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We analyze the ordered state of nuclear spins embedded in an interacting two-dimensional electron gas
(2DEG) with Rashba spin-orbit interaction (SOI). Stability of the ferromagnetic nuclear-spin phase is governed
by nonanalytic dependences of the electron spin susceptibility x*/ on the momentum () and on the SOI coupling
constant (o). The uniform (§ = 0) spin susceptibility is anisotropic (with the out-of-plane component x** being
larger than the in-plane one x** by a term proportional to U?(2kr)|a|, where U(q) is the electron-electron
interaction). For § < 2m*|a|, corrections to the leading U?(2ky)|a| term scale linearly with § for x** and are
absent for x*. This anisotropy has important consequences for the ferromagnetic nuclear-spin phase: (i) the
ordered state—if achieved—is of an Ising type and (ii) the spin-wave dispersion is gapped at § = 0. To second
order in U(q), the dispersion is a decreasing function of ¢, and anisotropy is not sufficient to stabilize long-range
order. However, renormalization in the Cooper channel for § <« 2m*|«| is capable of reversing the sign of the §
dependence of x** and thus stabilizing the ordered state. We also show that a combination of the electron-electron
and spin-orbit (SO) interactions leads to a new effect: long-wavelength Friedel oscillations in the spin (but not
charge) electron density induced by local magnetic moments. The period of these oscillations is given by the SO

length 7w /m*|c|.
DOI: 10.1103/PhysRevB.85.115424

I. INTRODUCTION

PACS number(s): 71.10.Ay, 71.10.Pm, 75.40.Cx

is parameterized by an effective exchange coupling

Spontaneous nuclear spin polarization in semiconductor B A2
. / /
heterostructures at finite but low temperatures has recently JY(r,r) = 2 xY(r,r), (1.2)
attracted a considerable attention both on the theoretical'™ s

and experimental® sides. Apart from a fundamental interest
in the new type of a ferromagnetic phase transition, the
interest is also motivated by an expectation that spontaneous
polarization of nuclear spins should suppress decoherence in
single-electron spin qubits caused by the hyperfine interaction
with the surrounding nuclear spins,? and ultimately facilitate
quantum computing with single-electron spins.®’

Improvements in experimental techniques have lead to
extending the longitudinal spin relaxation times in semicon-
ductor quantum dots (QDs) to as long as 1 s.5710 The deco-
herence time in single electron GaAs QDs has been reported
to exceed 1 pus in experiments using spin-echo techniques
at magnetic fields below 100 mT,'"!? whereas a dephasing
time of GaAs electron-spin qubits coupled to a nuclear bath
has lately been measured to be above 200 ws.13 Still, even
state-of-the-art dynamical nuclear polarization methods'4-!8
allow for merely up to 60% polarization of nuclear spins,'®
whereas polarization of above 99% is required in order to
extend the electron spin decay time only by one order of
magnitude.!” Full magnetization of nuclear spins by virtue
of a ferromagnetic nuclear spin phase transition (FNSPT), if
achieved in practice, promises a drastic improvement over
other decoherence reduction techniques.

The main mechanism of the interaction between nuclear

where A is the hyperfine coupling constant, n; is the number
density of nuclear spins, and

1/T
X"/’(r,r’):-/ dt (T, S'(r,7)S’ (r',0)) (1.3)
0

is the (static) correlation function of electron spins. [Hereafter,
we will refer to x/ (r,r’)—and to its momentum-space Fourier
transform—as to “spin susceptibility,” although it is to be
understood that this quantity differs from the thermodynamic
susceptibility, defined as a correlation function of electron
magnetization, by a factor of M%;, where pp is the Bohr
magneton.] It is worth emphasizing that x¥(r,r’) contains
all the effects of the electron-electron interaction;' this
circumstance has two important consequences for the RKKY
coupling. First, the electron-electron interaction increases
the uniform spin susceptibility, which should lead to an
enhancement of the critical temperature of the FNSPT, at least
at the mean-field level. Second, stability of the nuclear-spin
ferromagnetic order is controlled by the long-wavelength
behavior of the magnon dispersion w(q) which, in its turn,
is determined by x/(q) at § — 0. In a spin-isotropic and
translationally invariant system,

2

spins in the presence of conductiqn electrf)ns %3 the Ruderma.ln- o) = Ix(©) — x@)], (1.4)

Kittel-Kasuya-Yosida (RKKY) interaction.”” The effective 4ng

Hamiltonian of the RKKY interaction between on-site nuclear . ; . T

. . with x"/ = §;; x, while the magnetization is given by

spins of magnitude 7, J

1 y o D
Hrixy = —= 3 JUe,e) IO (1), (1.1) MT) = unl |n. — / a7q 1 15
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where py is the nuclear-spin magneton (we set kg =h = 1
throughout the paper). The second term in Eq. (1.5) describes
a reduction in the magnetization due to thermally excited
magnons. In a free two-dimensional electron gas (2DEG), x(§)
is constant for § < 2kp, and thus the magnon contribution to
M(T) diverges in the § — O limit, which means that long-
range order (LRO) is unstable. However, residual interactions
among the Fermi-liquid quasiparticles lead to a nonanalytic
behavior of the spin susceptibility; for§ < kg, x(§) = x(0) +
Cg, where both the magnitude and the sign of C depend on
the strength of the electron-electron interaction.””?! In two
opposite limits, i.e., at weak coupling and near the Stoner
instability,?? the prefactor C is positive which, according to
Egs. (1.4) and (1.5), means that LRO is unstable. However, C is
negative [and thus the integral in Eq. (1.5) is convergent] near
a Kohn-Luttinger superconducting instability;>* also, in a
generic Fermi liquid with neither strong nor weak interactions,
C is likely to be negative due to higher-order scattering
processes in the particle-hole channel.>*+26

The spin-wave-theory argument presented above is sup-
ported by the analysis of the RKKY kernel in real space. A
linear-in-g term in x(§) corresponds to a dipole-dipole like,
1/r3 term in x(r) (see Sec. III). If C > 0, the dipole-dipole
interaction is repulsive, and the ferromagnetic ground state is
unstable and vice versa, if C < 0, the dipole-dipole attraction
stabilizes the ferromagnetic state.

It is worth noting here that even finiteness of the magnon
contribution to the magnetization does not guarantee the
existence of LRO. Although the Mermin-Wagner theorem?’ in
its original formulation is valid only for sufficiently short-range
forces and thus not applicable to the RKKY interaction, it
has recently been proven?® that magnetic LRO is impossible
even for the RKKY interaction in D < 2. From the practical
point of view, however, the absence of LRO in 2D is not
really detrimental for suppression of nuclear-spin induced
decoherence. Indeed, nuclear spins need to be ordered within
the size of the electron qubit (a double QD system formed by
gating a 2DEQG) as well as its immediate surrounding such that
there is no flow of magnetization. Since fluctuations grow only
as a logarithm of the system size in 2D, it is always possible
to achieve a quasi-LRO at low enough temperatures and on a
scale smaller that the thermal correlation length. In addition,
spin-orbit interaction (SOI)—which is the main subject of this
paper, see below—makes a long-range order possible even
in 2D.”8

The electron spin susceptibility in Eq. (1.4) was assumed to
be at zero temperature. First, since the nuclear spin temperature
is finite, the system as a whole is not in equilibrium.
However, a time scale associated with “equilibration” is
sufficiently long to assume that there is no energy transfer
from the nuclear- to electron-spin system. Second, if the
electron temperature is finite, the linear § scaling of x(g)
is cut off at the momentum of order T/vg = 1/Ly. For
G < /Ly, x(T,§) < T + O(w%3?/T) such that w(g) o G>
and, according to Eq. (1.5), spin waves would destroy LRO.
However, at low enough temperatures, the thermal length Ly
is much larger than a typical size of the electron qubit L o. (For
example, Ly ~ I mmat 7 ~ 1 mK.) Therefore § 2 1/L¢ >
1/Ly = T/vFr and, indeed, the electron temperature can be
assumed to be zero.
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In practically all nuclear-spin systems of current interest,
such as GaAs or carbon-13 nanotubes, spin-orbit interaction
(SOI) plays a vital role. The main focus of the paper is the
combined effect of the electron-electron and spin-orbit (SO)
interactions on the spin susceptibility of 2DEG and, in partic-
ular, on its § dependence, and thus on the existence/stability
of the nuclear-spin ferromagnetic order.

The interplay between the electron-electron and SOIs is
of crucial importance here. Although the SOI breaks spin-
rotational invariance and thus may be expected to result in
an anisotropic spin response, this does not happen for the
Rashba and Dresselhaus SOIs alone: the spin susceptibility
of free electrons is isotropic [up to exp(—Eg/T) terms]
as long as both spin-orbit-split subbands remain occupied.*
The electron-electron interaction breaks isotropy, which can
be proven within a Fermi-liquid formalism generalized for
systems with SOL?® Specific models adhere to this general
statement. In particular, x** > x** = x*Y for a dense electron
gas with the Coulomb interaction.*”

In this paper, we analyze the § dependence of the
spin susceptibility in the presence of the SOI. The natural
momentum-space scale introduced by a (weak) Rashba SOI
with coupling constant @ (Ja| < vp) is the difference of the
Fermi momenta in two Rashba subbands:

(1.6)

where m* is the band mass of 2DEG. Accordingly, the
dependence of x*/ on § is different for § above and below
q«; in the latter case, it is also different for the out-of-plane
and in-plane components. To second order in electron-electron
interaction with potential U (g), the out-of-plane component is
independent of § for § < qq:

G = 2m*|et],

2 lelkr

On the other hand, the in-plane component scales linearly with
g even for § < gq:

Sx™(G.a) = 8x7(q )

2 ||k 4 vpg

= Xolty, < 3E, + on E, ) ,  (1.7b)
In Egs. (1.7a) and (1.7b), u, = m*U(q)/4m, kr is the Fermi
momentum, Ep = k% /2m* is the Fermi energy, xo = m*/m
is the spin susceptibility of a free 2DEG, and 8 x"/ denotes a
nonanalytic part of x/. For ¢, < § < kr, the spin suscepti-
bility goes back to the result of Ref. 20 valid in the absence of
the SOI:

3G, o) = 2x0u (1.7a)

vrg
Er’
Note that the subleading term in ¢ in Eq. (1.7b) differs by a
factor of 2/3 from the leading term in § in Eq. (1.8). There
is no contradiction, however, because Eqs. (1.8) and (1.7b)
correspond to the regions of § < ¢, and § > q,, respectively.

