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Imaginary magnetic fields predicted by the fundamental theory of phase transitions can be realized

experimentally.
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Ferromagnetic materials like cobalt and iron produce
magnetic fields whose magnitudes are measured by real
numbers. Imaginary or complex fields are, however, es-
sential in the fundamental theory that underlies the sta-
tistical physics of phase transitions, such as those asso-
ciated with the onset of magnetization. Long thought
to be merely mathematical constructs, a realization of
these imaginary fields has now been observed in mag-
netic resonance experiments performed on the spins of
a molecule [I]. Following an earlier theoretical proposal,
Xinhua Peng at the University of Science and Technology
of China and her colleagues have shown that imaginary
magnetic fields associated with a spin bath—in this case,
the molecule—approaching a phase transition can be re-
lated to the quantum coherence of a probe spin coupled
to the bath [I]. The demonstration that this connection
exists in a physical system is important at a fundamen-
tal level, and could lead to new ways of studying phase
transitions in complex, many-bodied materials.

One of the simplest systems to exhibit a continuous
(second-order) phase transition is the ferromagnetic Ising
model. In this system, which can describe magnets, bi-
nary alloys and lattice gasses, atomic spins arranged on a
lattice can be in one of two discrete states—up or down.
Interactions between neighboring spins favor their collec-
tive alignment into a magnetic state below a critical tem-
perature T.. Above this temperature, the spins tend to
be randomly oriented and the system lacks a spontaneous
magnetization. The response of the spins to changes in
external parameters, such as the magnetic field or tem-
perature, is given by functions such as the susceptibility.
At the critical point, T, of an idealized system of infinite
size (the so-called thermodynamic limit), the susceptibil-
ity and certain other response functions diverge.

In 1952, C. N. Yang and T. D. Lee developed a fun-
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damental theory that relates the phase transition in the
Ising model and other systems to the mathematical form
of their partition functions [2]. This function, which in-
volves thermal energies distributed across all possible mi-
croscopic states, can be written as a polynomial function
of the variable z = exp(—H /kT), where H is a magnetic
field, T is the temperature and k is Boltzmann’s constant.
The fundamental theorem of algebra says that a polyno-
mial of degree n has n roots. If the coefficients of such
a polynomial are real and positive, its roots are complex
or negative. For many finite-sized statistical mechanical
systems, the partition function is such a polynomial and
has complex-valued roots.

Lee and Yang proved that, under quite general condi-
tions, the roots of the partition function for the ferromag-
netic Ising model lie on the unit circle in the complex z
plane (or on the imaginary axis of the complex magnetic-
field plane) (Fig. . These roots, called Lee-Yang zeros,
lie away from the physically meaningful positive z axis if
the temperature is greater than T.. As the temperature
is lowered, the roots move down and begin to pinch the
real axis, closing in completely when the critical point is
reached in the thermodynamic limit.

Lee-Yang theory is a powerful concept in statistical
physics: Besides their fundamental importance, the dis-
tributions of the Lee-Yang zeros can deliver unambiguous
signs of a phase transition and its properties, in circum-
stances where corresponding signals in thermodynamic
functions (such as susceptibility) might be more difficult
to discern. For example, the density of Lee-Yang zeros
takes on a nonzero value when a spontaneous magneti-
zation is present below T.. But until now, these parti-
tion function zeros, which occur at complex values of the
magnetic field, were thought be unphysical with no real
manifestation in the physical world. The work of Peng
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FIG. 1: How Lee-Yang zeros signal a phase transition. In
an ordering magnet, the critical point 7. is marked by a
divergence in the magnet’s susceptibility x. Above T¢, the
Lee-Yang zeros, which lie on the unit circle in the complex
z = exp(—H /kT) plane, lie away from the physically mean-
ingful positive z axis. At T, the zeros pinch the real axis.
(APS/Alan Stonebraker)

et al., however, shows that they can be accessed experi-
mentally.

Their experiments are based on a theoretical proposal
by two of the authors, Ren-Bao Liu and Bo-Bo Wei [3].
They considered a “bath” of Ising spins and showed, the-
oretically, that the partition function of the bath under a
complex magnetic field is equivalent to the quantum co-
herence of a probe spin coupled to the spin bath. (Quan-
tum spin coherence is a measure of the extent to which
a spin holds its orientation as time evolves.) Liu and
Wei found that the times at which the quantum coher-
ence reaches zero are equivalent to the complex fields at
which the partition function vanishes—that is, the fields
that produce the Lee-Yang zeros.

To simulate a coupled probe-bath system, the re-
searchers used a liquid of trimethylphosphite (TMP)
molecules. TMP has nine hydrogen atoms and one phos-
phorous atom, each with its own spin. The nine hydrogen
spins thus play the role of the spin bath and the phos-
phorous functions as the probe spin. Peng et al. first
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prepared the probe spin in a quantum superposition be-
tween up and down and then used liquid-state nuclear
magnetic resonance (NMR) to determine the times at
which the spin’s coherence dropped to zero. These zeros
in the coherence correspond directly to the Lee-Yang ze-
ros, which were then used to reconstruct the free energy
and partition function of the spin bath. Although the
system is small, the critical temperature is estimated as
that which leads to a nonzero density of Lee-Yang coher-
ence zeros.

This is the first direct observation of imaginary-field,
Lee-Yang zeros in real experiments and, as such, is an
important realization of a hitherto theoretical, and sup-
posedly unphysical, notion in statistical physics. The
experiments also confirm a profound connection between
a static entity (the complex magnetic field in thermody-
namics) and dynamical properties of quantum systems
(coherence). This research demonstrates how a quantum
coherence probe can be used to study thermodynamics
in the complex plane in finite systems, which is impor-
tant in statistical physics at a fundamental level. While
this experiment focuses on complex zeros of the Lee-Yang
type (i.e., in a complex external magnetic field) in a fer-
romagnetic system, one could imagine also looking for
such Lee-Yang zeros in antiferromagnetic systems, or for
their temperature counterparts (Fisher zeros [4]). Peng
et al.’s approach could also help in the study of compli-
cated real-life systems in which the zeros can’t easily be
calculated or require experimental verification. It might
reveal new quantum phenomena that would otherwise re-
main hidden if one were to restrict one’s attention to real,
physical parameters.

This research is published inPhysical Review Letters,
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