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Using gauge/gravity duality, we compute the energy density and angular distribution of the power

radiated by a quark undergoing circular motion in strongly coupled N ¼ 4 supersymmetric Yang-Mills

theory. We compare the strong coupling results to those at weak coupling, finding them to be very similar.

In both regimes, the angular distribution of the radiated power is in fact similar to that of synchrotron

radiation produced by an electron in circular motion in classical electrodynamics: the quark emits

radiation in a narrow beam along its velocity vector with a characteristic opening angle �� 1=�. To

an observer far away from the quark, the emitted radiation appears as a short periodic burst, just like the

light from a lighthouse does to a ship at sea. Our strong coupling results are valid for any strongly coupled

conformal field theory with a dual classical gravity description.
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I. INTRODUCTION AND OUTLOOK

The emission and propagation of radiation is an inter-
esting and natural topic of study in any field theory. For
localized sources, one is typically interested in the angular
distribution and spectrum of radiation at spatial infinity and
in deciphering how information about the source is en-
coded in it. This topic has been studied for more than a
century within the realm of classical electrodynamics (for a
textbook treatment, see [1]). It is much less studied in
realms where quantum effects can be important, as, for
example, in a non-Abelian gauge theory in the limit of
strong coupling. This has largely been due to the absence
of strong coupling methods for studying real-time dynam-
ics. With the discovery of gauge/gravity duality, however,
the dynamics of quantum fields in certain strongly coupled
non-Abelian gauge theories can be mapped onto the dy-
namics of classical fields living in a higher dimensional
spacetime [2]. Because of this, strongly coupled real-time
phenomena in theories with gravitational duals have be-
come accessible to reliable calculation.

To date, much of the analysis of real-time phenomena in
gauge theories with dual gravitational descriptions has
focused on systems at nonzero temperature. This is be-
cause these strongly coupled plasmas are more similar to
the strongly coupled quark-gluon plasma of QCD being
produced and studied in heavy ion collision experiments at
the Relativistic Heavy Ion Collider [3–6] than the vacua of
these gauge theories are to the vacuum of QCD. Asking
how a test quark moving along some trajectory with non-
zero acceleration radiates in vacuum in a strongly coupled
non-Abelian gauge theory is a simpler question than many
of those that have already been studied at nonzero tem-
perature. We shall answer this question for the specific case
of a test quark in circular motion in the vacuum ofN ¼ 4
supersymmetric Yang-Mills (SYM) theory.

N ¼ 4 SYM theory is a conformal non-Abelian gauge
theory, specified by two parameters: the number of colors
Nc and the ’t Hooft coupling � � g2Nc with g2 the gauge
coupling. We shall work in the large Nc limit throughout.
Since the theory is conformal, we can specify �. If we
choose � ! 0, we can study the radiation using methods
similar to those used in classical electrodynamics. If we
choose � ! 1, the dual gravitational description of this
strongly coupled non-Abelian quantum field theory be-
comes classical. Specifically, it becomes the classical grav-
ity limit of Type IIB string theory in the AdS5 � S5
spacetime. The geometry of the five-sphere will play no
role in our computation—indeed, it can be replaced by any
compact five-dimensional space X5. This means that our
strong coupling results will be valid for all conformal
quantum field theories with a dual classical gravity de-
scription—since conformality of the quantum theory maps
onto the presence of anAdS5 spacetime in the gravitational
description.1

Because the vacuum of N ¼ 4 SYM theory is not
similar to that of our world, studying the radiation of a
test quark in circular motion in this theory does not have
direct phenomenological motivation. However, we shall
find that the angular distribution of the radiation is very
similar to that of classic synchrotron radiation: when the
quark is moving along its circle with an increasingly
relativistic velocity, the radiation is produced in an increas-

1Our results are valid for all strongly coupled conformal
quantum field theories with a dual classical gravity description
as long as we express our results in terms of the ’t Hooft coupling
� in each of the conformal field theories. The relations between
this parameter, Nc, and the parameters that specify the gravita-
tional physics in the AdS5 space—namely, the string coupling
and the dimensionless ratio of the square of the anti-de Sitter
(AdS) curvature and the string tension—will be different in
different conformal field theories, since these relations do de-
pend on the geometry of X5.
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ingly tightly collimated beam—a beam which, if Fourier
analyzed, contains radiation at increasingly short wave-
lengths and high frequencies. This is interesting first in its
own terms and second with a view to extending the calcu-
lation to nonzero temperature. First, from the point of view
of the quantum field theory we do not understand why the
angular distribution of the radiation that we find is almost
the same at � ! 1 as it is at � ! 0. Why should the
pattern of radiation when what is radiated is non-Abelian
and strongly coupled be similar to that seen in classical
electrodynamics? In this sense, our results come as some-
thing of a surprise to us. Second, our results in this formal
setting nevertheless open the way to a new means of
modelling jet quenching in heavy ion collisions. If we
were to add a nonzero temperature to our calculation, we
could watch the tightly collimated beam of synchrotron
radiation interact with the strongly coupled plasma that
would then be present. The beam of radiation should be
slowed down from the speed of light to the speed of sound
and should ultimately thermalize, and it would be possible
to study how the length- and time-scales for these pro-
cesses depend on the wavelength and frequency of the
beam.

We shall consider a test quark moving on a circle of
radius R0 with constant angular velocity !0. In spherical
coordinates fr; �; ’g we can take the quark’s trajectory to
be given by

r ¼ R0; � ¼ �

2
; ’ ¼ !0t: (1.1)

By a test quark we mean a test charge in the fundamental
representation of the SUðNcÞ gauge group. The total power
radiated by this test quark moving in the vacuum of N ¼
4 SYM theory in the large Nc and strong coupling limit has
been computed previously by Mikhailov in Ref. [7], who
finds

P ¼
ffiffiffiffi
�

p
2�

a2; (1.2)

where a is the quark’s proper acceleration, given by

a ¼ �2v!0; (1.3)

where the quark has speed

v ¼ R0!0 (1.4)

and where

� � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p (1.5)

is the standard Lorentz factor. Mikhailov observed that
upon making the substitution

ffiffiffiffi
�

p $ e2

3
; (1.6)

the result (1.2) becomes identical to the Larmor result in

classical electrodynamics. Furthermore, Mikhailov
showed that the power radiated by a test quark moving
along an arbitrary trajectory is identical to what Liénard
calculated in 1898 [8]—see [1] for a textbook treatment—
upon making the substitution (1.6). We shall go beyond
Mikhailov’s result by computing the distribution in space
and time of the power radiated by the quark in circular
motion. We shall not attempt Mikhailov’s generalization to
an arbitrary trajectory.
Before leaping to the conclusion that Mikhailov’s result

