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Extending an Alternative to Feynman
Diagrams
A simplifying technique for calculating scattering amplitudes—the basis for predictions in
particle physics experiments—has been extended to cover a class of effective quantum field
theories.

by David A. Kosower∗,†

S cattering amplitudes are the key ingredients for
making theoretical predictions about what particle
physics experiments will observe. Knowing them al-
lows you to calculate the probability that interacting

particles will scatter into a certain collection of particles. A
team of theorists from the California Institute of Technology
in Pasadena and Charles University in Prague (Cheung et
al.) has now outlined how to extend a modern technique
for calculating these amplitudes to a class of physical theo-
ries known as effective field theories [1]. Such theories are
encountered in descriptions of pion interactions and in at-
tempts to extend the standard model, and the work might
lead to innovative approaches to solving problems in these
areas. But the main interest in this technical advance is that
it takes a step toward reformulating quantum field theories
in a new way.

Quantum field theories provide the mathematical lan-
guage in which to express ideas in many branches of mod-
ern physics. This language was first developed to address
the needs of relativistic quantum mechanics, the domain of
high-energy particle interactions. But it’s now also widely
used in condensed-matter and statistical physics. Quantum
field theories are the starting points for predicting what hap-
pens when two relativistic protons collide at a particle ac-
celerator or for understanding the properties of so-called
strongly correlated electron materials.

The fields in a quantum field theory represent quantum-
mechanical operators that depend on spatial position and
time. Each field carries additional quantum numbers for
spin and other internal degrees of freedom. All parti-
cles—from photons and electrons to the Higgs boson and
other fleeting particles produced at high-energy accelera-
tors—are excitations of these fields. The same is true for the
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Figure 1: This schematic illustrates how the calculation of a
scattering amplitude involving many particles can be simplified by
expressing it in terms of amplitudes for fewer particles. The lines
indicate external particles; the shaded circles indicate the
amplitudes. At left, the scattering amplitude for n particles; at right,
a recursion relation simplifies the calculation of the n-particle
amplitude by expressing it as a sum of terms, each of which is a
product of two simpler amplitudes sharing a common particle. This
common particle is denoted by the line connecting the two circles
(along with other factors that are not shown, but indicated by the
*). (APS/AlanStonebraker)

quasiparticles that arise in condensed-matter systems.
Thanks to Richard Feynman’s deep insight, all observ-

able quantities in a quantum field theory, such as scatter-
ing amplitudes, can be expressed using a so-called path in-
tegral over all possible classical field configurations. Each
configuration is weighted by a pure phase, whose value de-
pends on the spatial integral of the Lagrangian (a functional
that describes the interactions between the fields) divided
by Planck’s constant. The path integral adds in the effects
of quantum fluctuations, which depend on the distance (or
energy) at which the field is probed. As we probe at shorter
and shorter distances (higher and higher energies), we strip
away quantum fluctuations.

There are various approaches to calculating the path in-
tegral. At strong coupling, the path integral can be put on
a spacetime lattice and computed numerically. At weak
coupling, path integrals lead to a perturbative expansion
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via Feynman diagrams. Feynman diagrams provide both a
heuristic picture of the scattering amplitudes particle physi-
cists want to calculate and a concrete formalism for doing the
calculations. But they suffer from a key flaw in gauge theo-
ries, such as the standard model: the number of diagrams
increases factorially with the number of external particles or
the number of closed loops.

In some special cases, however, the result of summing over
many diagrams can be extremely simple, as in the celebrated
example of the Parke-Taylor formula, which describes the in-
teraction between gluons [2, 3]. This simplicity led theorists
to realize that there was an alternative approach to comput-
ing scattering amplitudes that avoids Feynman diagrams en-
tirely. These approaches don’t start with the Lagrangian but,
instead, from first principles. The simplest amplitude that
can be calculated, and the starting point for calculations in-
volving more particles, is the case of three gluons, the carri-
ers of the strong force. One can start with only three basic in-
gredients—Lorentz invariance, locality, and a dimensionless
coupling—and derive the amplitude for the three gluons [4].
It’s then possible to use this solution to find the scattering
amplitudes for greater numbers of gluons by requiring that
the new amplitudes “factorize” correctly, meaning they sep-
arate into products of simpler amplitudes (see note in Ref.
[5]).

This requirement of factorization is, in general, the key to
computing scattering amplitudes without the aid of Feyn-
man diagrams. A decade ago, Ruth Britto, Freddy Cachazo,
Bo Feng, and Edward Witten (BCFW) observed that one can
use factorization to give a recursive expression [6] in terms
of amplitudes with fewer external particles (similar to what
is shown in Fig. 1). For example, one can express the in-
teraction of four particles as a product of three-particle in-
teractions. One just has to assume a mild condition on the
behavior of the amplitudes, as some modified momenta be-
come infinite while maintaining momentum conservation.
This “infinite momentum” condition can be satisfied in a va-
riety of theories and, in particular, in gauge theories. BCFW
derived their recursion by using Cauchy’s theorem, which
allows the evaluation of certain integrals. This enabled them
to relate the analytic behavior of the scattering amplitude
to its behavior in certain “factorization channels,” the name
given to the way in which a scattering amplitude is broken
down into simpler amplitudes.

However, this simplifying approach hits a wall when it
comes to tackling what are known as effective field theories.
Unlike the standard model and other theories in its class, ef-
fective field theories contain additional terms, of higher en-
gineering dimension, whose coefficients grow as the theory
is probed at shorter distances (higher energy). More impor-
tantly, quantum corrections induce a tower of terms of yet
higher dimension. These theories are dubbed “effective” be-
cause they are not valid at all distance scales—at some short
distance, they cease to be valid and must be replaced by

a simpler, underlying theory. A classic example is that of
the Fermi description of the weak interactions, where a term
containing four fermion fields, of engineering dimension six,
ultimately gives way to the exchange of W bosons. Unfor-
tunately, the infinite-momentum condition used by BCFW
is typically not satisfied in effective field theories. It would
seem as though one must revert to the arduous task of com-
puting Feynman diagrams. Cheung et al., however, solve
this problem for a particular class of effective field theories
[1].

The problem with effective field theories that the authors
address is that higher-dimension terms give rise to contribu-
tions that cannot be determined by factorization. In some
effective field theories, however, these higher-dimension
terms are connected to lower-dimension ones by symme-
tries. This is the case, for example, for nonlinear sigma
models, which describe pion interactions at low energies. In
this case, and in others, the symmetries are reflected in the
behavior of the scattering amplitudes: they approach zero
more rapidly as we take some of the external momenta to
zero. Cheung et al. take advantage of this behavior to ex-
tend the applicability of Cauchy’s theorem to cases where
the infinite-momentum condition fails to hold.

Their work allows us to extend the idea of defining quan-
tum field theories via physical principles, instead of via a
Lagrangian, to an important class of effective field theories.
The ability to derive scattering amplitudes from physical
principles may reveal deeper connections between different
field theories, a task that would be difficult to do within the
Lagrangian framework. The paper by Cheung et al. takes a
step in this direction. In addition, the recursion relations for
effective theories offer a compact form for computing am-
plitudes with, for example, many pions. They also connect
nicely to recent work on novel representations of amplitudes
[7–9].
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