Equations (1.7a) and (1.7b) show that the uniform spin
susceptibility is anisotropic: 8 x**(0,a) = 26 x**(0,«). This
implies that the RKKY coupling is stronger if nuclear spins
are aligned along the normal to the 2DEG plane, and thus
the nuclear-spin order is of the Ising type. In general, a 2D
Heisenberg system with anisotropic exchange interaction is

g 2
Sx" (G, = 0) = 85— xou3, (1.8)
3 r
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FIG. 1. (Color online) A normalized dispersion of the out-of-
plane spin-wave mode @(G) = w(§)/(A%Ixo/4n,) as a function
of the momentum. To second order in interaction (lower curve)
w(§) is necessarily negative for m|o| <« § < kr, and thus LRO is
unstable. Solid parts of the curves corresponds to actual calculations;
dashed parts are interpolations between various asymptotic regimes.
Renormalization effects in the Cooper channel reverse the slope of
w(§) (upper curve) and stabilize LRO.

expected to have a finite-temperature phase transition.?! In an
anisotropic case, the dispersion of the out-of-plane spin-wave
mode is given by>*

A2
1 1[x¥(0) — x™(@)],
ng

with @ L Z. Ising-like anisotropy implies a finite gap in the
magnon spectrum. In our case, however, the situation is
complicated by the positive slope of the linear § dependence
of the second-order result for x**(g), which according to
Eq. (1.9) translates into w(§) decreasing with §. Combining
the asymptotic forms of x/ from Egs. (1.7a), (1.7b), and
(1.8) together, as shown in Fig. 1, we see that w(§) is
necessarily negative in the interval ¢, < § < kr, and thus
LRO is unstable. Therefore anisotropy alone is not sufficient to
ensure the stability of LRO: in order to reverse the sign of the ¢
dependence, one also needs to invoke other mechanisms, aris-
ing from higher orders in the electron-electron interaction. We
show that at least one of these mechanisms—renormalization
in the Cooper channel—is still operational even for § < g,
and capable of reversing the sign of the § dependence is the
system is close to (but not necessarily in the immediate vicinity
of) the Kohn-Luttinger instability.

We note that the dependences of § x*/ on § in the presence
of the SOI is similar to the dependences on the temperature
and magnetic field,* presented below for completeness:

(@) = (1.9)

. |oe|k
§x*(T,a) = 2X0u%kp |:3TF + O(TS)i| s
F

: |or|K
8X*(Bz,) = 2x0u3y, [ 3R L ro(a?)|,
F

alk T (1.10a)
o

8™ (T, o) = xou3y, [—F+E— + O(T3)} ,
F

3Er
ot 1@&0

3EF 3 EF

Here, A; = gupB;/2 and T,A; < |alkr. As Egs. (1.7a),
(1.7b), and (1.10a) demonstrate, while nonanalytic scaling of
8 x** with all three variables (§, T, B) is cut off by the scale
introduced by SOI, scaling of §x** continues below the SOI
scale. This difference was shown in Ref. 4 to arise from the

8x ™ (By.ot) = o3, (

PHYSICAL REVIEW B 85, 115424 (2012)

differences in the dependence of the energies of particle-hole
pairs with zero total momentum on the magnetic field: while
the energy of such a pair depends on the SO energy for B||Z,
this energy drops out for B L 2.

In addition to modifying the behavior of x*/ for § < ¢q,
SOI leads to a new type of the Kohn anomaly arising
due to interband transitions: a nonanalyticity of x/(§,a)
at § = q,. The nonanalyticity is stronger in x** than in
X 8XG ™ qo) X (G — 4a)**O(G — qo), While § ™ (G ~
o) X (G — qa)5/2®(cj — ¢u), Where ©(x) is the step function.
Consequently, the real-space RKKY interaction exhibits long-
wavelength oscillations % (r) o< cos(ger)/r?® and x**(r) o
sin(ger)/r* in addition to conventional Friedel oscillations
behaving as sin(2krr)/r?. It is worth noting that the long-
wavelength Friedel oscillations occur only in the presence of
both electron-electron and SO interactions.

This paper is organized as follows. In Sec. II, we derive
perturbatively the electron spin susceptibility of interacting
2DEG with the SOI as a function of momentum; in particular,
Secs. I A-IID outline the derivation of all relevant second-
order diagrams, Sec. I E is devoted to Cooper renormalization
of the second order result, and in Sec. II F, we show that, in
contrast to the spin susceptibility, the charge susceptibility
is analytic at small g (as it is also the case in the absence
of SOI). In Sec. III, we derive the real-space form of the
RKKY interaction and show that it exhibits long-wavelength
oscillations with a period given by the SO length 27/q,.
Details of the calculations are delegated to Appendices A—
D. In particular, the free energy in the presence of the
SOI is derived beyond the random phase approximation in
Appendix D. The summary and discussion of the main results
are provided in Sec. IV.

II. SPIN SUSCEPTIBILITY OF INTERACTING
ELECTRON GAS

Dynamics of a free electron in a two-dimensional electron
gas (2DEG) in the presence of the Rashba spin-orbit interaction
with a coupling strength o« is described by the following
Hamiltonian:

p2

2m*
where p = (py, p,) is the electron momentum of an electron
and o is a vector of Pauli matrices. The interaction between
electrons will be treated perturbatively. For this purpose, we
introduce a Green’s function:

H =

+ Oé(Pny - PyUX), 2.1)

mm=5;3;35=¥pmmw> (2.2)
with
1 s
smm=5P+4mw—mwﬂ 23)
p
and
1
g (P) = - 2.4)

iw, — € — sap

where P = (w,,p) with w, being a fermionic Matsubara
frequency, ep = p?/2m* — Ep,ands = +1isaRashbaindex.
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The nonanalytic part of a spin susceptibility tensor to
second order in electron-electron interaction is given by
seven linear response diagrams depicted in Figs. 2-7. Due
to symmetry of the Rashba SOIL x"(§) = x"(§)8;; and
X7 =t #F A

In the following sections, we calculate all diagrams that
contribute to nonanalytic behavior of the out-of-plane, x**,
and in-plane, x** = x”¥, components of the spin susceptibility
tensor for small external momenta (§ < k) and at T = 0.
In the absence of SOI, the nonanalytic contributions to the
spin susceptibility from individual diagrams are determined
by “backscattering” or “Cooper-channel” processes,”?* in
which two fermions with initial momenta k and p move in
almost opposite directions, such that k &~ —p. Backscattering
processes are further subdivided into those with small momen-
tum transfer, such that (k, — k) — (k, — k), and those with
momentum transfers near 2k, such that (k, — k) - (—k,Kk).
In the net result, all ¢ = O contributions cancel out and only
2kr contributions survive. We will show that this is also the
case in the presence of the SOI. In what follows, all “q = 0”
diagrams are to be understood as the ¢ = 0 channel of the
backscattering process.

A. Diagram 1
1. General formulation

The first diagram is a self-energy insertion into the
free-electron spin susceptibility, see Fig. 2. There are two

(1a)

K+Q,l

FIG. 2. Diagram 1. Top: small-momentum transfer part. Bottom:
2kp-momentum transfer part. K and s denotes a fermion from Rashba
subband s = £1 with “four-momentum” K = (wy,Kk).
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contributions to the nonanalytic behavior: (i) from the region
of small momentum transfers, i.e., ¢ < kp,

X{g—0(@) = 2U7(0) / / / THG(P)G(P + 0)]
QJK JP

x Tt[G(K + 0)o' G(K)G(K + Q)G(K)o']
(2.5a)

and (ii) from the region of momentum transfers close to 2kp,
ie., |k —p| ~ 2kp and g < kp,

X @) = 2U% k) / / / THG(K + Q)G(P + Q)]
oJkJp

x Tr[G(K + 0)o' G(K)G(P)G(K)o’].
(2.5b)

Here, K = (k) and [, = 27)7? [dayd’k (and the
same for other momenta). The time component of Q = (Q,(j)
is equal to zero throughout the paper. Since the calculation
is performed at 7 = 0, there is no difference between the
fermionic and bosonic Matsubara frequencies. A factor of 2
appears because the self-energy can be inserted either into
the upper or the lower arm of the free-electron susceptibility.
As subsequent analysis will show, a typical value of the
momentum transfer ¢ is on the order of either the external
momentum § or the “Rashba momentum” ¢, [cf. Eq. (1.6)],
whichever is larger. In both cases, g <« kr while the momenta
of both fermions are near kg, thus we neglect q in the
angular dependences of the Rashba vertices: Q,(k 4+ q) ~
Q(k + @) ~ Q(k) = [1 + 5(sinbgg0™* — cos Gxzo”)]/2 with
0.» = Z(a,b). [The origin of the X axis is arbitrary and can
be chosen along {.] Also, we impose the backscattering
correlation between the fermionic momenta: k = —p in the
2k part of the diagram. With these simplifications, we obtain

a2 [ df qdq ;
X amo(@ = 2U%(0) / / i -

X Limnr (2,649 q)Hw(Q q), (2.6a)
dQ [ de qdq i -
Ky @ =20%k) [ 52 [ 52 [ 4240) 5,
X Ilmnr(Q»quaQaC])Hst(Q"Z)a (26b)
where summation over the Rashba indices is implied,

a) == TrQk)o' Q,(K)Q,KQKo'],  (2.7a)

by = Tr[Q(p)S2:(p)] = (1 +51)/2, (2.7b)

al =T K)o’ 2,K)Q(—k)R (K)o /],  (2.7¢)

by = Tr[Q,(—p)2(P)] = (1 — n1)/2, (2.7d)

Ilmnr(g2 9/((7 q, 67)

/d@kq / da)k dék

x gi(wi,k + q)gm(wk,k)gn(wk + 2.k + q)g- (. k),
(2.7¢)

115424-4



FERROMAGNETIC ORDER OF NUCLEAR SPINS COUPLED ...

and, finally, the partial components of the dynamic particle-
hole bubble are given by

(@) = / by, f dow, / dep

X gs(wp,p)gr(wp +Q,p+q)
m 9]

2 \/v;qz FIQ+i(t — s)akp?