suggests that the N ¼ 4 SYM synchrotron radiation pat-
tern will be similar to that in classical electrodynamics,
consider the results in the literature that push one’s intu-
ition in the opposite direction. One interesting study related
to zero temperature radiation was performed in Ref. [9],
where decays of off-shell bosons in strongly coupled holo-
graphic conformal field theories were analyzed. (One can
think of the off-shell boson as the virtual photon produced
in electron-positron annihilation, with that photon coupling
to matter in a strongly coupled conformal field theory
instead of to quarks in QCD.) It was shown in Ref. [9]
that there is no correlation between the boson’s spin and
the angular distribution of power radiated through the
sphere at infinity. In other words, if one prepares a state
containing an off-shell boson with definite spin, in the rest
frame of the boson the event-averaged angular distribution
of power at infinity will always be isotropic. This stands in
stark contrast to similar weak coupling calculations in
QCD, where the boson’s spin imprints a distinct ‘‘antenna’’
pattern in the distribution of power at infinity [10–12].
Similar behavior regarding the isotropization of radiation
at strong coupling was also reported in Refs. [13,14]. A
natural question to ask when considering the results of
Ref. [9] is where does the isotropization of radiation
come from? Is isotropization a characteristic of the par-
ticular initial states studied in Ref. [9] or is it a natural
process which happens during the propagation of strongly
coupled radiation? Indeed, it has been suggested in
Ref. [13] that the mechanism responsible for the isotrop-
ization is that parton branching is not suppressed at strong
coupling and, correspondingly, successive branchings can
scramble any initially preferred direction in the radiation as
it propagates out to spatial infinity. Regardless of mecha-
nism, these calculations provide an example in which the
pattern of radiation is very different in the strongly coupled
N ¼ 4 SYM theory to that in weakly coupled QCD or
QED. If the intuition about the emission and propagation
of radiation derived from these calculations applies to
radiation from an accelerated test charge, then, we should
expect that in our strongly coupled non-Abelian theory this
radiation should isotropize and ‘‘branch,’’ populating lon-
ger and longer wavelength modes as it propagates. We find
nothing like this. The straightforward guess based upon
Mikhailov’s result—namely, that synchrotron radiation in
strongly coupledN ¼ 4 SYM theory should look like that
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in classical electrodynamics—turns out to be close to
correct.

We shall analyze the angular distribution of power radi-
ated by a rotating quark in N ¼ 4 SYM theory at both
weak and strong coupling. Our weak coupling results are
valid only in this theory. At strong coupling, we obtain an
analytic expression for the energy density which is valid at
all distances from the quark and for all holographic con-
formal field theories. At weak coupling our analysis re-
duces to that of synchrotron radiation in classical
electrodynamics with an additional contribution coming
from a scalar field [15]. At strong coupling gauge/gravity
duality maps the problem onto that of the linear gravita-
tional response due to the presence of a string.

Figure 1 shows a cartoon of the classical five-
dimensional dual gravitational description. The five-
dimensional geometry of AdS5, which is the arena where
the dual gravitational dynamics takes place, has a four-
dimensional boundary whose geometry is that of ordinary
Minkowski space. Ending at the boundary is a classical
string whose endpoint follows a trajectory that corresponds
to the trajectory of the quark in the dual field theory. The
condition that the endpoint rotates about a specific
(Minkowski space) axis results in the entire string rotating
about the same axis with the string coiling around on itself

over and over. In turn, the rotating motion of the string
creates gravitational radiation which propagates up to the
boundary of the geometry. Just like electromagnetic fields
induce surface currents on conductors, the gravitational
disturbance near the boundary induces a four-dimensional
stress tensor on the boundary [16,17]. As shown in Fig. 1,
the induced four-dimensional stress tensor inherits the
coiled structure of the rotating string. Via the standard
gauge/gravity dictionary [2,18], the induced four-
dimensional stress tensor is the expectation value of the
stress tensor in the dual quantum field theory. So, by doing
a classical gravitational calculation in five dimensions
(which happens to be somewhat analogous to a classical
electromagnetic calculation) we can compute the pattern of
radiation in the boundary quantum field theory, including
all quantum effects and working in a strong coupling
regime in which quantum effects can be expected to
dominate.
At both weak and strong coupling we find that the

radiation pattern at infinity qualitatively resembles that of
synchrotron radiation in classical electrodynamics. And, at
both weak and strong coupling, for the case of relativistic
circular motion we find the characteristic pattern of a
lighthouse-like beam propagating out to infinity without
broadening. As stated above, at weak coupling the differ-
ence between our results and those of classical electro-
dynamics simply amount to the presence of an additional
contribution coming from a scalar field. At strong coupling
both the total power and the angular distribution of power
are found to differ somewhat from that obtained by extrap-
olating the weak coupling result to strong coupling.
Interestingly, though, the angular distribution of power at
strong coupling can be written as the sum of the angular
distributions of power coming from vector and scalar
modes at weak coupling with 2:1 relative strengths,
whereas at weak coupling this ratio is 4:1. As the radiation
is far from isotropic at infinity, this problem provides a
concrete example demonstrating that radiation need not
isotropize in a non-Abelian gauge theory at strong cou-
pling. And, the width of the outgoing pulse of radiation
does not broaden as the pulse propagates outward, meaning
that as it propagates out to infinity the radiation remains at
the (short) wavelengths and (high) frequencies at which it
was emitted.
We close this introduction with a look ahead at extend-

ing this calculation to nonzero temperature T. The authors
of Ref. [19] have shown that the power that it takes to move
the quark in a circle is given by the vacuum result (1.2)
even for a test quark moving through the strongly coupled
plasma present at T � 0 as long as

!2
0�

3 � �2T2: (1.7)

In the opposite regime, where !2
0�

3 � �2T2, the power it

takes to move the quark in a circle through the plasma is
the same as it would be to move the quark in a straight line

FIG. 1 (color online). A cartoon of the gravitational descrip-
tion of synchrotron radiation at strong coupling. The arena where
the gravitational dynamics takes place is the five-dimensional
geometry of AdS5. A string resides in the geometry and an
endpoint of the string is attached to the four-dimensional bound-
ary of AdS5, which is where the dual quantum field theory lives.
The trajectory of the endpoint of the string corresponds to the
trajectory of the dual quark. Demanding that the endpoint rotates
results in the string rotating and coiling around on itself as it
extends in the AdS5 radial direction. The presence of the string
in turn perturbs the geometry and the near-boundary perturbation
in the geometry induces a four-dimensional stress tensor on the
boundary. The induced stress has the interpretation as the ex-
pectation value of the stress tensor in the dual quantum field
theory.
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with speed v. This power has been computed using gauge/
gravity duality in Refs. [20,21], and corresponds to pushing
the quark against a drag force. The analogue of our calcu-
lation—namely following where the dissipated or ‘‘radi-
ated’’ power goes—was done, again using gauge/gravity
duality, in Refs. [22–25]. There, it was demonstrated that
the test quark plowing through the strongly coupled plasma
in a straight line excites hydrodynamic modes of the
plasma, trailing a diffusion wake and—if the motion is
supersonic—creating a Mach cone. It is a generic feature
of a nonzero temperature plasma, at weak coupling or at
strong coupling, that any power dumped into it in some
localized fashion must eventually take the form of hydro-
dynamic excitations [25]. These considerations and our
results motivate the extension of the present calculation
to nonzero temperature, in particular, in the regime (1.7).
At these high velocities or low temperatures, we know that
(1.2) is satisfied and, given our experience at zero tem-
perature in this paper, we therefore expect that at length
scales that are small compared to 1=T the rotating quark
radiates a narrow beam of synchrotron radiation, even at
strong coupling. If (1.7) is satisfied, the wavelengths char-
acterizing the pulse of radiation heading outward into the
plasma are much shorter than 1=T. But, we also know on
general grounds that this narrow pulse of beamed radiation
must first reach local thermal equilibrium, likely convert-
ing into an outgoing hydrodynamic wave moving at the
speed of sound, and must then ultimately dissipate and
thermalize completely. Watching these processes occur
may give insight into jet quenching in the strongly coupled
quark-gluon plasma of QCD.

The outline of the rest of our paper is simple: we do the
weak coupling calculation in Sec. II and use gauge/gravity
duality to do the strong coupling calculation in Sec. III. In
Sec. IV, we discuss the results and conclude.

