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Theorists propose a recipe for directly measuring the topological order in non-interacting cold atom
systems.
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Phases of matter are often described by an order parameter. For example the spins in a ferromagnet are randomly oriented at high temperature, but as the temperature falls below the Curie temperature, the spins begin
to line up. A local order parameter given by the magnetization (the average spin density), distinguishes the
normal and ferromagnetic phases. In contrast, topological insulators represent a broad class of band insulators
distinguished not by local order but by global topological
properties [1]. In analogy with order parameters in the
usual study of phases and phase transitions, topological
phases are distinguished by topological invariants, but
the lack of local order makes it difficult to experimentally
distinguish between different topological phases. Now, a
theoretical paper appearing in Physical Review Letters
from Emilio Alba at the Instituto de Física Fundamental, Spain, and his colleagues describes how the usually
hidden topological order that can occur in certain cold
atom lattices could be measured directly [2].
To get a feel for what a topological invariant is, consider Gauss’ law, in its integral form:
I
Z
1
E · ds =
ρ dV .
(1)
0
S
If S is a surface enclosing N electrons, the integral of the
electric field over S is independent of the configuration of
the electrons, or even the shape of the surface, provided
the electrons remain inside the volume enclosed by this
surface. This is the essence of a topological invariant,
which in this example, is simply a count of the fundamental charges. Building on this analogy, the so-called
Chern number, ν, of a topological insulator also results
from the surface integral of a vector field and counts the
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“topological charge” contained within this surface.
The quantized Hall conductance of a two-dimensional
semiconductor in a high magnetic field was the first measured example of topological order [3]. In fact, the quantized Hall conductance provides an indirect measure of
the Chern number for these topologically ordered systems. However, finite temperature, disorder or the peculiarities of the semiconductor’s band structure obscure
the relationship between what can be measured (the Hall
conductivity) and the Chern number
Ultracold atoms in optical lattice traps represent a new
platform to study topological matter. Optical traps are
highly tunable, which means they can be engineered to
match theoretical proposals for systems with a nonzero
Chern number [4]. But even if experimentalists can prepare such a lattice, they need a measurable way to confirm that topological order exists. What Alba et al. have
shown is that the Chern number for ultracold atoms that
form a spin-dependent lattice can be determined directly
from so-called time-of-flight measurements, where atoms
are released from a trap and allowed to ballistically expand, so that their initial momenta can be determined
from their final positions. Using their definition, a combination of the measurement tools and control at the quantum level that now exist would allow experimentalists to
obtain the Chern number directly from systems of ultracold atoms.
Alba et al.’s proposal is rooted in the idea of Berry’s
phases. Particles with internal structure (like spin) acquire a phase, called the Berry’s phase [5], when they
move in a magnetic field that varies slowly in space.
Mathematically, this means the parameters in the Hamiltonian describing the particles are slowly changing. If a
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particle starts in an eigenstate, it can acquire a phase
upon traversing a closed loop in parameter space, provided the “motion” is sufficiently slow that it adiabatically returns to the same eigenstate. This phase is qualitatively the same as the Aharonov-Bohm [6] phase of
a charged particle moving in a magnetic field. It results from a fictitious vector potential A(q ), called the
Berry connection, or from the associated field B(q ) =
∇q × A(q ), known as the Berry curvature.
Systems with topological order are defined by having
a nonzero flux of the Berry curvature over the surface.
In two-dimensional materials, the definition of the Chern
number has a close analogy with Gauss’ law:
Z
1
ν=
Bz (q ) d2 q.
(2)
2π BZ
Here, the integration is not performed in real space, but
instead the “volume” enclosed is the 2D Brillouin zone
of the lattice, and the vector field is determined by the
Berry connection A(q ), defined through the band eigenstates with crystal momentum q. In other words, the
Chern numbers represent the “flux” of the Berry curvature through the first Brillouin zone, and like the charges
in the electrostatic analogy, this flux is quantized.
In 1988, F. Duncan M. Haldane noticed that a hexagonal lattice with additional next-nearest hopping with
nonzero phases can lead to a unit Chern number [7]. Now
Alba et al. consider a variant of the Haldane model [Fig.
1(a)], which can be implemented for cold atoms with two
internal states. They assume that the atoms in each of
these states are trapped at the sites of two triangular sublattices, making a hexagonal lattice. They also assume
that laser-assisted tunneling can link the internal states
of atoms that occupy neighboring sites. This ensures
that the tunneling of atoms between the two sublattices
is described by complex valued matrix elements [4]. Alba
et al. show that when tunneling between next-nearest
neighbor sites (i.e., those belonging to the same sublattice) is included, the system has nonzero Chern numbers.

FIG. 1: A model system for seeing topological order. (a)
Geometry of a Haldane-style lattice with two interpenetrating triangular lattices. Atoms in internal state A occupy one
sublattice; atoms in internal state B occupy the other sublattice. A laser can induce a complex valued hopping t exp(iφ)
(dashed links, φ is the phase of the laser) to form topological
order (i.e., a nonzero Chern number) for the lattice. (b) Alba
et al.’s prediction of the spin projection along ex , ey , and
ez for this system, which can be measured with a time-offlight experiment. The Chern number can be computed from
the spin projections. (Spin projections were calculated by Ian
Spielman, assuming t/ta = 2 and φ = 2π/3.)

direct computation using experimentally measurable images of atoms without any further image processing. The
Chern number can take the values ν = −1, 0, 1 depending on the phase φ of the laser that induces the tunneling
between sites on the lattice.
Alba et al.’s seemingly simple observation leads to a
more generalized conclusion: for a range of systems, the
ability to measure both the crystal momentum distribution and to control single particle rotations in “spin
space” make it possible to observe topological invariants.
In contrast with conventional materials, this tunability
is generally available in cold atom systems, which makes
it possible to quickly identify those lattice configurations
that are topological insulators.

Alba et al. suggest to use a formula for determining the Chern number of this model, where the input
is the momentum-dependent spin S(q )—a quantity that
can, in principle, be measured. In cold atom systems,
it is routine to measure the spin-dependent crystal momentum distributions, hn↑,↓ (q )i with time-of-flight techniques [8]. However, this technique alone only gives the zcomponent of S: Sz (q ). NMR-like control of the atomic
spin allows measurement of the two other components
of S(q ) [Fig. 1(b)]. Simply approximating the expression for the Chern number for spin Hamiltonians with a
discrete sum


Z
1
∂S(q ) ∂S(q ) 2
1 X
ν=
S(q ) ·
×
d q≈
S(q ) · [S(Acknowledgments
q + ∆q ex ) × S(q + ∆q ey )]
4π B.Z
∂kx
∂ky
4π
q∈B.Z

(3)
over points q spaced by ∆q along ex and ex (the corresponding pixels in the experimental data) allows for a
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