For the derivation of the particle-hole bubble, see, e.g.
Ref. 4. Calculation of other common integrals is presented
in Appendix A.

The main difference between the out-of-plane and in-plane
components is in the structure of the “quaternion,” defined
by Eq. (2.7e) and calculated explicitly in Appendix A [cf.
Eq. (A3)]. The dependence of 1j,,,,, on the external momentum
g enters only in a combination with the SOI coupling as
Vpg cos big + (s — s )akp, where s,s" € {I,m,n,r}. Combina-
tions of indices [,m,n,r are determined by the spin vertices
o’/ and are, therefore, different for the out-of-plane and
in-plane components. The out-of-plane component contains
only such combinations {/,m,n,r} for which the coefficient
s — s’ is finite. Therefore the SOI energy scale is always
present and, for § < gq, one can expand in §/q,. The leading
term in this expansion is proportional to |« | but any finite-order
correction in §/q, vanishes. In fact, one can calculate the
entire dependence of x{* on § (which is done in Appendix B)
and show that x{* is indeed independent of § for § < g, (and
similar for the remaining diagrams). On the other hand, some
of the quaternions that enter the in-plane component have
s = s’ and thus do not contain the SOI, which means that
one cannot expand in §/q, anymore. These quaternions
provide linear-in-g dependence of x;* even for § < g,, where
the slope of this dependence is 2/3 of that in the absence of the
SOL. This is the origin of the difference in the § dependences
of x** and x**, as presented by Eqgs. (1.7a) and (1.7b).

The evaluation of the out-of-plane and in-plane part of
diagram 1 is a subject of the next two sections.

(2.79)

2. Diagram 1: out-of-plane component

We begin with the out-of- plane component of the spin
susceptibility, in which case a;> = [1+mr +n(m+r) —
Im+n+r+mnr)]/8 and ., =[1+mr —s(m+r)+

I(s —m —r + mrs)]/8. Summation over the Rashba indices
yields
a2 (deb qdq
(o =400 [ 52 [ T[S0 rom,
(2.8a)
and

; a2 [ do qdq
Xﬁ;:ng =2U (2kF)/ / 4

X [ + 1 )T + I+—+—H+— I Ty ],
(2.8b)
where [Tp =TT, =T1__.
As we explained in Sec. IT A 1, the quaternions in Egs. (2.8a)

and (2.8b) contain § only in combination with ¢g,. Therefore,
for ¢ < g4, the leading term is obtained by simply setting

PHYSICAL REVIEW B 85, 115424 (2012)

g = 0, upon which the remaining integrals can be readily
calculated. The results are given by Eqs. (A7) and (AS), so
that

2 lalkr
Xlz,zq=o = UpXo 3E; (2.9a)
and
z 2 et |k
Xl,zq=2k,, = Uy, X0 3E_F (2.9b)

In fact, it is shown in Appendix B that Egs. (2.9a) and (2.9b)
hold for any g < g, rather than only for § = 0.

3. Diagram 1: in-plane component

The in-plane component of the spin susceptibility differs
substantially from its out-of-plane counterpart due the angular
dependence of the traces @, and d@’,  which, for the in-plane
case, read
Ay = %[1 +mr4+n(m+r)—I(m+n-+r+mnr)cos26;],
Appry = %[1 +mr —s(m+r)+1(s —m —r +mrs)cos 26;].

(2.10a)

(For the sake of convenience, we choose the x axis to be
perpendicular to ¢ when calculating all diagrams for x**.)
Summing over the Rashba indices, one arrives at

dQ [ do d
Xig= 0—4U(0)/ / — qq

x [sin® g (1 ——— + 1—+++)H0
+ cos® O (i st + I )Ip]  (2.11a)

and

d2 [ do d
Xf);zsz — U (ZkF)/ / abkg ‘] q

x [sin® g (1——— + L+++)1_[0

+ c0s? O (I ysq + 1)

+ sin® Opg (L4 T+ 1 TTy)
+ cos? Gpg(Iiy Ty + 1, T, )]. (2.11b)

Details of the calculation are given in Appendix. A2b; here,
we present only the results for § < gy :

1 2 UFq
Xfc.)f]:o: §X1q 0+M0X09 Er
2 loe|kr 2 vpg
= +—— ], 2.12a
UpXo < Er or Ey ( )
XX 2 qu
Xl,g=2kr = 2X1q 2kp +”2kFX09 E,
2 |lalkr 2 vpg
= - . 2.12b
Uoge XO ( 6E, +— o Er ( )

Notice that the linear-in-§ dependence survives in the in-plane
component of the spin susceptibility even for § < g,. Similar
behavior was found in Ref. 4 for the temperature dependence
of the uniform spin susceptibility in the presence of the SOI.
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B. Diagram 2

Diagram 2, shown in Fig. 3, is a vertex correction to the spin
susceptibility. As in the previous case, there are two regions of
momentum transfers relevant for the nonanalytic behavior of
the spin susceptibility: the ¢ = 0 region, where

Xy = U0) / / / THG(PYG(P + )]
QJK JP

x Tr[G(K + Q)G(K 4+ Q0 + Q)o' G(K + 0)G(K)o'],
(2.132)

and the 2k -region, where

X = UPQkp) /Q /K /P THG(K + Q)G(P + 0)]

x Tr[G(K + Q)G(P + 0)o'G(P)G(K)o'].
(2.13b)

Explicitly,

do qdq i
X2q =0 = v (O)/ / = lljnnrb”

X Jlmnr(g2 qu q, q)nvt(Q Q)

Q. [ de qdq~, i
Ky, = Uk [ 2 [0 [ 2085,

(2.14a)

X Ilmn(Qvekanaq)Irst(dekana —67), (214b)

where
e = TR (K)o 2,(K)Q, (K)o /], (2.15a)
&l = Tr[(k)2(—k)o' Qs (—k)R,, (K)o /], (2.15b)

Jlmnr(Q 91«;,61 5)
do, dw, [ de
/ — / L S st .kt a)

X gm(wk + st + q + q)gn(wk + st + q)gr(wkvk)9

I (£2, ekq,q Q) (215C)
/ dekq / dCl)p de
x 81w,k + q)gm(wk,k)gn(wk +Q.k+q). (2.15d)

As before, summation over the Rashba is implied. Integrals
(2.15¢) and (2.15d) are derived in Appendix A.

K+Q,n K,r

FIG. 3. Diagram 2. Top: small-momentum transfer part. Bottom:
2k p-momentum transfer part.
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Traces entering the g = 0 part of the out-of-plane and in-
plane components are evaluated as

l4+nr—mmn+r)+Ilm—n—r+mnr)

2

Clmnr = ’
8 (2.16)
ox (I +Im)A 4+ nr)+ (I +m)(n + 1) cos 26,
Clmnr = .
8

Summing over the Rashba indices and using the symmetry
properties of I, and Jy,,,, it can be shown that the g = 0
parts of diagrams 1 and 2 cancel each other

X gmo = = X140 2.17)

which is also the case in the absence of the SOL2° Therefore
we only need to calculate the 2k part of diagram 2.

1. Diagram 2: out-of-plane component

Summation over the Rashba indices with the coeffi-
cient ¢, =[l+mr—sm+r)+I1(s—r—m+mrs)]/8
for the out-of-plane part gives

a2 [ do qdq
o, = UPCke) [ 2 [ 50

X [1+—+(Q,9kqvan)I—+—(Qa6kanv —q)
+ I+——(Q,9kti 7q,5)1—++(9,0k5,q3 - ‘j)
+@ — —, (2.18)

where (§ — —§) stands for the preceding terms with an
opposite sign of momentum. Integrating overqand Q at§ = 0,
yields [cf. Eq. (A9)]

X g=tky = (2.19)

Again, an exact calculation at finite § proves that this results
holds for any § < ¢q.

2. Diagram 2: in-plane component
The in-plane component comes with a Rashba co-
efficient &5, . = [(1 — Ir)(1 — ms)(I — r)(m — 5) cos 26,;1/8,

Clmsr =

such that

d [ df qdq
Xag=on, = U (ZkF)/ / -

x {sin’ ekq[IH(Q,ekq,q,qﬂ#f(sz,ekq,q, =)
+ L (R.6015: 9. DI+ +(R.6k5.9. — §)]
+ c08” Ok [ L41+(R.645..9)1———(R,65.9, — §)
+ Ly (R.6015:9. P11 (R.645.9. — §)]

+(G — —§)}. (2.20)

The first part, proportional to sin®6y;, contains the SOI
coupling «. In this part, § can be set to zero, and the resulting
linear-in-|¢| part equals half of that for the out-of-plane

component due to the integral over sin” 6. On the other hand,
in the term proportional to cos” 6, the dependence on |«|
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drops out upon integration over ¢, and the final result for
g < gq reads as [cf. see Eq. (A12)]

1 ) 2 vpg
X;,);:Zk,: = EXE,Zqzsz + Upp o XOG -

U4 EF
o (ke 2 v
_MZkFXO(éEF +97T EF ’

221

C. Diagrams 3 and 4

We now turn to “Aslamazov-Larkin” diagrams, Fig. 4,
which represent interaction via fluctuational particle-hole
pairs. Without SOI, these diagrams are identically equal to
zero because the spin vertices are averaged independently
and thus vanish. With SOI, this argument does not hold
because the Green’s functions now also contain Pauli matrices
and, in general, diagrams 3 and 4 do not vanish identically.
Nevertheless, we show here that the nonanalytic parts of
diagrams 2 and 3 are still equal to zero.