II. WEAK COUPLING CALCULATION

In the limit of weak coupling, the radiation produced by
an accelerated test charge can be analyzed using classical
field theory. For example, for the case of an electron under-
going synchrotron motion in QED, the appropriate classi-
cal effective description is simply that of classical
electrodynamics. For the case of a test quark (specifically,
an infinitely massive particle from the N ¼ 2 hypermul-
tiplet that is in the fundamental representation of the
SUðNcÞ gauge group) moving through the vacuum of
N ¼ 4 SYM theory, more fields can be excited and the
appropriate effective classical description is more compli-
cated. The Lagrangian for this theory can be found, for
example, in Ref. [26]. As can readily be verified by in-
specting the field theory Lagrangian, in the limit of asymp-
totically weak coupling and large test quark mass the fields
that can be excited by the test quark are the non-Abelian
gauge field and an adjoint representation scalar field.
Interactions with all other fields are either suppressed by

an inverse power of the quark mass or a positive power of
the ‘t Hooft coupling �. Moreover, in the limit of asymp-
totically weak coupling the gauge and scalar fields satisfy
decoupled linear equations of motion.
Following Ref. [15], instead of dealing with N2

c de-
coupled components of the gauge field and N2

c decoupled
components of the adjoint scalar field, we consider the case
of a single Uð1Þ gauge field and a single real scalar field
with appropriate effective couplings tailored to compen-
sate for the fact that the actual theory contains adjoint
representation fields. The effective couplings can be deter-
mined by computing the vector and scalar contributions to
the Coulomb field of a quark in the effective description
and matching onto the full theory. In the large Nc limit the
classical effective Lagrangian reads [15]

L classical ¼ �1
4F��F

�� � J � A� 1
2ð@�Þ2 � 	�; (2.1)

where F�� is the field strength corresponding to the Uð1Þ
gauge field A�, � is the scalar field, and the sources
corresponding to the test quark are given by

	 ¼ eeff
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p

3ðr� rquarkÞ; (2.2)

J� ¼ eeff
dr

�
quark

dt

3ðr� rquarkÞ; (2.3)

with r�quark the trajectory of the test quark, v ¼ _r2quark the

velocity of the test quark, and where it turns out that both
effective couplings take on the same value

e2eff ¼ g2
N2

c � 1

2Nc

’ 1

2
�: (2.4)

In classical electrodynamics, 	 ¼ 0 and, in the source for
the vector field J�, eeff is just e. We shall take the trajectory
of the test quark to be (1.1) throughout.

A. Solutions to the equations of motion and the angular
distribution of power

Comprehensive analyses of the radiation coming from
the gauge field can be found in classical electrodynamics
textbooks (see for example [1]). However, because the case
of scalar radiation is less well known and also for the sake
of completeness, we present a brief analysis of the radia-
tion for both fields. We shall linger in our discussion on
those aspects which will also be of value in the analysis of
our strong coupling results.
Choosing the Lorentz gauge @ � A ¼ 0, the equations of

motion for the fields read

� @2A� ¼ J�; �@2� ¼ 	: (2.5)

These equations are solved by
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A�ðt; rÞ ¼
Z

d4r0Gðt� t0; r� r0ÞJ�ðt0; r0Þ; (2.6a)

�ðt; rÞ ¼
Z

d4r0Gðt� t0; r� r0Þ	ðt0; r0Þ; (2.6b)

where

Gðt� t0; r� r0Þ ¼ �ðt� t0Þ
4�jr� r0j
ðt� t0 � jr� r0jÞ (2.7)

is the retarded Green’s function of �@2, and ðt0; r0Þ is the
point of emission. After using delta functions to carry out
the r0� integrations, we arrive at the expressions

A� ¼ eeff
4�r

1

�ðt0; rÞ
dr�quark

dt0

��������t0¼tret

; (2.8a)

� ¼ eeff
4�r

1

�ðt0; rÞ
1

�

��������t0¼tret

; (2.8b)

where

�ðt0; rÞ � jr� rquarkðt0Þj � r � _rquarkðt0Þ
r

; (2.9)

� ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p
, r ¼ jrj, and the retarded time tret is the

solution to

t� tret � jr� rquarkðtretÞj ¼ 0: (2.10)

(t� tret) is the light travel time between rquarkðtretÞ and r.

Because the motion of the quark is periodic, rquarkðtretÞ is a
periodic function of its argument with period 2�=!0.
Equation (2.10) then implies that if t is shifted by
2�=!0, tret shifts by the same amount so that (t� tret) is
left unchanged. Because the motion of the quark is circular,
Eq. (2.10) also implies that a change in the position of the
quark corresponding to a shift in its azimuthal angle by 
’
is equivalent to a shift in both t and tret by 
’=!0.

We now describe the qualitative behavior of the solu-
tions (2.8). Figure 2 shows a pictorial representation of the
solutions (2.8). As the quark moves along its circular
trajectory, it emits radiation in the direction of its velocity
in a narrow cone of angular width �. From the solutions
(2.8) it can be shown that in the large � limit � scales like
�� 1=� for both the scalar and vector radiation. The cone
of radiation emitted at each time propagates outwards at
the speed of light. At any one moment in time, the radiation
emitted at all times in the past forms a spiral, as illustrated
by the red spiral sketched in Fig. 2. Clearly, the radial width
� of the spiral must go to zero as � ! 0, namely, as � !
1. As we illustrate in Fig. 3, in the large � limit the radial
width scales like �� 1=�3. To understand the scaling of
�, consider an observer at the point p in Fig. 3. As the
quark moves along its trajectory, an observer at pwill see a
short pulse of radiation of duration �t� R0�=v. The
leading edge of the pulse will be emitted by the quark at
time t1 and the trailing edge will be emitted at time t2 ¼
t1 þ R0�=v. At time t2 the radiation emitted at t1 will have

traveled a distance R0�=v toward p. Moreover, the chordal
distance between the two emission points is approximately
R0� when � is small. It therefore follows that the spatial
thickness � of the pulse observed at p scales like

�� ðR0�=v� R0�Þ � R0�=�
2 � R0=�

3: (2.11)

We note that the fact that � and � scale with different
powers of � is a consequence of the fact that the radiation
is emitted in the direction of the quark’s velocity. If the

FIG. 2 (color online). A sketch of the solutions (2.8). As the
quark moves along its circular trajectory, it emits radiation in a
narrow cone of angular width �� 1=� in the direction of its
velocity vector. The diagram is a snapshot at the time when the
quark is at the top of the circle. The thick solid curve shows
where the radiation emitted at earlier times is located at the time
of the snapshot. The width � of the spiral scales like �� 1=�3,
as explained in Fig. 3.

FIG. 3 (color online). A close-up illustration of the emission of
radiation at 2 times t1 and t2. The radiation is emitted in the
direction of the quark’s velocity vector, within a cone of angular
width �. An observer at the point p is illuminated by a pulse of
radiation of duration �t� R0� and of spatial thickness �. The
leading edge of the pulse observed at p is emitted at t1 and the
trailing edge observed at p is emitted at t2. At time t2 the
radiation emitted at t1, denoted by the solid curve directly above
the point t2, has traveled a distance R0�=v toward p. The
chordal distance between the two emission points is R0� in
the � ! 0 limit. The width � is therefore � ¼ R0�ð1=v� 1Þ.
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radiation were emitted in any other direction, � and �
would have the same � scaling. Because we will reuse
these arguments in the analysis of our strong coupling
results, it is important to note that they are purely geomet-
rical, relying only on the fact that the radiation travels at
the speed of light and the fact that the outward going pulse
of radiation propagates without broadening, maintaining
the spiral shape whose origin we have illustrated.

In addition to determining how the pulse widths � and�
are related, these geometrical considerations in fact specify
the location of the spiral of radiation precisely. For a quark
moving in a circle of radius R0 in the ðx; yÞ plane, at the
time at which the quark is located at ðx; yÞ ¼ ðR0; 0Þ the
spiral of energy density radiated at all times in the past is
centered on a curve in the z ¼ 0 plane specified by

x ¼ R0

�
cos	þ 	

v
sin	

�
;

y ¼ R0

�
� sin	þ 	

v
cos	

�
;

(2.12)

where 	 is a parameter running from 0 to1. At large r, this
spiral can equivalently be written

’ðr; tÞ ¼ �

2
þ!0t� rv

R0

þOð1=rÞ (2.13)

in spherical coordinates, where we have also added the t
dependence.

