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A class of coupled oscillators for which extreme events, called dragon kings, can be both predicted
and mitigated provides insights into the control of complex systems.
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Every decision maker would rejoice if given the ability
to predict and control extreme events—financial crises,
environmental accidents, earthquakes, power outages,
and the like. But the complex systems (natural or man-
made) prone to such events still defy our understanding.
The behavior of these systems—often described as net-
works of interconnected units—cannot be inferred from
the properties of their parts. One of their common traits
is that local events can have far-reaching consequences
that are often difficult to anticipate. Carefully designed
power grids, for example, may exhibit predictable behav-
ior close to their normal modes of operation. But certain
events can drive them away from such modes, leading
to large-scale flow rearrangements and possibly to large
power outages. A perturbed power grid often poses op-
erational challenges for which no general solutions cur-
rently exist. A similar knowledge gap applies to virtually
all complex systems. The difficulty has its origin in our
inability to understand how seemingly ordinary events
give rise to extreme ones. This lack of understanding has
hampered progress and led to the tacit assumption that,
once initiated, large-scale failures are unstoppable. As
reported in Physical Review Letters, Hugo de S. Caval-
cante at the Federal University of Paraíba, Brasil, and
his collaborators built a model system made of coupled
electrical oscillators to demonstrate that certain types of
extreme events can be predicted early enough that they
can be suppressed by means of gentle control interven-
tions [1].

There are in principle two broad approaches to mit-
igate extreme events and large-scale failures in general.
The first approach works by engineering and/or main-
taining the system in such a way as to prevent the trigger-
ing of potentially harmful large-scale events. This should
certainly be done, but it cannot realistically prevent all
failures. The second approach is focused on develop-
ing tools to prevent the amplification and propagation

of those events whose triggering could not be prevented,
so that small events remain small. A priori network op-
timization (e.g., designing a resilient power grid) is an
example of the first, while real-time cascade control (e.g.,
preventing the spread of a blackout) is an example of the
second. The latter of these two approaches is gaining
momentum with the recent development of techniques
to control complex systems in the presence of an imped-
ing extreme event [2] that might have been triggered by
an external perturbation. Now, the work of Cavalcante
et al. [1] illustrates that in a chaotic system large-scale
events can be caused not only by external perturbations
but also through a phenomenon known as bubbling [3]
and, moreover, that bubbling events can be controlled
individually as they start to emerge.

Bubbling can occur when trajectories close to a chaotic
attractor undergo rare but pronounced excursions away
from it. At first, this may seem surprising since attractors
are, by definition, invariant sets of orbits representing the
asymptotic behavior of the nearby trajectories they at-
tract. For a large class of attractors, noise, which is un-
avoidable in realistic situations, will not change the qual-
itative properties of typical trajectories. But for other
attractors, even low-intensity noise can have dramatic
implications. This can occur when the attractor exists in
a surface (a hyperplane, say) of the phase space and one
or more of the periodic orbits embedded in the attrac-
tor are unstable in the direction transverse to the surface
[Fig. 1(a)]. In the absence of noise, the trajectories of
the attractor remain in the attractor forever. In the pres-
ence of noise, however, when they visit a neighborhood
sufficiently close to one of these periodic orbits, they are
ejected transversely to the attractor’s surface. Such vis-
its (and hence bubbling events) are expected because of
the ergodicity of chaotic attractors, according to which
typical orbits of an attractor pass arbitrarily close to any
of its points, including any transversely unstable ones.
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FIG. 1: (a) Schematic illustration of bubbling in a chaotic at-
tractor. Trajectories that cross into the shaded conical region
are ejected away from the attractor because of the presence of
a transversely unstable orbit. (b) Simplified representation of
the frequency of events as a function of their sizes (solid line)
in the experiments of Cavalcante et al. [1], where the peak of
largest events correspond to bubbling events (termed dragon
kings by the authors). The frequency of large events is very
significantly reduced by the proposed prediction-followed-by-
control scheme (dashed line). (APS/Carin Cain)

The ejected trajectory may subsequently return to the
attractor, after undergoing a brief but large excursion
far away from it (thus bubbling can, in principle, occur
even in a system with a single global attractor). This is
the scenario considered in Ref. [1], where they studied
experimentally an electric circuit formed by two coupled
chaotic oscillators. The attractor corresponds to a state
in which the two oscillators are synchronized. The bub-
bling events lead to periods of desynchronization and are
the extreme events of interest. A first important obser-
vation in Ref. [1] is that the frequency distribution of
event sizes follows an approximate power-law distribu-
tion for small and intermediate size events but exhibits
a pronounced peak for large events associated with bub-
bling [Fig. 1(b), solid line]. The outliers in the curve’s
peak are identified by the authors as “dragon kings,”
following the definition of previous studies [4]: large-
scale events (kings) that belong to a completely differ-
ent species (dragons). Since they originate via distinct
mechanisms, dragon kings can be predicted—at least in
principle.

In their experiments, the authors were able to identify

early signs of a bubbling event from changes in the dy-
namical variables (related to the measured electrical sig-
nals) that indicated the approach to a transversely unsta-
ble orbit. To mitigate the imminent extreme event they
then implemented countermeasures through a feedback
control method that redirected the trajectory toward the
synchronization surface. The results show that this ap-
proach has marginal impact on the incidence of small
events but strongly inhibits large ones [Fig. 1(b), dashed
line]. Importantly, this selective mitigation of extreme
events can be achieved with control perturbations that
are both very small and of short duration. The challenge
of identifying early signs of extreme events has much to
do with our ability to model or observe the dynamics
of the system [5]. In the case of bubbling, this is facili-
tated by the unique nature of the extreme events, which
are statistically and mechanistically different from the
power-law distributed nonbubbling events.
This is not to say that one cannot mitigate events with

a power-law distribution of sizes. For example, Ref. [6]
illustrates the potential of proactively triggering small
cascades to prevent the building up of large ones in mod-
els of self-organized criticality. However, the lack of a
distinct mechanistic origin can make it more challenging
to anticipate the consequences of individual interventions
and to identify the events that should be suppressed [7].
The control approach proposed by Cavalcante et al. is

most immediately applicable to systems that are recur-
rent, where repeated extreme events can be observed (or
accurately modeled). The concept has the potential to
be broadly relevant as there has been evidence of dragon
kings in diverse contexts, ranging from fluid dynamics
to neuronal networks [8]. On the other hand, extreme
events of massive proportions are often extremely rare
and do not offer opportunity for repeated experimenta-
tion—for instance, potentially irreversible changes in the
state of the Earth’s climate and biosphere. A significant
effort to study such phenomena has focused on predicting
regime shifts induced by bifurcations, in which qualita-
tive changes in behavior are due to changes in the sys-
tem itself (see, e.g., Ref. [9]). Developing approaches
to expand the class of rare extreme events that can be
predicted and controlled is an important challenge for
future research. The recognition of bubbling as a sce-
nario for extreme events—a possibility not yet widely
appreciated—is thus one of the important contributions
of Cavalcante et al.’s work.
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