Diagrams 3 and 4 correspond to the following analytical
expressions:

K = /Qf,(/,) U*(IqDTr[G(P — 0)G(P — Q)G(P)o']

x Tr[G(K + 0)G(K + Q)G(K)a’],

o :/ / / UX(|q)TIG(P)G(P + Q)G(P + 0)o']
oJkJp

(2.22a)

x Tr[G(K + 0)G(K + Q)G(K)o”]. (2.22b)

Note that the second trace is the same in both diagrams. In
what follows, we prove that

W =xl=0 (2.23)

for both small and large momentum transfers ¢q. |
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1. Diagrams 3 and 4: out-of-plane components

The out-of-plane case is straightforward. Evaluating the
second traces in Eqgs. (2.22a) and (2.22b), one finds that they
vanish:

A = TrS(K)$2,(K)S2 (K)o *] = 0, (2.24)
for the ¢ = 0 case, and
d,, = T ROQ(—K)Q, (0] =0, (225

for the ¢ = 2kp case. Therefore x3° = x;* = 0.

2. Diagrams 3 and 4: in-plane components

For the in-plane part of the spin susceptibility, the proof is
more complicated as the traces do not vanish on their own. To
calculate the g = 0 part, we need the following two objects:

di,,, = T K2R (K)o ]

= cos gl +m +n +Imn)/4 (2.26)
and
L (2,65.9.4)
m*
= — f dwy / dekgl(a)k,k + fI)
2
X gm(a)kvk)gn(a)k + ka + q)
_ im*Q2
Q- VFq cos Oy, + vpg cos Oy + (I — n)akp
1
X 2.27)

i — vpq cosbiy + (m — n)akp

The prime over I denotes that integration over the angle 6y, is
not yet performed as compared to 1,,,(£2,6k5,9,G) defined by
Eq. (2.15d).

Summing over the Rashba indices, one finds

Z dl);mll/mn(gz’gké’cbq’) =0

Imn

(2.28)

and, therefore, the in-plane component at small momentum
transfers vanishes.

The trace for the ¢ = 2kr case turns out to be the same as for the ¢ = 0 one because

d~l)§1m = Tf[Q[(k)Qn(_k)Qm(k)Ux] = dl);lm'

(2.29)

However, in order to see the vanishing of the 2k part, the integral over ¢; has to be evaluated explicitly with ¢ = 2kp, i.e.,

Il/,;m(Q,@kq,q = 2](1:,6)

m* B
- / dexgi (@ k + Dgm(@eK)gn(@r + 2k + Q)

im*[1 — O(wy) — Ow + Q)]

- [i Quy + ) — vpg cos g — vrg — Vrkpd? — (m + n)akp)li Qoy + Q) — vrg — vekpd? — (I + n)akrp)’

(2.30)

where we used an expansion of €y q around g = 2kp: €yq X —€; + V(g — 2kp) + vrkp@?, where ¢ = — Okg. Summing

over the Rashba indices, we obtain

Zjl);lmll/'/rtn(q ~ 2kaé) =0

Imn

2.31)
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Ullal)

SAVAVAVAVAVA WA VAV,

Ullal)

U(lal)

U(lal)

FIG. 4. Top: diagram 3. Bottom: diagram 4. The momentum
transfer ¢ in both diagrams can be either small or close to 2kf.

and, therefore, the 2k part of the in-plane components of
diagrams 3 and 4 is also equal to zero.

D. Remaining diagrams and the final result for the spin
susceptibility

The remaining diagrams can be expressed in terms of the
those we have already calculated.
Diagram 5 in Fig. 5 reads

XY = —4UO)U(2kr) / /K fP Tr[G(K + 0)o' G(K)
x G(K + Q)G(PQ+ 0)G(P)G(K)o']
— _4UO)U(2ky) / de f 2% / T
(2.32)
with
= THQi(K)o 2, (K)2, (K) x Q4 (—k) 2, (—K)Q, (K)o /]

(2.33)

and g < |k — p| = 2kp. A factor of 4 appears because the
“sunrise” self-energy can be inserted into either the lower or
the upper arm of the bubble while each of the interaction lines
can carry momentum of either g = Oorg = 2kp. A minus sign
is due to an odd number of fermionic loops. Upon summation
over the Rashba indices, we obtain

ij
Xs _ ~ Xig=0
UO)YU k) U20)°

(2.34)

K+Q,l

FIG. 5. Diagram 5. The momentum transfer ¢ is close to zero and
|k — p| = 2kp.
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FIG. 6. Diagram 6. The momentum transfer ¢ is close to zero and
|k — p| = 2kp.

Diagrams 6 and 7b in Figs. 6 and 7, correspondingly, are
related as well. Explicitly, diagram 6 reads

x = —2U0)U(2kr) / / / Tr(G(K + Q)o'G(K)
QJK JP
x G(K + Q)G(P — Q)o/G(P)G(P — Q)]
= 20O k) f / D [,
X ]lmn(Qagkqrqu)Irsr(_Qvekqv - q’Q) (235)
with
Simmesy = TR0’ R, (KR, (KR, (—k)o/ 2, (—K) 2, (—K)].

(2.36)

For diagram 7b, we obtain

xi = —2U(0)U (k) /Q /K /P Ti[G(K + 0)o'G(K)
x G(K + Q)G(P + Q)G(P)o!G(P + Q)]
— 2U(0)U(2kr) / . / i} / 9495
X Ln (92,605,411 (2,604.9, — §) (2.37)
with
R = Tr(K)o Q2 (K)S2, ()2 (—K)2, (—K)o 7 Q. (—K)].

(2.38)

In both cases, ¢ < |k —p| = 2kp. Using the symmetry
property Ir.%'t(_Qaek(]a - q7 - q) - _I—r—S—t(Q79kL77qaq) in

U([k —pl)

K+Q,l P+Q,r

FIG. 7. Diagram 7a (upper figure) and diagram 7b (lower figure).
The transferred momenta are ¢ = and |k — p| = 2kp.
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X ij , summing over the Rashba indices, and noticing that
I+ 1(R2,6k5,9,G) = 1-__(R2,6k5,9,G), we arrive at
x& = x5 (2.39)
Finally, diagram 7a shown in Fig. 7 is related to diagram 2

at small momentum transfers. Indeed,

i = —2U(0)U(2kF)/ f fTr[G(K+ 0+ Q)o'
oJkJp

x G(K + Q)G(P)G(P + Q)G(K)o'G(K + Q)]
— 2UOUk) / de f g / LN

(2.40)
with
R = T (K2, (K)o 2, (k)2 (—k) Q2 (—K)R, (K)o’ ],

(2.41)

where again g < |k — p| = 2kp. After summation over the
Rashba indices, this diagram proves related to the small-
momentum part of diagram 2 as

X;{/z _ Xé{q=0
UO)UQRkr)  U20)°
The results of this section along with Eq. (2.17) show that

the sum of all diagrams proportional to U(0)U (2kr) cancel
each other:

(2.42)

x5+ x6 + x7, + x7, = 0. (2.43)
Therefore, as in the absence of SOI, the nonanalytic part of the
spin susceptibility is determined only by the Kohn anomaly at
q = 2k F-

Summing up the contributions from diagrams 1-3, we
obtain the results presented in Eqs. (1.7a) and (1.7b).

E. Cooper-channel renormalization to higher orders in the
electron-electron interaction

An important question is how the second-order results,
obtained earlier in this section, are modified by higher-order
effects. In the absence of SOI, the most important effect—
at least within the weak-coupling approach—is logarithmic
renormalization of the second-order result by the interaction
in the Cooper channel. As it was shown in Ref. 3, this
effect reverses the sign of the § dependence due to proximity
to the Kohn-Luttinger superconducting instability; the sign
reversal occurs at § = e2Tx; /vr ~ 7.4Tk /vr, where Tk is
the Kohn-Luttinger critical temperature. For momenta below
the SO scale (g4), x** ceases to depend on g but x** still
scales linearly with §. What is necessary to understand now
is whether the linear-in-§ term in x** is renormalized in
the Cooper channel. The answer to this question is quite
natural. The |«| and § terms in the second-order result for
x™* [see Eq. (1.7b)] come from different parts of diagram:
the |«| term comes from § independent part and vice versa.
Starting from the third order and beyond, these two terms
acquire logarithmic renormalizations but the main logarithm
of these renormalizations contains only one energy scale. In
other words, the |«| term is renormalized via In || while the
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G is renormalized via In §. For example, the third-order result
for the 2k part of diagram 1 (see Fig. 2) reads [for simplicity,
we assume here a contact interaction with U(g) = const]

xx 3 ZXO |(¥|kp A 2 qu A
Xl g=2k, — U —— ——In—— In — y

) r 3 EF |O[|kp 377.' EF UFq
(2.44)

where u = m*U /4w and A is the ultraviolet cutoff. Details of
this calculation are given in Appendix C. It is clear already
from this result that the logarithmic renormalization of the
g term in x** remains operational even for § < ¢q,, with
consequences similar to those in Ref. 3.