Recall that the � scaling of � depended on the fact that
the radiation is emitted tangentially, in the direction of the
velocity vector of the quark. The same is true for the shape
of the spiral. For example, if we repeat the geometrical
analysis for a hypothetical case in which the quark emits a
narrow cone of radiation in the r̂ direction, perpendicular to
its direction of motion, the energy density would be cen-
tered on a different spiral specified by

x ¼ R0

�
1þ 	

v

�
cos	; y ¼ �R0

�
1þ 	

v

�
sin	:

(2.14)

This spiral, including its t dependence, is given in spherical
coordinates by

’ðr; tÞ ¼ vþ!0t� rv

R0

; (2.15)

which differs from the correct spiral of Eqs. (2.12) and
(2.13) by a phase shift at large r. If the quark emits
radiation perpendicular to its direction of motion, a distant
point p would be illuminated by light emitted when the
quark was at the closest point on its circle to p, whereas for
the correct spiral (2.12) the light seen at p was emitted one
quarter of a period earlier but had travelled R0 farther,
leading to the phase shift of (� �=2þ v). In the near
zone, (2.14) differs from the correct spiral (2.12) in shape,
not just by a phase shift.

In Sec. IV, we shall compare our results at strong cou-
pling to those we have obtained in this section via geomet-
rical arguments built upon the fact that the outward going
pulse of radiation propagates without spreading.
We now analyze the far-zone behavior of the fields and

compute the time-averaged angular distribution of power.
In particular, we wish to compute the angular distribution
of power radiated through the sphere at r ¼ 1 averaged
over one cycle of the quark’s motion. Denoting the energy
flux by S, the time-averaged angular distribution of power
is given by

dP

d�
¼ !0

2�
lim
r!1r

2
Z 2�=!0

0
dtret

@t

@tret
r̂ � S; (2.16)

where, from Eqs. (2.10) and (2.9),

@t

@tret
¼ r�

t� tret
: (2.17)

[Technically, the integration in Eq. (2.16) should run from
tret ¼ c to tret ¼ cþ 2�=!0 where c��r. This is simply
because in the far-zone limit the retarded time always
scales like tret ��r. However, as the motion of the quark
is periodic one can always shift the integration variable so
that the integration runs from 0 to 2�=!0.]
For the simple case of scalar or electromagnetic fields,

the computation of the energy flux directly from the fields
is relatively simple. However, in the gravitational setting
discussed below, the computation of the energy flux re-
quires solving three differential equations whereas the
computation of the energy density requires only solving
one. Therefore, if possible, it is useful to extract the angular
distribution of power from the energy density alone.
For a conformal theory at zero temperature the far-zone

energy density and flux associated with a localized source
must take the form

E ðt; rÞ ¼ "ðtret; �; ’Þ
r2

; Sðt; rÞ ¼ sðtret; �; ’Þ
r2

r̂;

(2.18)

up to Oð1=r3Þ corrections. Moreover, using the continuity
equation and the fact that @tret=@t ¼ �@tret=@r in the far
zone, it is easy to see that we must have " ¼ s. In terms of
", the time-averaged angular distribution of power reads

dP

d�
¼ !0

2�

Z 2�=!0

0
dtret

@t

@tret
": (2.19)

We see from Eq. (2.19) that we can extract the angular
distribution of the radiated power at infinity by analyzing
the asymptotic behavior of the energy density.
The energy density associated with the vector field is

Evector ¼ 1
2 ðE2 þ B2Þ where E and B are the electric and

magnetic fields. The energy density associated with the
scalar is Escalar ¼ 1

2 ðr�Þ2. Evaluating these quantities for

the solutions (2.8) in the r ! 1 limit yields
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Evector ¼ e2effv
2!2

0

32�2r2�6
½3þ 2v2 þ ð1� 2v2Þ cos2�

� 8v sin� sinð’�!0tretÞ
� 2sin2� cosð2ð’�!0tretÞÞ�; (2.20a)

Escalar ¼ e2effv
2!2

0

32�2�2r2�6
sin2�cos2ð’�!0tretÞ; (2.20b)

up to subleading corrections proportional to 1=r3, where
we have defined

� � 1� v sin� sinð’�!0tretÞ; (2.21)

which is the r ! 1 limit of �:

� ¼ �þOð1=rÞ: (2.22)

Note that the energy densities (2.20) are proportional to
1=�6 and therefore have maxima in the � ¼ �=2 plane
where � has minima; at large r, these occur on the spiral
(2.13).

Noting from (2.10) that ðt� tretÞ � r in the r ! 1 limit,
we see from (2.17) and (2.22) that @t=@tret ¼ � in the r !
1 limit. We can now evaluate the expression (2.19) for the
time-averaged angular distribution of power, yielding

dPvector

d�
¼ v2�3!2

0e
2
eff

128�2

� ð7�2 � 3Þsin4�þ 3�4sin2ð2�Þ þ 8�4cos4�

ð�2cos2�þ sin2�Þ7=2 ;

(2.23a)

dPscalar

d�
¼ v2�3!2

0e
2
eff

512�2

sin2�½9�2 � 1� v2�2 cosð2�Þ�
ð�2cos2�þ sin2�Þ7=2 :

(2.23b)

Equations (2.23) show that the power radiated in vectors
and in scalars are both focused about � ¼ �=2 with a
characteristic angular width 
� / 1=�. We shall plot the
sum dPvector=d�þ dPscalar=d� in Sec. IV, where we com-
pare this weak coupling result to that obtained at strong
coupling.

Integrating Eqs. (2.23) over all solid angles we find the
power radiated in vectors and scalars

Pvector ¼ 2

3

e2eff
4�

a2; (2.24a)

Pscalar ¼ 1

6

e2eff
4�

a2; (2.24b)

where a ¼ v!0=ð1� v2Þ is the proper acceleration of the
test quark. With eeff ¼ e, Eq. (2.24a) becomes the well-
known Larmor formula for the power radiated by an accel-
erated charge in classical electrodynamics. Evidently, at
weak coupling 4 times as much energy is radiated into the
vector mode as the scalar mode. We now see that

Mikhailov’s strong coupling result (1.2) is equivalent to
the result for weakly coupled N ¼ 4 SYM theory upon
making the substitution

ffiffiffiffi
�

p $ 5
12e

2
eff ; (2.25)

with the difference between this result and (1.6)—which
was obtained by comparing the strong coupling N ¼ 4
SYM result to classical electrodynamics—coming from
the fact that in weakly coupled N ¼ 4 SYM theory the
rotating test quark radiates scalars as well as vectors.

