �T (q)

]
. (M6)

Finally, by using that M1,2,L is a complex conjugate
of M1,2,R , and by performing the same procedure as in
Eqs. (D24)–(D28), one obtains

M1,2,R + M1,2,L = −4LTg4[ta, tc][tc, ta]
∫

d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d2q

(2π )2

µ2

q2(q2 + µ2)

× k2

(k2 + χ )2

(
1 − sin ξL

ξL

)
. (M7)
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APPENDIX N: COMPUTATION OF THE TADPOLE
DIAGRAMS

In this appendix we calculate tadpole diagrams shown in
Fig. 13 and show that they present negligible contribution to
the radiative energy loss.

Mt,R =
∫ 4∏

i=0

dxiJ (x0)�+
++(x1 − x0)v+

µ (x1)D+µρ
++ (x2 − x1)

× v+
ρσλτ (x2)D+λτ

++ (x2)Dσν
−+(x3 − x2)v−

ν (x3)

×�−+(x3 − x1)�−
−−(x4 − x3)J (x4) θ (x+

1 − x+
0 )

× θ (x+
2 − x+

1 )θ [2L − (x2 − x0)+]θ (x+
3 − x+

4 ),

(N1)

where v+
ρσλτ (x2) = −g2[fceafceb(2gρσ gλτ−gρλgστ−gρτgσλ)],

leading to

Mt,R =
4∏

i=0

dxiJ (x0)
∫ ∞

−∞

∫ ∞

0

dp+
1 d2p1

(2π )32p+
1

e−ip1(x1−x0)

×
∫

d3p

(2π )32E
e−ip(x3−x1)[−ig(p + p1)µta](−1)

×
∫ ∞

−∞

∫ ∞

0

dk+
1 d2k1

(2π )32k+
1

e−ik1(x2−x1)P µρ(k1) (−g2)

× f ceafceb(2gρσ gλτ − gρλgστ − gρτgσλ)

×
∫

d4q

(2π )4
Dλτ>(q)(−1)

∫
d3k

(2π )32ω
e−ik(x3−x2)

×P σν(k)
∫

dp+
2 d2p2

(2π )32p+
2

e−ip2(x4−x3)(ig(p + p2)ν tb)

× θ (x+
1 − x+

0 )θ (x+
2 − x+

1 )θ [2L − (x2 − x0)+]

× θ (x+
3 − x+

4 )J (x4)

=
∫

d3k

(2π )32ω

d3p

(2π )32E

d4q

(2π )4

2∏
i=1

dp+
i d2pi

(2π )32p+
i

× dk+
i d2ki

(2π )32k+
i

g4(−f ceataf
cebtb)(p + p1)µP µρ(k1)

× (2gρσ gλτ − gρλgστ − gρτgσλ)

×Dτλ>(q)P σν(k)(p + p2)νI, (N2)

where

I =
∫ 4∏

i=0

dxiJ (x0)J (x4)e−ip1(x1−x0)e−ik1(x2−x1)e−ik(x3−x2)

× e−ip(x3−x1)e−ip2(x4−x3)θ (x+
1 − x+

0 )

× θ (x+
2 − x+

1 )θ (2L − (x2 − x1)+)θ (x+
3 − x+

4 )

= |J (p)|2(2π )3δ[(p1 − p − k1)+]δ2( p1 − p − k1)

× (2π )3δ[(k1 − k)+]δ2(k1 − k)

× (2π )3δ[(p2 − p − k)+]δ2( p2 − p − k)I1 (N3)

and where

I1 =
∫ 2L

0
dx ′+

2 e− i
2 (k1−k)−x ′+

2

∫ x ′+
2

0
dx ′+

1 e− i
2 (p1−p−k1)−x ′+

1

×
∫ ∞

0
dx ′+

3 e+ i
2 (p2−p−k)−x ′+

3 . (N4)

Here x ′+
1 = x+

1 − x+
0 , x ′+

2 = x+
2 − x+

0 , and x ′+
3 = x+

3 − x+
4 .

Also, by using δ functions from Eq. (N3) and Eq. (C5) it
follows that

p2 = p1; k = k1;

(p1 − p − k)− = (p2 − p − k)− ≈ −ξ. (N5)

After using relations from (N5), Eq. (N4) becomes

I1 =
∫ 2L

0
dx ′+

2

∫ x ′+
2

0
e

i
2 ξx ′+

1

∫ ∞

0
dx ′+

3 e− i
2 ξx ′+

3

= 8L

ξ 2

[
1 − sin ξL

ξL
+ i

1 − cos ξL

ξL

]
. (N6)

By using Eqs. (N6) and (N3), Eq. (N2) becomes

MtR = 8g4L[ta, tc][tc, ta]
∫

d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d4q

(2π )4

1

(2E+)2

1

2k+
1

× [
8pµPµρ(k)P ρ

ν (k)pνD>λ
λ (q) − 8pµPµρ(k)Dρσ>(q)

×Pσν(k)pν
] x2E+2

(k2 + χ )2

[
1 − sin ξL

ξL
+ i

1 − cos ξL

ξL

]
.