F. Charge susceptibility

In the absence of SOI, nonanalytic behavior as a function
of external parameters ¢, T, H is present only in the spin
but not charge susceptibility.?%33** An interesting question is
whether the charge susceptibility also becomes nonanalytic in
the presence of SOI. We answer this question in the negative:
the charge susceptibility remains analytic. To show this, we
consider all seven diagrams replacing both spin vertices by
unities. The calculation goes along the same lines as before,
thereby we only list the results for specific diagrams; for
G <K qas

X0/ 2 2 \ VFq
oxi = —0xi = (g + uzkf)—EF ;
X0 VFq
Sxs = —8x5 = g(ung —ug)—, (2.45)
X0 ]
Syl =—8x{=—-22 ==,
X5 Xe 3n UoUL Er

whereas x; = 0 on its own (x7, = —x5,)- First, we immedi-
ately notice that SOI drops out from every diagram even in the
limit § < g,. Second, the sum of the nonanalytic parts of all
the charge susceptibility diagrams is zero, §x = 0, as in the
case of no SOI.

III. RKKY INTERACTION IN REAL SPACE

A nonanalytic behavior of the spin susceptibility in the
momentum space leads to a power-law decrease of the
RKKY interaction with distance. In this section, we discuss
the relation between various nonanalyticities in x/(g) and
the real-space behavior of the RKKY interaction. We show
that, in addition to conventional 2ky Friedel oscillations, a
combination of the electron-electron and SO interactions leads
to a new effect: long-range Friedel-like oscillations with the
period given by the SO length.

A. No spin-orbit interaction

First, we discuss the case of no SOI, when the spin
susceptibility is isotropic: x /() = 8;; x(§). For free electrons,
the only nonanalyticity in xo(§) is the Kohn anomaly at
g = 2kp, which translates into Friedel oscillations of the
RKKY kernel; in 2D and for kgr > 1,3

Xo Sin (2kpr)

xo(r) = 5= w2

3.1)
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One effect of the electron-electron interaction is a log-
arithmic amplification of the Kohn anomaly (which also
becomes symmetric about the § = 2k point): x(§ ~ 2kp)
V1§ —2kr|1In|§ — 2kr|.3® Consequently, x(r) is also en-
hanced by a logarithmic factor compared to the free-electron
case: x(r) oc sin(2kgr) ln(kpr)/rz.

Another effect is related to the nonanalyticity at small §:
x(G) = xo + C§.>° To second order in the electron-electron
interaction [cf. Eq. (1.8)],

4x0

C = C2 = ﬁll%lq;
however, as we explained in Sec. I, both the magnitude
and sign of C can be changed due to higher-order effects.
(Cooper channel renormalization leads also to multiplicative
Ing corrections to the linear-in-§ term; those correspond to
multiplicative In r renormalization of the real-space result and
are ignored here.)

In 2D, x(r) is related to x(G) via

(3.2)

|
x)= o [ daax@aan. (33)
T Jo
Power-counting suggests that the § term in y () translates into
a dipole-dipole-like 1/73 term in x (r). To see if this is indeed
the case, we calculate the integral

A
A= /0 dgg* Jo(Gr) (34)
with an arbitrary cutoff A, and search for a universal, A-
independent term in the result. If such a term exists, it corre-
sponds to a long-range component of the RKKY interaction.
Using an identity xJy(x) = %[x]l(x)] and integrating by
parts, we obtain

Ar
A= 1 (AP Jy(Ar) — dxx Jy(x)
r3 o
1 2 T Ar
= ﬁ{(Ar) Ji(Ar) — T[JI(A")HO(A")

- Jo(Ar)Hl(Ar)]}, (3.5)

where H,,(x) is the Struve function. The asymptotic expansion
of the last term in the preceding equation indeed contains a
universal term

T Ar
> [J1(Ar)Ho(Ar) — Jo(Ar)Hi(Ar) =1+...,

(3.6)

] |Ar—>oo

where . . . stands for nonuniversal terms. A corresponding term
in x(r) reads

x(r)= (3.7

2mr3’

As a check, we also calculate the Fourier transform of the
G-independent term in x'/. The corresponding integral

_ A A
A =f dggJo(gr) = 7J1(Ar) (3.8)
0

does not contain a A-independent term and, therefore, a con-
stant term in x(§) does not produce a long-range component
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of the RKKY interaction, which is indeed the case for free
electrons.

Equation (3.7) describes a dipole-dipole-like part of the
RKKY interaction that falls off faster than Friedel oscillations
but is not oscillatory. (Incidentally, it is the same behavior as
that of a screened Coulomb potential in 2D, which also has a
G nonanalyticity at small §.37)

In a translationally invariant system, Hgrggy =
—%22 Y e X(Ir —¥'DILL. Therefore, if C >0, ie., x(q)
increases with G, the dipole-dipole interaction is repulsive for
parallel nuclear spins and attractive for antiparallel ones. Since
the 1/r3 behavior sets in only at large distances, the resulting
phase is a helimagnet rather than an antiferromagnet. Vice
versa, if C < 0, the dipole-dipole interaction is attractive for
parallel spins. This corresponds precisely to the conclusions
drawn from the spin-wave theory: a stable FM phase requires
that w(g) > 0, which is the case if C < 0.

B. With spin-orbit interaction
C. Free electrons

In a free-electron system, the SOI splits the Fermi surface
into two surfaces corresponding to two branches of the
Rashba spectrum with opposite helicities. Consequently, both
components of the spin susceptibility in the momentum
space have two Kohn anomalies located at the momenta
2kfvE = 2kr F q4 with g, =2m* |a|. To see this explicitly,
we evaluate the diagonal components of x/(§) for § ~ 2k,

X@=-> / |(kslo’ [k + @.0) g (@.k + §gs(@.k).
Ss,t K

3.9)

For § ~ 2k, the matrix elements of the spin operators in the
helical basis reduce to

Ik + q.t[0 " |k.s)|* = [(k + @.t]o%k,s)|* = $(1 + s1).
(3.10)

Therefore x'/(g) contains only contributions from intraband
transitions,

W@ = %@ = — / g (@K + Dgs(@.k)
K

— /Kg,(a),k—l-(])g,(w,k). 3.11)
Each of the two terms in Eq. (3.11) has its own Kohn anomaly
at g = 2k}, s = %. In real space, this corresponds to beating
of Friedel oscillations with a period 27 /q,,.

This behavior needs to be contrasted with that of Friedel
oscillations in the charge susceptibility, where, to leading
order in «, the Kohn anomaly is present only at twice the
Fermi momenta in the absence of SOL® Consequently, the
period of Friedel oscillations is the same as in the absence
of SOI. (Beating occurs in the presence of both Rashba and
Dresselhaus interactions.>®) This is so because, for g near 2kp,
the matrix element entering x (§) reduces to

Ik + @.tk,8)* = 2(1 — s1),
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which implies that x¢
interband transitions:

contains only contributions from

x0(q) = —2/ g+ (0 k+q g (0.k). (3.12)
K

The Kohn anomaly in g corresponds to the nesting condition

61?4-(1 = —¢, , which is satisfied only for § = 2kp.

1. Interacting electrons

The electron-electron interaction is expected to affect the
2kp-Kohn anomalies in x** and x** in a way similar to
that in the absence of SOI. However, a combination of the
electron-electron and SO interaction leads to a new effect: a
Kohn anomaly at the momentum g, < 2kg. Consequently, the
RKKY interaction contains a component that oscillates with a
long period given by the SO length Aso = 27/g, rather than
the half of the Fermi wavelength.

To second order in the electron-electron interaction, the
full dependence of the electron spin susceptibility on the
momentum is shown in Appendix B to be given by

2C»qg
Sy (g) = —2

C»g 1 o 2
G [ [ () oy
3 2 3 q q
+q7a arcsin q—f[ } (3.13a)
q q

qa

5x%(@) = Crg Re[ 1 - (
q

> g & arcsm—] (3.13b)
g g

Equations (3.13a) and (3.13b) are valid for an arbitrary
value of the ratio §/q, (but for § < kr). For § > ¢, both
S x* and 8§ x ** scale as . For § < qq, 6 x* continues to scale
as g (but with a smaller slope compared to the opposite case),
while §x** is ¢ independent. The crossover between the two
regimes is not continuous, however, because certain derivatives
of both § x** and § x** diverge at § = ¢,. Expanding around
the singularity at § = q,,, one finds

2C,§ G,

5)(.)(::
X 3 T2

{G)(qa 9)

2b<
5 \qu

Sx% = Cz{®(qa —§)+0@G — Qa)|:1 + b(

5/2
1) “ (3.14a)
~ 3/2
) )
qo

(3.14b)

+®(@ - Qa)I:l +

where ©(x) is the step function, G = 7Crqy/2 and b =
4y/2/37. The § dependences of 8x** and 8x% are shown
in Fig. 8.

The singularity is stronger in 8x% o (§ — ¢4 )>/? whose
second derivative diverges at § = ¢q,, whereas it is only third
derivative of 8x** o« (§ — g4)°/? that diverges at this point.
Both divergences are weaker than the free-electron Kohn
anomaly x o (§ — 2kp)'/?.