III. GRAVITATIONAL DESCRIPTION AND
STRONG COUPLING CALCULATION

Gauge/gravity duality [2] provides a description of the
(strongly coupled; quantum mechanical) vacuum of N ¼
4 SYM theory in Nc ! 1 and � ! 1 limit in terms of
classical gravity in the AdS5 � S5 spacetime. As we dis-
cussed in Sec. I, generalizing from N ¼ 4 SYM to any
other conformal quantum field theory that has a classical
gravity dual involves replacing the S5 by some other com-
pact five-dimensional space. In what follows, we shall
never need to specify this five-dimensional space, meaning
that all our strong coupling results will be valid for any
large-Nc conformal field theories with gravitational duals.
The metric of the AdS5 spacetime is

ds2 ¼ L2

u2

�
�fdt2 þ dr2 þ du2

f

�
; (3.1)

where L is the AdS5 curvature radius, u is the (inverse)
AdS5 radial coordinate with the boundary at u ¼ 0, and
f ¼ 1. (We have kept the factor of f in the metric in order
to generalize some of our calculations to nonzero tempera-
ture, where

f ¼ 1� u4

u4h
; (3.2)

with uh ¼ 1=ð�TÞ and T the temperature of the field
theory state.) A single test quark in the fundamental rep-
resentation in the field theory corresponds in the gravita-
tional description to an open string with one endpoint
attached to the boundary at u ¼ 0. Taking the Nc ! 1
and � ! 1 limits eliminates fluctuations of the string and
makes the probability for loops to break off the string
vanish. Upon taking these limits, the string is therefore a
classical object. The presence of the classical string hang-
ing ‘‘down’’ into the five-dimensional bulk geometry per-
turbs that geometry via Einstein’s equations, and the
behavior of the metric perturbation near the boundary
encodes the change in the boundary stress tensor. This is
illustrated in Fig. 1, and in this section we shall turn this
cartoon into calculation.
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A. The rotating string

We begin by describing the rotating string. The metric
perturbations that this string creates are small in the large
Nc limit, small enough that we can neglect their back
reaction on the shape of the string itself. We can therefore
begin by finding the shape of the rotating string in AdS5, in
the absence of any metric perturbations. The dynamics of
classical strings are governed by the Nambu-Goto action

SNG ¼ �T0

Z
d�d

ffiffiffiffiffiffiffi�g
p

; (3.3)

where T0 ¼
ffiffiffiffi
�

p
=2�L2 is the string tension, and � are the

coordinates on the world sheet of the string, and g ¼
detgab where gab is the induced world sheet metric. The
string profile is determined by a set of embedding functions
XMð�; Þ that specify where in the spacetime described by
the metric GMN the point ð�; Þ on the string world sheet is
located. The induced world sheet metric is given in terms
of these functions by

gab ¼ @aX � @bX; (3.4)

where a and b each run over ð�; Þ. For the determinant we
obtain

� g ¼ ð@�X � @XÞ2 � ð@�XÞ2ð@XÞ2: (3.5)

We choose world sheet coordinates � ¼ t and ¼ u. As
we are interested in quarks which rotate at constant fre-
quency !0 about the ẑ axis, we parametrize the string
embedding functions via

XMðt; uÞ ¼ ðt; rsðt; uÞ; uÞ; (3.6)

where in spherical coordinates fr; �; ’g the three-vector rs
is given by

r sðt; uÞ �
�
RðuÞ; �

2
; �ðuÞ þ!0t

�
: (3.7)

The function�ðuÞ describes how the purple string in Fig. 1
winds in azimuthal angle as a function of ‘‘depth’’ in the
AdS5 radial direction, whose coordinate is u. The function
RðuÞ describes how the string in Fig. 1 spreads outward as a
function of depth. Because we are describing a situation in
which the test quark at the boundary has been rotating on
its circle for all time, the purple string in Fig. 1 is rotating at
all depths with the same angular frequency !0, meaning
that the two functions RðuÞ and�ðuÞ in the parametrization
(3.7) fully specify the shape of the rotating string at all
times. With this parameterization, the Nambu-Goto action
reads

SNG ¼ �
ffiffiffiffi
�

p
2�

Z
dtduL; (3.8)

where

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�!2

0R
2Þð1þ R02Þ þ R2�02

q
u2

: (3.9)

To determine the shape of the string in Fig. 1, we must
extremize (3.8).
The equations of motion for �ðuÞ and RðuÞ follow from

extremizing the Nambu-Goto action (3.8). One constant of
motion can be obtained by noting that the action is inde-
pendent of �ðuÞ. This implies that

� � � @L
@�0 (3.10)

is constant. Here and throughout, by 0 we mean @=@u. The
minus sign on the right-hand side of (3.10) is there in order
to make � positive for positive !0. In terms of �, the
equation of motion for �0ðuÞ reads

�02 ¼ u4�2ð1�!2
0R

2Þð1þ R02Þ
R2ðR2 � u4�2Þ : (3.11)

The equation of motion for RðuÞ is given by

@L
@R

� @

@u

@L
@R0 ¼ 0: (3.12)

Taking the above partial derivatives of L and then elimi-
nating� derivatives via Eq. (3.11), we obtain the following
equation of motion:

R00 þ Rðuþ 2RR0Þð1þ R02Þ
uðu4�2 � R2Þ þ 1þ R02

Rð1�!2
0R

2Þ ¼ 0:

(3.13)

As a second order differential equation, one might ex-
pect that Eq. (3.13) requires two initial conditions for the
specification of a unique solution. However, it was shown
in Ref. [19] that this is not the case—together, Eqs. (3.11)
and (3.13) imply that all required initial data for (3.13) is
fixed in terms of � and !0. To see how this comes about
note that Eq. (3.13) is singular when 1�!2

0R
2 ¼ 0 or

when R2 � u4�2 ¼ 0. In order to maintain the positivity
of the right-hand side of Eq. (3.11), 1�!2

0R
2 and R2 �

u4�2 must vanish at the same point. This happens where

u ¼ uc � 1ffiffiffiffiffiffiffiffiffiffiffi
�!0

p ; R ¼ Rc � 1

!0

: (3.14)

We can then solve (3.13) in the vicinity of u ¼ uc by
expanding RðuÞ as

ATHANASIOU et al. PHYSICAL REVIEW D 81, 126001 (2010)

126001-8



RðuÞ ¼ Rc þ R0
cðu� ucÞ þ 1

2R
00
c ðu� ucÞ2 þ . . . ; (3.15)

where RðnÞ
c � @nuRju¼uc . The second and third terms in

(3.13) are divergent at u ¼ uc while the R00 term is finite
there. This means that when we substitute (3.15) into (3.13)
and collect powers of (u� uc), we obtain an equation for
R0
c that does not involve R

00
c , meaning that the equation of

motion itself determines R0
c. A short calculation yields

R0
c ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!0

�
þ 4

r
�

ffiffiffiffiffiffi
!0

�

r �
: (3.16)

Therefore, both Rc and R
0
c are determined by!0 and� and

consequently, for given!0 and� there is only one solution
to Eq. (3.13). From the perspective of the boundary field
theory this had to happen: for a given angular frequency
!0, the radiation produced by the rotating quark can only
depend on the radius R0 of the quark’s trajectory (which as
we will see below can be related to �).

With the above point in mind, the unique solution to
Eq. (3.13) is given by2

RðuÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�2u2 þ R2

0

q
; (3.17)

where v ¼ R0!0 is the velocity of the quark and � ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p
. The velocity of the quark is related to � via

� ¼ v2�4!0: (3.18)

With RðuÞ given by (3.17), it is easy to integrate Eq. (3.11).
Taking the negative root of Eq. (3.11) so that the string
trails its u ¼ 0 endpoint, we find

�ðuÞ ¼ �u�!0 þ arctanðu�!0Þ (3.19)

and thus

’ðt; uÞ ¼ !0ðt� �uÞ þ arctanðu�!0Þ: (3.20)

We thus have an analytic description of the shape of the
rotating string.

