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An experimental demonstration of a novel quantum analysis tool will allow diagnosis of entanglement
in a much broader set of states.
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To be useful, quantum computers will ultimately need
to entangle a large number of qubits. At the same time,
researchers studying fundamental quantum physics seek
to entangle larger and larger objects. For instance, entanglement of up to fourteen ions or eight photons has been
generated and verified. However, rigorously analyzing
the quantum properties of such entangled states in these
expanded systems is cumbersome with tools available to
date, mainly because of difficulties like time-consuming
data acquisition or computationally expensive data processing. To overcome these limitations, we need innovative techniques for quantum state analysis. In a paper in
Physical Review Letters, Megan Agnew and co-workers
at the University of Ottawa, Canada, report one possible approach in their experimental demonstration of an
unusually powerful variation on a class of methods called
“entanglement witnesses” [1]. Their results open the way
to test entanglement in a range of quantum systems previously unreachable.
One of the most important signatures of quantum control is the creation of entanglement. Among the important theoretical tools for detecting and quantifying entanglement are so-called “entanglement witnesses” [2], which
are special kinds of nonlocal observables of the composite
quantum system. The key characteristic of an entanglement witness is that it has a non-negative expectation
value for all separable (or nonentangled) states. In other
words, if one observes a negative value, one is assured
that the underlying state is entangled (see the schematic
set diagram in Fig. 1).
Because of their nonlocal structure, entanglement witnesses cannot directly be ascertained by local measurements, but the expectation value is still easy to obtain:
One simply measures several types of correlations between the quantum systems and then linearly combines
the resulting mean values to compute the value of the
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FIG. 1: The geometry of entanglement. In the highdimensional space of all matrices, the set of all quantum states
is convex (light blue), and the separable (nonentangled) states
form a convex subset (darker blue). An entanglement witness
W is a linear function that is positive on all separable states.
In the figure, the line denotes the states in which W is zero,
the state ρ1 is detected as entangled, while the state ρ2 is not
detected by W. A possible nonlinear improvement N (W) of
W may detect ρ1 and ρ2 at the same time, which is impossible
with a single linear witness. Agnew et al.[1] have experimentally implemented a nonlinear witness that can achieve this
in measurements of orbital angular momentum states of photons created in a nonlinear crystal. (APS/O. Gühne and T.
Moroder)

nonlocal observable. Such correlations can take the form
of experimental polarization measurements onto spatially
separated photons, where the correlations might be such
that two photons always have the opposite polarization.
Geometrically, the set of all separable states is convex,
meaning that for any two points in it, the connection
line is also in the set. This implies that one can find such
an entanglement witness W for any entangled state, as
there is always a plane separating an entangled state from
the separable states.
c 2013 American Physical Society

Physics 6, 79 (2013)
However, as shown in the diagram in Fig. 1, for two
very different states in the set of entangled states, say
ρ1 and ρ2 , a single linear witness cannot detect both;
this would only be possible if one could imagine a curved
division. Such a curved separator captures the idea of
a nonlinear entanglement witness N (W ), where some
correlations are combined in a nonlinear way. Indeed,
theoretically it has been shown that any witness can be
improved by nonlinear correction terms [3] as well as how
one can curve it in a preferred direction [4].
In this new work, Agnew et al. have experimentally
implemented such a nonlinear entanglement witness [1].
Remarkably, the nonlinear correction terms for the witness could be evaluated mainly with the same correlation
measurements as the original witness. The constructed
nonlinear witness is then capable of detecting a much
larger fraction of all entangled states than the single original linear witness.
In their experiment, Agnew et al. use the orbital angular momentum of light to generate entanglement. Photons with orbital angular momentum have a helical phase
distribution (like a corkscrew) that can be described by
a quantum number `. When a photon impinges on a
specially chosen crystal, it generates two photons. If the
incoming pump photon has zero angular momentum, the
two resulting output photons are found to be in a superposition of states, where one photon is in state |`i and
the other one in the state | − `i[5]. The resulting entangled state has then been further transformed using devices called Dove prisms, and in the actual experimental
setup this allowed Agnew et al. to controllably generate all four Bell states (the maximally entangled states
for two spin-1/2 particles). The properties of orbital angular momentum entangled states have attracted many
researchers in the last years, since it allows the creation
of entanglement between many degrees of freedom [6], in
contrast to polarized photons or trapped ions. This has
benefits, for instance, in quantum communication tasks.
Agnew et al. start with a linear witness based on the
fidelity of the quantum state, that is, the extent to which
the experimentally prepared state equals the intended
ideal Bell state. It can be viewed as a lower bound on
the fidelity: If the fidelity is above a certain threshold,
then the state is detected as entangled. Since the fidelity
of an entangled state is not directly measurable, one circumvents this problem by measuring certain correlations
that are typical for the Bell state.
In the present setup, six correlations are needed to determine the linear witness. A correlation measurement
in the experiment consists of filtering each photon depending on the orbital angular momentum and testing
whether both photons are detected behind the filter. For
constructing the nonlinear witnesses, the team from Ottawa used a theoretical proposal put forward by Arrazola
and co-workers [7]. The main idea of this proposal is that
the formation of the linear witness does not use all of the
available information. Thus one can use the correlations
that were already measured for determining the fidelity
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to form the nonlinear terms that improve the witness.
In this way, the nonlinear evaluation scheme extracts additional information and leads to an improved entanglement detection scheme. For the case of two qubits, the
resulting nonlinear witness enables the detection of two
Bell states at the same time, a feat no linear witness can
perform.
The experiment carried out by Agnew et al. constitutes only a first proof-of-principle demonstration of a
nonlinear entanglement witness. For the present case of
two qubits, many other analysis tools, such as the determination of the complete density matrix by quantum
state tomography or the evaluation of several linear entanglement witnesses from the same data, are available
and all of them can be used to verify the entanglement in
the current experiment. However, as soon as more parties or higher-dimensional systems come into play, full
quantum state tomography becomes intractable and the
systematic construction of linear entanglement witnesses
is hard—at that point, a set of very powerful nonlinear
entanglement witnesses become especially handy.
From a broader perspective, the work of Agnew et al.
is one of several recent approaches to improve and simplify the tools for analyzing quantum experiments, especially if only very limited information about a larger
quantum system is available. One topic under investigation is the analysis of quantum correlations when only
some observables are accessible. For instance, only timeof-flight measurements are possible for ultracold rubidium atoms in optical lattices, but entanglement can still
be characterized [8]. A second approach is the development of adaptive entanglement detection schemes, in
which the observables are chosen on the basis of previous measurement results [9]. A third topic addresses the
careful statistical analysis of entanglement witnesses or
state reconstruction schemes (for an example concerning
nonlinear entanglement witnesses see Ref. [10]). Finally,
many groups currently work on the problem to characterize other useful properties of quantum states besides
entanglement in a fast way, such as the ability to generate
a secret key in quantum cryptography or the usability for
quantum enhanced measurements. These analysis tools,
together with the results of Agnew et al., will help our
experimental colleagues to evaluate their future experiments with large quantum systems.
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