We now derive the real-space form of the RRKY interaction,
starting from x**(r). Substituting Eq. (3.14b) into Eq. (3.3)

)
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1/2

1/2 1 32 /e

FIG. 8. (Color online) The nonanalytic part of the electron spin
susceptibility in units of (2/3ﬂ)u§kF(\a| /vr)Xo as a function of the
momentum in units of g, = 2m™*|«|.i = x,z. Solid lines are the exact
results (3.13a) and (3.13b). Dashed lines are the approximate results
(3.14a) and (3.14b) valid near the singularity at ¢ = g,,.

and noting that only the part proportional to (§/q, — 1)%/?
contributes, we arrive at the following integral:

Cob A i\
=22 / dquo@r)(i_l) . (3.15)
T Jga qa

where A is an arbitrarily chosen cutoff that does not affect
the long-range behavior of x**(r). Replacing Jo(x) by its
large-x asymptotic form and § by ¢, in all nonsingular and
nonoscillatory parts of the integrand, we simplify the previous
expression to

32
xX“(r) = C—2bﬂ 24 / <—) cos [(6]~ + qo)r — %i|

(3.16)

Integrating by parts twice and dropping the high-energy
contribution, we arrive at an integral that converges at the
upper limit. The final result reads

x¥(r) =

2 u, cos(qar)
322 kp P2
Equation (3.17) describes long-wavelength Friedel-like oscil-
lations that fall off with r faster than the usual 2k oscillations.
Notice that Eq. (3.17), while valid formally only for g,r > 1,
reproduces correctly the dipole-dipole term [see Eq. (3.7) with
C = (C,]inthe opposite limit of g, < 1. Therefore Eq. (3.17)
can be used as an extrapolation formula applicable for any
value of gyr.

In addition to the Kohn anomaly at § = g, the in-plane
component also contains a nonoscillatory but nonanalytic term
proportional to §. As it was also the case in the absence of
SOIL, this term translates into a dipole-dipole part of the RKKY
interaction. Analysis of Sec. III fully applies here; we just need
to replace the prefactor C in Eq. (3.7) by 2C,/3, where C; is
defined by Eq. (3.2). The role of the cutoff A in Eq. (3.4) is now
being played by g, therefore, C — 2C,/3 for r > g, . For
r < g, ', the prefactor is the same as in the absence of SOL
Summarizing, the dipole-dipole part of the in-plane RKKY
interaction is

xX“(r)=—x (3.17)

l/r

2 for
3k 0 2/3r3,

got K 1,

3.18
gor > 1. ( )

Xaza(r) = for
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The oscillatory part of x**(r) is obtained by the same method
as for x*(r) with the only difference that one needs to
integrate by parts three times in order to obtain a convergent
integral. Consequently, x**(r) falls off with r as 1/r*. The r
dependence of x**(r), resulting from the SOI, is given by a
sum of the nonoscillatory and oscillatory parts:

1 u3,, sin(ger)
3n? gokp  r*

Finally, the conventional, 2k Friedel oscillations should
be added to Egs. (3.17) and (3.19) to get a complete r
dependence. The dipole-dipole part and long-wavelength
Friedel oscillations fall off faster then conventional Friedel
oscillations. In order to extract the long-wavelength part from
the data, one needs to average the measured x/(r) over
many Fermi wavelengths. Recently, 2kp oscillations in the
RKKY interaction between magnetic adatoms on metallic
surfaces have been observed directly via scanning tunneling
microscopy.*’ Hopefully, improvements in spatial resolution
would allow for an experimental verification of our prediction
for the long-wavelength component of the RKKY interaction.

As a final remark, we showed in Sec. IIF that the charge
susceptibility does not exhibit small-g nonanalyticities. This
result also implies that the long-wavelength oscillations are
absent in the charge susceptibility; therefore Friedel oscil-
lations produced by nonmagnetic impurities contain only a
conventional, 2kr component.

X)) = xga(r) + xo (3.19)

IV. SUMMARY AND DISCUSSION

We have studied the nonanalytic behavior of the electron
spin susceptibility of a two-dimensional electron gas (2DEG)
with SOI as a function of momentum § = || in the context
of a ferromagnetic nuclear-spin phase transition (FNSPT).
Similarly to the dependence on temperature and magnetic
field,* the combined effect of the electro-electron and spin-
orbit interactions affects two distinct components of the
spin susceptibility tensor differently. For § < 2m*|«|, where
m* is the effective electron mass and « is the spin-orbit
coupling, the out-of-plane component of the spin susceptibility
x*(g,) does not depend on momentum (in other words, the
momentum-dependence is cut off by the SOI), [cf. Eq. (1.7a)],
whereas its in-plane counterparts, x**(§,o) = x°?(§,®), scale
linearly with § even below the energy scale given by the SOI
[cf. Eq. (1.7b)].

Beyond second order in electron-electron interaction,
renormalization effects in the Cooper channel, being the
most relevant channel in the weak-coupling regime, start to
play a dominant role. As we have shown in Sec. IIE, the
leading linear-in-|¢| term becomes renormalized by In |«],
while the subleading linear-in-§ term acquires additional
Ing dependence. This behavior is a natural consequence
of the separation of energy scales in each of the diagrams
and suggests that, in general, x ({E;}) oc U" 3, E; In" 2 E;,
where E; stands for a generic energy scale (in our case
E; = {|a|kr,vrg} but temperature or the magnetic field could
be included as well).

Our analysis of the spin susceptibility gives important
insights into the nature of a FNSPT. First, the SOI-induced
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anisotropy of the spin susceptibility implies that the ordered
phase is of an Ising type with nuclear spins aligned along the z
axis since x ¥ > x**. Second, the ferromagnetic phase cannot
be stable as long as the higher-order effects of the electron-
electron interaction are not taken into account. In this paper, we
focused only on one type of those effects, i.e., renormalization
in the Cooper channel. Without Cooper renormalization, the
slope of the magnon dispersion is negative, even though
the magnon spectrum is gapped at zero momentum, cf.
Fig. 1. This implies that spin-wave excitations destroy the
ferromagnetic order. Only inclusion of higher-order processes
in the Cooper channel, similarly to the mechanism proposed
in Ref. 3, leads to the reversal of the slope of the spin
susceptibility in the (not necessarily immediate) vicinity of
the Kohn-Luttinger instability, and allows for the spin-wave
dispersion to become positive at all values of the momentum.
This ensures stability of the ordered phase at sufficiently low
temperatures. 1.2

We have also shown that a combination of the electron-
electron and SO interactions leads to a new effect: a Kohn
anomaly at the momentum splitting of the two Rashba
subbands. Consequently, the real-space RKKY interaction has
along-wavelength component with a period determined by the
SO rather than the Fermi wavelength.

Another issue is whether the SOI modifies the behavior
of the charge susceptibility which is known to be analytic in
the absence of the SOL.293334 Ag our calculation shows, the
answer to this question is negative.

One more comment on the spin and charge susceptibil-
ities is in order: despite the fact that we considered only
the Rashba SOI, all our results are applicable to systems
where the Dresselhaus SOI with coupling strength 8 takes
place of Rashba SOI, i.e., 8 # 0, ¢ = 0; in this case, the
Rashba SOI should be simply replaced by the Dresselhaus
SOI (¢ — B).

Finally, we analyzed the nonanalytic dependence of the
free energy, F, in the presence of the SOI and at zero
temperature beyond the RPA. This analysis is important in the
context of interacting helical Fermi liquids that have recently
attracted considerable attention.*™*3 In contrast to the RPA
result,*> which predicts that the free energy scales with o as
o*In ||, our result shows that the renormalization is stronger,
namely, F o« U?|a|3C(U In ||), where C(x — 1) ~ x2 and
C(x — 00) ~ 1/x2.
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APPENDIX A: DERIVATION OF COMMON INTEGRALS

In this appendix, we derive explicit expressions for some
integrals of the Green’s function that occur throughout the

paper.
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1. “Quaternions” (I;,,,, and J;,,,,) and a “triad” (I,,,,)

The first integral is a “quaternion”—a convolution of four Green’s functions defined by Eq. (2.7e). This convolution occurs
in diagram 1, where it needs to be evaluated at small external and transferred momenta: ¢,§ < kr. To linear order in g
and o, €xi4 +salk +q| = € + vpg cos Oy, + akp + o(g?,0.q) with Oy = Z(Kk,q). The same approximation holds for ¢ with
Ok = Z(K,q). Switching to polar coordinates and replacing kdk by m*de;, we reduce the integral to

do d d 1 1
o (@01g.0.0) = m* [ T[S [ . .
21 21 27 iwy — € — Vp§ cos Ok — lakp iwga — € — maky
1 1
X - - . (A1)
i(wr + Q) — € — vpq cos by — nakp iwy — € — raky
Integrating first over €; and then over wy, we obtain
. im*Q 1 1
Ilmnr(Qstquvq) = 5 dekq . .
2m) i —vpgcosbiy + (m —n)akrp i2 — vpg cosOyy + (r — n)akp
1
X - - . (A2)
i —vpq cosbyy + vpg cosbig + (I — n)aky
Finally, the integral over 6;, gives
L m*|Q 1
Ilmnr(ngkq’qvq) = ~ ~
2 (r —m)akp[(l — m)akp +vpg cosOgl[(I — r)akp + vpg cos Oig]
(l —r)akF—i-qu COS@kq (l—m)otkp—i—vpc} COSekq
\/v%qz +[Q+i(n —m)akp]? \/v%qz +[Q+itn —r)akp]?
r —m)ak
+ ( Jrkr . (A3)

\/v%qz + [ — ivpg cos O + i(n — Dakp]?

Because of the overall term (r — m)akr in the denominator, the case r = m has to be treated specially. Taking the limit
Ilmnm(Qsekcj »qu) = 11l’nr~>m Ilmnr(Q 79kq 7qs‘7), one obtains

m*|Q| 1 1
_ 5 212
2 [(I — m)akp + vpg cos Og] \/U%qz +[Q — ivpg cos by +i(n — Dakp]?

Ilmnm(Qsekq vaq) =

v%qZ +[Q+i(n —m)akp][Q +ivpg cosbg +i(l +n — 2m)akr] (Ad)
{v2g2 + (2 +i(n — myakp 2} '
Similarly, we obtain for another quaternion J;,,, defined by Eq. (2.15¢),
o m'Q 1
Jlmnr(9’9k179qvq) = T~ . T~ .
2w [ —ivpG cosbOrg +i(n —m)akp][S2 — ivpG cos Oy + i(r — Dakr]
1 1
X +
JURa? + 19— iveGcosbig + i —makp P \[vig? [ — ivrd cosbig + i(n — Dakr P
(A5)
Finally, we obtain for a convolution of three Green’s functions—a “triad”—defined by Eq. (2.15d),
L (2.6 7 m*|Q| 1 1
Imn\86,0kg,4,4) = ~
2 vpg costiy + (I — makr \/vng Q4 i(n — Dokp — vpg cos Oy 2
1
_ . (A6)

\/vqu FIQ+i(n — m)akp]?