We can obtain the profile of the rotating string projected
onto the plane at the boundary by using (3.17) to eliminate
u from (3.20), yielding

’ðt; rÞ ¼ !0t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

R2
0

� 1

s
þ arctan

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

R2
0

� 1

s �
: (3.21)

In the limit of r � R0, we have

’ðt; rÞ ¼ !0tþ �

2
� r

R0

þOð1=rÞ: (3.22)

Equation (3.22) describes a spiral whose neighboring
circles (at fixed t) are separated by 2�R0. Note that the
curve (3.22) is the same spiral as (2.13) when the velocity
of the quark v ! 1. Indeed, it can also be shown that at all
radii (3.21) is the same spiral as (2.12) with v ¼ 1. We
conclude that for v ! 1 the rotating string hanging down
into the AdS5 geometry is lined up precisely below the
spiral in the boundary energy density in the limit of weak
coupling and, as we shall see below, in the limit of strong
coupling.3 At velocities less than 1, the shape of the rotat-
ing string is not related to the shape of the spiral of energy
density, at least not directly by projection. This is perhaps
not surprising, as it is only in the v ! 1 limit that the
widths (in radius, azimuthal angle, and polar angle) of the
spiral of radiation emitted by the rotating quark all go to
zero and the radiation becomes localized on the spiral
(2.12). For v < 1, the spiral of radiation is broadened and
its location as a one-dimensional curve is no longer
uniquely defined. In the v ! 1 limit, however, the spiral
of radiation and the spiral of the string in the bulk are both
one-dimensional curves, and there must be some relation
between these curves—a relation that turns out to be
simple projection.
The shape of the rotating string determines the total

power radiated, as we now explain. The string has an
energy density �0

0 and energy flux �1
0, where

�a
M � 
SNG


ð@aXMÞ ; (3.23)

with SNG given in (3.3), which satisfy

@t�
0
0 þ @u�

1
0 ¼ 0: (3.24)

This is simply the statement of energy conservation on the
string world sheet. The energy flux down the rotating string
is given by

� �1
0 ¼

ffiffiffiffi
�

p
2�

!0� ¼
ffiffiffiffi
�

p
2�

1

u2c
¼

ffiffiffiffi
�

p
2�

a2; (3.25)

where we have used (3.18) and where a ¼ v!0�
2 is the

proper acceleration of the test quark, and where the minus
sign comes from our choice of parametrization of the world
sheet with a coordinate u that increases downward, away
from the boundary. The energy flux down the string is the

2One way to derive the solution (3.17) is simply to solve
Eq. (3.13) with the series expansion (3.16) and recognize the
resulting series as that of (3.17).

3This identification suggests interesting possibilities at non-
zero temperature. Whereas at T ¼ 0 the rotating string has a
profile RðuÞ such that it extends out to infinite r, when T � 0 the
rotating string only extends out to some finite maximum radius
rmax that depends on !0 and v [19]. The fact that at zero
temperature we can identify the spiral of the rotating string
with the spiral of energy density in the boundary quantum field
theory suggests that, at least at v ! 1, the maximum radius out
to which the rotating string reaches may be some length scale
related to how far the beam of synchrotron radiation can travel
through the hot strongly coupled plasma before it thermalizes.
Interestingly, if one takes the v ! 1 at fixed R0, one finds
rmax ! 1 [19].
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energy that must be supplied by the external agent which
moves the test quark in a circle; by energy conservation,
therefore, it is the same as the total power radiated by the
quark.4 Thus far, we have reproduced Mikhailov’s result
(1.2) via a calculation along the lines of Ref. [19]—but
with the advantage that we have been able to find analytic
expressions for RðuÞ and �ðuÞ, which will be a significant
help below.

We close this subsection by commenting on an aspect of
the physics of the rotating string that we shall not pursue in
detail. As pointed out earlier, there is a special value of u,
u ¼ uc where we should specify the initial condition
needed to solve the equations of motion that determine
the shape of the rotating string. uc has a more physical
interpretation: it is the depth at which the local velocity of
the rotating string,!0RðucÞ, becomes equal to the speed of
light in the five-dimensional spacetime. This has a simple
interpretation from the point of view of the string world
sheet. It can be verified that the induced metric on the string
world sheet gab has an event horizon at u ¼ uc. Thus
disturbances on the string become causally disconnected
across uc. [This suggests that in the boundary field theory
the regime r � RðucÞ ¼ R0=v can be thought of as the far
field region, while r & R0=v can be thought of as the near
field region.] Even though the AdS5 spacetime with metric
GMN has zero temperature, the world sheet metric is that of
a (1þ 1)-dimensional Schwarzschild black hole whose
horizon is at u ¼ uc and whose Hawking temperature is
given by

Tws ¼ 1

2��uc
¼ 1

�
TUnruh; (3.29)

where TUnruh ¼ a
2� is the Unruh temperature for an accel-

erated particle with proper acceleration a. As it radiates,
the rotating test quark should experience small kicks which

would lead to Brownian motion in coordinate space if the
quark had finite mass. At strong coupling such fluctuations
can be found from small fluctuations of the world sheet
fields XMðt; uÞ in the world sheet black hole geometry. The
thermal nature of the world sheet metric indicates that such
Brownian motion can be described as if due to the presence
of a thermal medium with a temperature given by (3.29).

B. Gravitational perturbation setup

In the limit Nc ! 1, the five-dimensional gravitational
constant is parametrically small and consequently the
presence of the string acts as a small perturbation on the
geometry. To obtain leading order results in 1=Nc we write
the full metric as

GMN ¼ Gð0Þ
MN þ hMN; (3.30)

where Gð0Þ
MN is the unperturbed metric (3.1), and linearize

the resulting Einstein equations in the perturbation hMN.
This results in the linearized equation of motion

�D2hMN þ 2DPDðMhNÞP �DMDNhþ 8

L2
hMN

þ
�
D2h�DPDQhPQ � 4

L2
h

�
Gð0Þ

MN ¼ 2�2
5tMN; (3.31)

where h � hMM, DM is the covariant derivative under the
background metric (3.1), �2

5 is the five-dimensional gravi-

tational constant and tMN is the five-dimensional stress
tensor of the string. In N ¼ 4 SYM theory, �2

5 ¼
4�2L3=N2

c , but this relation would be different in other
strongly coupled conformal field theories with dual gravi-
tational descriptions. We shall see that �2

5 does not appear

in any of our results.
According to the gauge/gravity dictionary, the on-shell

gravitational action

SG ¼ 1

2�2
5

Z
d5x

ffiffiffiffiffiffiffiffi�G
p �

Rþ 12

L2

�
þ SGH (3.32)

is the generating functional for the boundary stress tensor
[17,18]. Here, G is the determinant of GMN , R is its Ricci
scalar, and SGH is the Gibbons-Hawking boundary term
[27], discussed and evaluated in the present context in
Ref. [25]. The five-dimensional metric GMN induces a
four-dimensional metric g�� on the boundary of the five-

dimensional geometry. The boundary metric is related to
the bulk metric by

g��ðxÞ � lim
u!0

u2

L2
G��ðx; uÞ: (3.33)

BecauseGMN / 1=u2, the rescaling by u2 in (3.33) yields a
boundary metric that is regular at u ¼ 0. The boundary
stress tensor is then given by [17]

T��ðxÞ ¼ 2ffiffiffiffiffiffiffi�g
p 
SG


g��ðxÞ ; (3.34)

4The energy loss rate (3.25) can also be derived from the
energy density along the string

� �0
0 ¼

ffiffiffiffi
�

p
2�

�

u2
ð1þ�!0u

2Þ; (3.26)

as follows. For u � uc, this energy density approaches the
constant

� �0
0 	

ffiffiffiffi
�

p
2�

��!0: (3.27)

Now, consider the total energy along a segment of the string
whose extent in u is 
u, which we shall denote by 
E ¼
��0

0
u. The rotating quark can be thought of as ‘‘producing
this much new string’’ in a time 
t that, from (3.20), is given by

t ¼ 
u

� . One should then identify 
E with the energy pumped
into the system during 
t. Equating 
E ¼ dE

dt 
t ¼ P
t we thus
find that

P ¼ 1

�
�0

0 ¼
ffiffiffiffi
�

p
2�

�!0: (3.28)
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with g denoting the determinant of g��. We see that in

order to compute the boundary stress tensor, one needs to
find the string profile dual to the rotating quark and com-
pute its 5d stress tensor tMN . One then solves the linearized
Einstein Eqs. (3.31) in the presence of the string source and
then extracts the boundary stress tensor from the variation
of the on-shell gravitational action, as in (3.34). The �2

5

dependence drops out because SG / 1=�2
5, while we see

from (3.31) that the perturbation to the metric is propor-
tional to �2

5.