(N7)

Mt,R

J x0 J x5

x1, µ x3, ν

x2

p
p1 p2

k1, b k, dq, a

Mt,L

J x0 J x5

x1, µ x3, ν

x2

p
p1 p2

k, b k1, dq, a

FIG. 13. Tadpole Feynman diagrams Mt,R and Mt,L, labeled the same way as in Fig. 1.
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To proceed further, let us first calculate

pµPµρ(k)P ρ
ν (k)pνD>λ

λ (q) − pµPµρ(k)Dρσ>(q)Pσν(k)pν

= pµPµν(k)pνD>λ
λ (q) − pµPµρ(k)Dρσ>(q)Pσν(k)pν.

(N8)

We here use

pµPµρ(k)P ρ
ν (k)pν = − k2

x2
; P λ

λ (q) = 2;

Qλ
λ(q) = 1 − q2

0

q2
, (N9)

leading to

D>λ
λ (q) = θ

(
1 − q2

0

�q2

)
[1 + f (q0)]

× 2 Im

⎡
⎣ 2

q2 − �T (q)
+

1 − q2
0

�q2

q2 − �L(q)

⎤
⎦. (N10)

Furthermore, in Coulomb gauge

Pµρ(k)Qρσ (q)Pσλ(k) ≡ 0, (N11)

leading to

pµPµρ(k)Dρσ>(q)Pσν(k)pν

= pµPµρ(k)P ρσ (q)Pσλp
ν

= −p2 + (pk)2

k2
+ (pq)2

q2
− 2

(pk)(pq)(qk)

k2q2
+ (pk)(qk)2

(k2)2q2

= − k2

x2
θ

(
1 − q2

0

�q2

)
[1 + f (q0)]

× 2 Im

⎡
⎣ 1 + (qk̇)2

k2�q2

q2 − �T (q)
+

1 − q2
0

�q2

q2 − �L(q)

⎤
⎦ . (N12)

By using Eqs. (N8)–(N12), Eq. (N7) becomes

Mt,R = −8Lg4[ta, tc][tc, ta]
∫

d3p

(2π )32E
|J (p)|2

×
∫

d3k

(2π )32ω

d4q

(2π )4

k2

(k2 + χ )2

×
[

1 − sin ξL

ξL
+ i

1 − cos ξL

ξL

]
1

k+

∫
d4q

(2π )4
θ

×
(

1 − q2
0

�q2

)
T

q0
2 Im

⎡
⎣ 1 − (qk̇)2

k2�q2

q2 − �T (q)

⎤
⎦ . (N13)

Because Mt,L is a complex conjugate of Mt,R , one finally
obtains

Mt,R + Mt,L = 8LTg4[ta, tc][tc, ta]

×
∫

d3p

(2π )32E
|J (p)|2

∫
d3k

(2π )32ω

× k2

(k2 + Mx2 + mg2)2

[
1 − sin ξL

ξL

]
, It

(N14)

0 1 2 3 4
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FIG. 14. Ratio Jt,max(�q2)
v(�q2)

is shown as a function of momentum |�q|
for Debye mass µ = 0.5.

where

It = − 2

ω

∫
d4q

(2π )4
θ

(
1 − q2

0

�q2

)
1

q0
Im

⎡
⎣ 1 − (qk̇)2

k2�q2

q2 − �T (q)

⎤
⎦ .

(N15)

Finally, we want to show that It � ∫
dq2

4π
v(q2) [where v(q2) =

µ2

q2(q2+µ2) ], leading to the conclusion that tadpole contribution
is negligible to the first order in opacity radiative energy loss.

To do this, we first observe that 0 � (qk̇)2

k2�q2 � 1, leading to

0 � It � It,max, (N16)

where

It,max = − 2

ω

∫
d4q

(2π )4
θ

(
1 − q2

0

�q2

)
1

q0
2 Im

[
2

q2 − �T (q)

]

=
∫

d�q2

4π

|�q|
ω

Jt,max, (�q2), (N17)

where we defined y ≡ q0

|�q| , and

Jt,max(�q2) = 4

π2

∫ 1

0

dx

x
Im

[
1

�q2(1 − x2) + �T (x)

]
, (N18)

Furthermore, we want to show that It ∼ ∫
d�q2

4π

|�q|
ω

v(�q2).
To do this, we have to prove that Jt,max(�q2) is comparable

with v(�q2). We numerically confirmed that Jt,max(�q2)
v(�q2)

<∼ 1, as
demonstrated in Fig. 14 for typical value of Debye mass
µ = 0.5. That is, in Fig. 14 we see that the absolute values
of the ratios are notably smaller than 1. We also checked
that the same conclusion is valid independently on the value
of Debye mass. Having in mind that |�q|

ω
� 1, and by using

It ∼ ∫
d�q2

4π

|�q|
ω

v(�q2), it becomes evident that It � ∫
d�q2

4π
v(�q2),

which leads to the conclusion that tadpoles present a negligible
contribution to the first order in opacity radiative energy loss.
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