2. Integrals over bosonic variables

There is a number of integrals over the bosonic frequency 2 and momentum ¢ one encounters while calculating the spin
susceptibility. The following strategy provides a convenient way of calculating all of them: (i) integrate over x = vpqg for
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x € [0,00][, (ii) integrate over 2 by introducing a cutoff Aj;the low-energy physics proves to be independent of the choice of
the cutoff, and (iii) perform angular integration, which is trivial for the out-of-plane spin susceptibility and, in that case, can be
performed at the very beginning. Again, it is convenient to treat the out-of-plane and in-plane components separately.

a. Out-of-plane components

As it was explained in the main text, the § dependence of x** for § < g, can be calculated perturbatively by expanding
in §/qu, where g, = 2m*|a|. In this section, we calculate only the leading term of this expansion obtained by setting § = 0.
Corrections enter only quadratically in § and a more detailed calculation is necessary in order to show that. Later, in Appendix
B, we find the entire dependence of x** on § exactly, and show that this dependence is absent for § < ¢g,, which means that all
terms of the expansion in §/q, vanish. For now, we focus on the § = 0 case and evaluate the integrals in Egs. (2.8a) and (2.8b)

for xi*:
dby; d
/ f — f 4 Dyl (AR oy ) § 1}
m Q? 1 1
=\ — dQ | xdx — +c.c.
8mivrakp VaI+ Q2| /X2 (Q+ 2iakp)? X2+ Q2
., 2/ " aeetn % m )\ lelkr (A7)
= —— n = e
8n2vraky _A Q2 + o2k2 4rvp 6
dbi; d
f / — /ﬁ(1—+ + + L T )
m 1 1 1
=\ — dQ | xdx -
8m2vpakp Va2 4+ (Q+ 2iakp)? VX2 + QT /x2 +(Q — 2iakp)?
2iakp(2 — 2iaky) 4o
[x2 + (2 — 2ickp)?]3/?
m 2 rA 2 Q? m \? ||k g
=\—F dQQ In = +..., (A8)
8mlvpakp A Q2 + o2k2 dmvp 67
where ... stands for nonuniversal, A-dependent terms and c.c. denotes the complex conjugate of the preceding expression.

Substituting these results back into Egs. (2.8a) and (2.8b), we obtain Egs. (2.9a) and (2.9b). Similarly, we obtain for the
combination of triads in Eq. (2.18) for x3°
1 1

=] (i) [
—(I I +1 I, )=—|—7FF—"F dQ [ xdx -
/ / + ++ +—t L=t A7y paky \/x2+(Q+2iOlkp)2 Vx2 4+ Q2

2 pA 2 2
m Q 2 m
=—— dQ*n ———— = — k R
<4TC2UFC¥kF> /_A n Q2+ a2k 3 (4nvp> otk =+

(A9)

b. In-plane components

We start with x;* given by Eqgs. (2.11a) and (2.11b). First, we notice that the quaternion structure of the first lines in Eqs. (2.11a)
and (2.11b) is the same as in the first lines of Egs. (2.8a) and (2.8b) for the out-of-plane component; the only difference is in
the factor of sin” 6;. Since these expressions contain «, they can be evaluated at ¢ = 0 in the same way as the corresponding
expressions in x* were evaluated. At § = 0, the factor of sin” 6, just gives 1/2 of the corresponding contribution to x*. Next,
we calculate explicitly the integrals in the second line of Eq. (2.11a) and in the third line of Eq. (2.11b). These contributions
contain an overall factor of G2 and, therefore, one has to calculate the full dependence on § without expanding in §/g,. The part
of the integrands that are odd in the angle drop out and, since f02” dOf(icosf) = fozn dO[f(icosO)+ f(—icosh)]/2, all the
formulas can be written in an explicitly real form. For the first of these two integrals, we obtain (for brevity, we relabel 0;; — 0):

d
/ / /q el COS 9(I++++ + I____)HO

d9 Q? 1 1 iQ3vpgcosh
—_— d2 | xdx — > 5
4nvig Vx4 Q2 \/xz—i—(Q—wpqcosQ)z Va2 Q2 (x= + 29)
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Q2 1 1
dQ/xdx [ +c.c.]
< Up61> / / Vx4 Q2 \/xz—i—(Q—i—wpqcosQ)z Vx2+ Q2
2 252
do
= — Lp /dQ/—Qzln l—l—qu cos 62
An2v.g 2w 4Q2
2 A 2 ~2 2 ~
m 1 Vg m VEg
=2 —— dQQ’In| =1 1+ -L = — ..., A10
<4n2v§q) /,A n[z( Tyt 492)} <4m)p> om2 T (A10)

where, as before, ... stands for nonuniversal, A-dependent terms. Notice that the SOI dropped out and, therefore, the equation
above is valid for any ratio §/q,. The second integral reads

de d
/ / 4Y%q /ucos A Y S | P

~(sza) [ 5 oo [ 1
-~ \4n2vig Va2 + (2 + 2iakp)?

\/xz + (R — 2iakp — ivpg cos )2

N 1 2 ] } iQ%vpg cosf
_ ce b _ .
VX2 (Q = 2iakp 4+ ivpGcos0)?  /x2 +(Q — 2iaky)? |x2 4+ (2 + 2iakp)?|?

Q + 2iaky mo\° [ 2/ do g, m \* vrg
cl|l)=-(—— de? | —=m(1 o) = —+...,
: [x2+<s2+2iakp)2 +CCD (4n2v%c7> /. (1 G dwvr) om2 T

(Al1)

which is the same result as in Eq. (A10). The second line in Eq. (2.11b) gives the same result as the third one. Collecting all the
results above, we arrive at Egs. (2.12a) and (2.12b).

Finally, for the SOI-independent part of diagram 3, we find

do
/ f @ f 999 o052 011 4 (R, 0000 D T (0, — D) + Los (000, 0D (00, — D)+ @ — —)]

_ (m) /dG/dQQZ/xdx[

1
VX2 + (Q+ 2iakp)?

1 1
VX2 4+ (Q +ivpg cosh)? Ny

2
:|:_ ( ) /dQQZ/ ( qu cos 9>
202§ Q2
2 A 2~ 2 ~
1
=2 / A~ (14 1+ E ) () g, (A12)
2720%G) Joa 2 4Q? 2rvp ) 9n?

APPENDIX B: FULL ¢ DEPENDENCE OF THE SPIN SUSCEPTIBILITY

2 ‘ 1
VA2 4 (Q + 2iaky + ivpg cosf)?

In the main text and preceding appendices, we found x** at zero external momentum. Here, we show how the full dependence
of x** can be found using the ¢ = O part of diagram 1 in Fig. 2 as an example.

We consider Eq. (2.8a) at finite §. The integral over bosonic variables reads as

d
/ / / T L 4 1 TIp(R.9)

Q2 1
= a2 d
(47r vp) / / * x«/x2+§22{(2akF+qucos9)2

1 1 Q2w + vpg cos )
X - - 3 3372 + (@ — —a)yq, (B1)
VX2 (Q = 2iakp —ivpgcosH)?  x2+ Q2 (x2 4+ Q%)%

where (o — —a) stands for a preceding term with a reversed sign of « and, as before, we relabeled 6;; — 6. The last term in
the parenthesis vanishes upon integration over either the angle (in the principal value sense) or the frequency (it is odd in €2)
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+ c.c.:|

» TVrqge/12, for G < qq,
=vF—qR 1—<q> —i——(z—arccosqfa) =1 g ¢ Ry B ¢ (B2)
6 g g \2 g %[1—1—5(;“) +---], for G> qa.

whereas the remainder yields

do 2 1 1 1
/ —/dQ xdx — 5 —
2 Va2 + Q2 Qakp +vpgcos0)® | \/x2 4 (Q + 2iaky +ivpGcosf)? x4+ Q2
1 2

do (A In[1 + Qak 7 cos 0)2 /402
—f—f aqqr M Qoke FurgeosO) JAYT 1 [T s kb vpd cosd)]
QRakyp + vrg cos6)? 24 Jo

We see that while x;*
absence of the SOL

Another integral of this type occurs in the in-plane component, e.g., in the first line of Eq. (2.11a). The only difference
compared to the out-of-plane part is an extra sin § factor. The ¢ and 2 integrals are calculated in the same way while the angular
integral is replaced by

/ / / 0 i O [1y - +1 4y ]T0

* is independent of § for § < g4, for g, > q, it approaches the linear-in-§ form found in Ref. 20 in the

1 2 71 o 2 o 2 o o
=5/ @ sin? 0|2k + vpg cos ] = %Re 1 <%) [2 + (%) + % (% — arccos %)
TVrqy /24, for ¢ < qq, E3)
=19 v N2 .
ILS‘I[I+%(%) +...], for G> ga.