We determined the string profile in Sec. III A. From this,
we may now compute the five-dimensional string stress
tensor, which is what we need in order to determine the
metric perturbation due to the string. In general,

tMN ¼ � T0ffiffiffiffiffiffiffiffi�G
p ffiffiffiffiffiffiffi�g

p
gab@aX

M@bX
N
3ðr� rsÞ: (3.35)

For the rotating string given by (3.6) and (3.7) with (3.17)
and (3.19), this reduces to

tMN ¼
ffiffiffiffi
�

p
2�uL

ffiffiffiffiffiffiffi�g
p 
3ðr� rsÞ

�

R02 þ R2s2�02 þ 1 R2s2!0R
0�0 0 �R2s2!0ðR02 þ 1Þ R2s2!0�

0
R2s2!0R

0�0 R02ðR2s2!2
0 � 1Þ 0 �R2s2R0�0 R0ðR2s2!2

0 � 1Þ
0 0 0 0 0

�R2s2!0ðR02 þ 1Þ �R2s2R0�0 0 R4s4ð!2
0R

02 þ!2
0 ��02Þ �R2s2�0

R2s2!0�
0 R0ðR2s2!2

0 � 1Þ 0 �R2s2�0 R2s2!2
0 � 1

0
BBBBB@

1
CCCCCA; (3.36)

where the components are in spherical coordinates, with
the rows and columns ordered ðt; r; �; ’; uÞ, and where
s � sin�.

C. Gauge invariants and the boundary energy density

Given the string stress tensor (3.36), one can solve the
linearized Einstein Eqs. (3.31). However, doing this in its
full glory is more work than is necessary. The metric
perturbation hMN contains 15 degrees of freedom which
couple to each other via the linearized Einstein equations.
This should be contrasted with the 4d boundary stress
tensor, which is traceless and conserved and thus contains
five independent degrees of freedom. Therefore, not all of
the degrees of freedom contained in hMN are physical. The
linearized Einstein equations are invariant under infinitesi-
mal coordinate transformations XM ! XM þ �M where
�M is an arbitrary infinitesimal vector field. Under such
transformations, the metric perturbation transforms as

hMN ! hMN �DM�N �DN�M; (3.37)

whereDM is the covariant derivative under the background

metric Gð0Þ
MN . The physical information contained in hMN

must be gauge invariant. This requirement restricts the
number of physical degrees of freedom in hMN to five,5

matching that of the boundary stress tensor.

Just as in electromagnetism where gauge invariant quan-
tities (e.g. electric and magnetic fields) can be constructed
from a gauge field, it is possible to construct gauge invari-
ant quantities out of linear combinations of hMN and its
derivatives. The utility of doing this lies in the fact that the
equations of motion for gauge invariants do not carry any
of the superfluous gauge variant information contained in
the full linearized Einstein equations and thus can be
simpler to work with. Indeed, as demonstrated in
Refs. [23,25,28], the equations of motion for gauge invar-
iants can be completely decoupled from each other.
As the background geometry is translationally invariant,

it is useful to introduce a four-dimensional spacetime
Fourier transform and work with mode amplitudes
hMNðu;!; qÞ. Useful gauge invariants can then be con-
structed out of linear combinations of hMNðu;!; qÞ and
its radial derivatives and classified according to their be-
havior under rotations about the q̂ axis. As hMN is a spin
two field, there exists one independent helicity zero com-
bination and a pair each of independent helicity one and
two combinations.6

For utility in future work, we shall give an expression for
the gauge invariant quantity that is valid at zero or nonzero
temperature, even though in this paper we shall only use it
at T ¼ 0. At nonzero T, the warp factor f appearing in the
metric (3.1) is given by (3.2). When we later want to
recover T ¼ 0, we will simply set f ¼ 1.

5Five degrees of freedom in hMN can be eliminated by ex-
ploiting the gauge freedom to set h5M ¼ 0 for allM, reducing the
number of degrees of freedom in hMN to ten. However, just as in
electromagnetism, this does not completely fix the gauge. There
exists a residual gauge freedom which allows one to eliminate
five more components of hMN on any u ¼ const slice.

6There exist many different helicity zero, one and two gauge
invariant combinations of hMN , but only five are independent.
Different gauge invariants of the same helicity are related to each
other by the linearized Einstein equations.
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We define HMN � u2

L2 hMN and

Z � 4f

!
qiH0

0i �
4f0

!
qiH0i � 2f0

q2
qiqjHij þ 4ifqiHi5

� ð2uq2 � f0Þ
q2

ðq2
ij � qiqjÞHij þ 4q2f

i!
H05

� 8�2
5f

i!
t05; (3.38)

where the zeroth and fifth coordinates are t and u respec-
tively and where i and j run over the three spatial coor-
dinates. The quantity Z clearly transforms as a scalar under
rotations. With some effort, one can show that Z is invari-
ant under the infinitesimal gauge transformations (3.37). Z
is therefore a suitable gauge invariant quantity for our
purposes.

The dynamics of Z are governed by the linearized
Einstein Eqs. (3.31). Using the linearized Einstein equa-
tions, it is straightforward but tedious to show that Z
satisfies the equation of motion

Z00 þ AZ0 þ BZ ¼ S; (3.39)

where

A � � 24þ 4q2u2 þ 6fþ q2u2f� 30f2

ufðu2q2 þ 6� 6fÞ ; (3.40)

B � !2

f2
þ q2u2ð14� 5f� q2u2Þ þ 18ð4� f� 3f2Þ

u2fðq2u2 þ 6� 6fÞ ;

(3.41)

S

�2
5

� 8

f
t000 þ

4ðq2u2 þ 6� 6fÞ
3uq2f

ðq2
ij � 3qiqjÞtij

þ 8i!

f
t05 þ 8u½q2ðq2u2 þ 6Þ � fð12q2 � 9f00Þ�

3f2ðq2u2 � 6fþ 6Þ t00

� 8q2u

3
t55 � 8iqiti5: (3.42)

The connection between Z and the energy density may
be found by considering the behavior of Z and HMN near
the boundary. Choosing for convenience the gauge H5M ¼
0, one can solve the linearized Einstein Eqs. (3.31) with a
power series expansion about u ¼ 0 in order to ascertain
the asymptotic behavior of the metric perturbation. Setting
the boundary value of H�� to vanish so the boundary

geometry is flat and considering sources tMN correspond-
ing to strings ending at u ¼ 0, one finds an expansion of
the form [25,29]

H��ðuÞ ¼ Hð3Þ
��u3 þHð4Þ

��u4 þ � � � : (3.43)

In the gauge H5M ¼ 0 the variation of the gravitational
action (3.34) relates the asymptotic behavior of H�� to the

perturbation in the boundary energy density via [17]

E ¼ 2L3

�2
5

Hð4Þ
00 : (3.44)

The coefficientHð4Þ
00 can in turn be related to the asymptotic

behavior of Z by substituting the expansion (3.43) into
Eq. (3.38). In doing so one finds that Z has the asymptotic
form

ZðuÞ ¼ Zð2Þu2 þ Zð3Þu3 þ � � � ; (3.45)

and that

Hð4Þ
00 ¼ � 1

16Zð3Þ: (3.46)

We therefore see that the energy density is given by

E ¼ � L3

8�2
5

Zð3Þ: (3.47)

The coefficient Zð2Þ in the expansion (3.45), which has

delta function support at the location of the quark, gives
the divergent stress of the infinitely massive test quark. It is
therefore not of interest to us. We now see explicitly that, as
we argued above, in order to obtain the energy density in
the boundary quantum field theory the only aspect of the
metric perturbation that we need to compute is Z, and
furthermore that all we need to know are the coefficients
in the expansion of Z about u ¼ 0.