APPENDIX C: LOGARITHMIC RENORMALIZATION

In this Appendix, we analyze renormalization of the out-of-plane component of the spin susceptibility in the Cooper channel
for § < q,. As an example, we consider diagram 1 at large momentum transfer to third order in the electron-electron interaction,
see Fig. 9. The calculation is carried out most conveniently in the chiral basis as shown below,

dw, [de
Xty = —2U° / / f - / : / / Tr[G(—K+Q)G(—P+Q)G(—L+)ITt[G(K + 0)o*G(K)G(P)G(L)G(K)o*]
do d do
——avt [ 2 [T [452 [S ’anm(ek, 0) s O BT e 61,000,500 00 T Ty Ly, (C1)
[
where either the integral over P or that over L. Note that each

scattering amplitude depends on the difference of two angles,

Forspisiss O-0p) = ie., 0, — 0, =60,; — 64, such that the angle 6, is shared

U(pvs3|kasl><pas4|kas2>

U . .
=7 [14 5153 @7 [1 + 5054’ @] (C2) KO

is the scattering amplitude in the Cooper channel (k = —p),
0. (0) = (K,s| 0¥ |k, t) = —i(se!® —te%)/2, and

L = 2 / dey f deigu(L)go(—L + 0)
JT

m, A?
=—1In
4r  (vpqcosbyy + (u — v)akp)* + Q2

mln q_L((x) for u =,

= (C3)

m A? — —
el vig2cos? 0, +Q2 T =L(g), for u=-v,

is the particle-particle (Cooper) propagator, evaluated on the
Fermi surface at fixed direction of the fermionic momentum

K+Q,l

I. An additional factor of 2 in Eq. (Cl) is related to the
possibility of extracting the logarithmic contribution from

FIG. 9. Diagram 1 to third order in electron-electron interaction
at large momentum transfer; here, the in-plane component is shown.
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between the vertices and the function L,,. Moreover, due
to the correlation of momenta, we have 6, = 6, + 7 and
Gk =T / 2 — 91“;.

PHYSICAL REVIEW B 85, 115424 (2012)

u = —v terms require more a careful treatment. Due to the
dependence of the scattering amplitudes on 6,,, L,, enters
multiplied by either a constant, or by sin26;,, or else by

Upon summation over the Rashba indices, the integration ~ cos26;,:
over 0y, is readily carried out in all # = v terms, whereas the
|
In—A
2 4p, 1 m 1Q20++/v2q2+Q2
/ Z_q sin 26, L(g) = > 0 (C4)
0 T 20 T Q
€08 1 -3 — 212 - /vig? + @)
Obviously, only the first choice leads to logarithmic renormalization. Keeping only this choice for u = —v, we obtain
o _ 3 M dQ2 [ dO; qdq .9 5
Xl.g=2kr = -U E / E / ? E [3 SIn qu(Lr___ 4+ I_ 1)1y + 3cos qu(1++++ +1___ I (C5)
+ sin® g (LTl + 1y TT_ ) +cos® Ogg(Ls 4TIy + I TI; )]In ol
F
+ [sin2 Ok (L~ + Iy )Tg + 08” Opg(Lygyy + I__ )Ty
-2 2 A
+ 3 Sin qu(]+,+,n+, + I,+,+H,+) + 3 COS 9kq([++,+l-[,+ + 177+7H+7) ln .
191+ /vre® + @
(Co)

The first two lines in Eq. (C6) contain an €2 and g-independent logarithmic factor. Integrations over g, 04, and €2 in these lines
produce terms that scale either as § or as |«|, thus these two lines generate terms of the type ¢ In |«| and |«| In |o|. Next, we note
that some combinations of quaternions and polarization bubbles in these two lines, when integrated over g, 65, and €2, produce a
g term while others produce an |«| term. Namely, combinations (/444 + I____)1gand Iy, I1_4 +1__, TI,_ produce g,
while (Iy___ +1_ 4, )Ilgand I, _TI,_+1_,_,TI_, produce |a|. To extract the leading logarithmic dependence, we split

the € and g-dependent logarithmic factor into two parts as In ——2%4— + In & when it multiplies the combinations of the
a-aep & p |Q0+~/vEq2+Q2 + vrq p
first type, and as In —*£2L 4 I A \when it multiples the combinations of the second type. The §2- and g-dependent
ype, PRy e + Trlal p yp q-dep

remainders do not produce main logarithms because the internal scales of 2 and ¢ are set either by § or by || for the first and
second types, correspondingly.

Therefore the only main logarithms we have are either In 2= or In —2—. Collecting all the contributions, we finally obtain
y g g Trla] g Y
e puflalke A 2ueg (A AN 2a[lelke A 2ueg A
La=2kr 3 | Er  |alkr 37 Ep |k VEG 3 | Er lalkp 3w Ep  vpg |’

where in the last line, we retained only leading logarithms
renormalizing each of the two terms in the second-order result.
Thus we see that each energy scale, i.e., vpg and vpq,, is
renormalized by itself.

APPENDIX D: NONANALYTIC DEPENDENCE OF THE
FREE ENERGY ON THE SPIN-ORBIT COUPLING

In a number of recent papers,*'™ the properties of
interacting helical Fermi liquids were analyzed from a general
point of view. In particular, Chesi and Giuliani** have shown
that an equilibrium value of helical imbalance

(D1

where N is the number of electrons in the &= Rashba subbands,
is not affected to any order in the electron-electron interaction

(€7

and to first order in Rashba SOI. Mathematically, this statement
is equivalent to the notion that, for small § N and «, the ground-
state energy of the system JF can be written as £ = A(6N —
2mo /kp)z, so that the minimum value of F corresponds to
the noninteracting value of §N. The analysis of Ref. 42 was
based on the assumption that F is an analytic function of «,
at least to order . In a related paper, Chesi and Giuliani*?
analyzed the dependence of F on §N within the RPA for
a Coulomb interaction and found a nonanalytic SN*In |§N|
term.

In this appendix, we analyze the nonanalytic dependence
of F on o by going beyond the RPA. (For small «, there
is no need to consider the dependences of F on « and § N
separately, as the shift in the equilibrium value of § N due to
the electron-electron interaction can be found perturbatively.)
To this end, we derive the free energy at § = T = 0—equal,
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FIG. 10. (Left) A skeleton diagram for the free energy in the presence of the Cooper renormalization; [ is a renormalized Cooper vertex.

(Middle) The effective scattering amplitude T'{}) .
channel, '™ (k, — Kk;p, — p).

515235354

therefore, to the ground-state energy—following the method of
Ref. 4, which includes renormalization in the Cooper channel
to all orders in the interaction.

The free energy is given by the skeleton diagram in Fig. 10:

1 - -
F = _Z/F5154;S332(kFi_kF;_kFSkF)FS3S2;S154
q

X (_kF’kF;kF’_kF)HS]S2HS3S4’ (DZ)
where a particle-hole bubble is given by Eq. (2.7f) and
[y, 5,555 (Kp, —Kp; —kp,K) is a scattering amplitude renormal-
ized in the Cooper channel. To first order in electron-electron
interaction U, f‘smmu is given by Eq. (C2).

It is convenient to decompose the renormalized amplitude
into s, p, and d channels as

r' . k, — k;p,

515258354

—pIL)
- US'S”»*“(L) + V5152;53S4(L)ei(9"79")

+ Wisisas (L) @7, (D3)
where the bare values of the corresponding harmonics are
Uslsz;53s4(0) = M2kp/2a ‘/S152;S3S4(0) = u2kp(5153 + 5254)/27 and
W, 5215555 (0) = U2k, 81528354/2. The s, p,d harmonics of I" were
shown in Ref. 4 to obey a system of decoupled renormalization

|

(k,kK’; p,p’) in the chiral basis. (Right) A generic nth order ladder diagram in the Cooper

group (RG) equations:

d
_EUs1s2;3354(L) = Z USISZ;S—A*(L)U&—S;Sg&;(L)’ (D4)
d
_d_LVslsz;S3s4(L) = Z Vs]sz;sfs(L)sts;s;m(L)s (DS)
s
d
dL W?]S‘z 53 Y4(L) Z W&‘lsz;s—.ﬂ‘(L)WY—X;.Y3X4(L)7 (D6)
where the RG variable is defined as
m A
L=L,=—In (D7)
27 alky

and the initial conditions were specified above. Solving
these equations, we obtain Uy,.ss (L) = u/[2(1 +uL)],
Vss;:ts:l:s(L) =zu Vslsz33S4(L) = u(sys3 + s254)/(1 + 2ul)
for the remaining s;’s, and Wy,g,.5,5,(L) = us1525354/[2(1 +
uL)] with u = uy,. Combining the solutions in the Cooper
channel, we find

[yirys (g, —kp; —kp kp) = 57 Fu, (D8)

f‘sfs;:tsqts (kr, —Kr;

and zero for the remaining cases.
Substituting the RG amplitudes into Eq. (D2) and summing
over the Rashba indices, we arrive at

—Kkp,kf) = (D9)

u u
T+ul T T42uL>

/ /koq/C]dq 1 (Hz —|—l'[2 _21-[)+2 ;4-1 2(1'[ I —1_12)
1+uL 1+ 2uL * I+ul e
2

1
2
+ |:<1+uL

(D10)

) o ! + : ] 2+ 1 +121'12
14+ul  1+2ul 14+ul 142ul 14+ uL of-

The terms proportional to I'I% are divergent and scale with the upper cutoff A, thus they can be dropped as we are interested
only in the low-energy sector. Making use of the integrals [ gdgq(IT,_T1_; — Hg) =0and

Q2 Q2 16
/dszsf/dqq(ni, FI2, —212) = /d9—2 n i
VF

n— =

D11
Q2 + da2k% (D1)

3.3
—|al’ky + O(A),
3v%|a| F+OW)
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we obtain the final result

2

1 1 3k;
F = iy —_ - ok (D12)

1+ uln o5 1+ 2uln 2Ep

alkp leelkp
Note that F is nonzero starting only from the fourth order in u:
||k lalkp

FO = —ut £ n? . D13
wxomg T (D13)

Apart from the logarithmic factor, a cubic dependence of F on |/ is in line with a general power-counting argument®* that states
that the nonanalytic dependence of the free energy in 2D is cubic in the relevant energy scale. A cubic dependence of F on «
implies that the shift in SN scales as «>C(L), where C(L) is a function describing logarithmic renormalization in Eq. (D12). This

is to be contrasted with an o In o scaling predicted within the RPA.#3
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