D. The solution to the bulk-to-boundary problem and
the boundary energy density

Although we have defined Z at nonzero temperature,
henceforth as we determine Zwe return to T ¼ 0, meaning
f ¼ 1. At zero temperature the coefficients A and B ap-
pearing in (3.39) are given by

A ¼ � 5

u
; (3.48)

B ¼ !2 � q2 þ 9

u2
; (3.49)

and the general solution to (3.39) may be written

ZðuÞ ¼ �u3I0ðuQÞ
�Z 1

u
du0

K0ðu0QÞ
u02

Sðu0Þ þ �

�

� u3K0ðuQÞlim
�!0

�Z u

�
du0

I0ðu0QÞ
u02

Sðu0Þ þ �

�
;

(3.50)

where Q � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 �!2

p
, I0 and K0 are modified Bessel

functions, and � and � are constants of integration.
The constants of integration are fixed by requiring that

ZðuÞ satisfy appropriate boundary conditions. As I0ðuQÞ
diverges as u ! 1, regularity at u ¼ 1 requires � ¼ 0.
The constant � is fixed by the requirement that the � ! 0
limit exists (so all points on the string contribute to the
induced gravitational disturbance) and that no logarithms
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appear in the expansion of ZðuÞ near u ¼ 0. This last
condition is equivalent to the boundary condition that the
metric perturbation HMN vanish at u ¼ 0 so the boundary
geometry is flat and unperturbed. For strings which end at
u ¼ 0, we have

SðuÞ ¼ s0 þOðu2Þ; (3.51)

where

s0 ¼ 8�2
5lim
u!0

u2@u

�
t00
u2

�
¼ �8�2

5lim
u!0

t00
u
; (3.52)

where we have used the fact that t00 / u at small u.
Furthermore, the Bessel functions have the asymptotic
expansions

I0ðuQÞ ¼ 1þOðu2Þ; (3.53)

K0ðuQÞ ¼ ��E � logð12uQÞ þOðu2Þ; (3.54)

where �E is Euler’s constant. Substituting these expansions
into the second integral in (3.50), we find

Z 1

�
du0

I0ðu0QÞ
u02

Sðu0Þ ¼ s0
�
þOð1Þ: (3.55)

Therefore, in order for the � ! 0 limit to exist we must
have

� ¼ � s0
�
: (3.56)

As one may readily verify, this value of � also eliminates
all logarithms appearing in the expansion of Z near the
boundary.7

With constants of integration determined and with the
asymptotic forms (3.51), (3.52), (3.53), and (3.54), it is easy
to read off from (3.50) the asymptotic behavior of Z. In
particular, we find

Zð3Þ ¼ lim
�!0

�Z 1

�
duGðuÞSðuÞ � s0

�
1

�
þ �Gð�Þ

��
; (3.57)

where

G � �K0ðu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 �!2

0

q
Þ

u2
; (3.58)

is the bulk-to-boundary propagator.
At this point it is convenient to Fourier transform back to

real space. At zero temperature the source (3.42) Fourier
transforms to

Sðt; x; uÞ
�2
5

¼ 8u2@u

�
t00
u2

�
� 4u

3
r2ð2t00 � 2t55 þ tiiÞ

þ 4urirjtij � 8@tt05 � 8riti5; (3.59)

where sums over repeated spatial indices i and j are
implied. To take the Fourier transform of the bulk-to-
boundary propagator one must give a prescription for in-
tegrating around singularities at ! ¼ q. The relevant pre-
scription comes from causality and requires analyticity in
the upper half frequency plane. This requires sending ! !
!þ i�. With this prescription we have

G ðt; r; uÞ ¼ 1

�u2
�ðtÞ
0ð�t2 þ r2 þ u2Þ: (3.60)

We therefore have

Zð3Þðt; rÞ ¼ lim
�!0

Z
d4r0

�Z 1

�
duGðt� t0; r� r0; uÞSðt0; r0; uÞ

� �s0ðt0; r0ÞGðt0; r� r0; �Þ
�
� s0ðt; rÞ

�
: (3.61)

When we use (3.59) to express Sðt0; r0; uÞwe find that when
the du integral of the first term in (3.59) is done by parts,
the resulting boundary term cancels the �-dependent bulk-
to-boundary propagator in (3.61).
Upon assuming that the stress-energy tensor on the

boundary does not have support at ðt; rÞ, i.e. that the
observer is located away from the source, we can safely
take the � ! 0 limit and obtain for the energy density

E ðt; rÞ ¼ L3

�

Z
d4r0

Z 1

0
du�ðt� t0Þ

�
ð4ut00 � tM5r0

MW Þ

� 
00ðW Þ
u2

þ jr� r0j2ð4t00 � 4t55 þ 2tiiÞ

� 
000ðW Þ
3u

� ðtijr0
iWr0

jW Þ

000ðW Þ
2u

�
;

(3.62)

where

W � �ðt� t0Þ2 þ u2 þ jr� r0j2 (3.63)

and r0
M is the partial derivative with respect to X0M ¼

ft0; r0; ug. We see that the �2
5 factors in (3.47) and (3.59)

have cancelled, as expected. Because we have analytic
expressions for the profile of the rotating string, it turns
out that we can evaluate E explicitly, in two stages. First,
using (3.36) including its three-dimensional delta function,
and using our expressions (3.17) and (3.19) for RðuÞ and
�ðuÞ, we obtain

E ðt; xÞ ¼
ffiffiffiffi
�

p
�2

Z 1

0
du

Z t

�1
dt0½A
00ðW sÞ þB
000ðW sÞ�;

(3.64)

with

7A deformation in the boundary geometry implies that loga-
rithms will occur in the expansion of Z at order u3 and beyond.
The linearized Einstein equations relate all higher order log
coefficients to that of the u3 coefficient in a linear manner.
Therefore, if the order u3 coefficient vanishes all other coeffi-
cients vanish. As is easily seen from the asymptotic forms (3.51),
(3.52), (3.53), and (3.54), the value of � given in (3.56) ensures
the order u3 logarithm coefficient vanishes.
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A¼ �ð3þ v2�3!2
0uð�t0 þ tþ u�ÞÞ � v�!0r sin� cosc

þ v3�4!2
0ur sin� sinc ;

B¼ v4�3u2ð1� v2�4!2
0u

2Þ þ
�
v4�5!2

0u
2 þ �þ 1

3�

�
� jr� rsðt0; uÞj2
� 2v3�3!0u

2ðcosc � v2�3!0u sinc Þr sin�
� v2�ð1þ v2�4!2

0u
2Þr2sin2c sin2�

þ 2v2�2!0ur
2 cosc sinc sin2�; (3.65)

where c ¼ ’þ!0ð�u� t0Þ and
W s � �ðt� t0Þ2 þ u2 þ jr� rsðt0; uÞj2: (3.66)

Next, the integral (3.64) can be carried out via the change
of variables

� ¼ 1
2ð�uþ t0 � tÞ; � ¼ 1

2ð�u� t0 þ tÞ: (3.67)

Since points with �ðt0 � tÞ< �u are causally discon-
nected from an observer on the boundary at time t, the
argument of the 
 functions in Eq. (3.64) is nonvanishing.
This allows us to deform the domain of integration and the
integral takes the generic form

In ¼
Z 1

0
du

Z t��u

�1
dt0Fnðt0; uÞ
ðnÞðW sÞ

¼ 2

�

Z 1

0
d�

Z 0

��
d� ~Fnð�; �Þ
ðnÞðW sÞ; (3.68)

where ~Fnð�; �Þ ¼ Fnðt0ð�; �Þ; uð�; �ÞÞ. Furthermore, the
argument of the 
 functions takes the form

W s ¼ r2 þ R2
0 þ �ð4�� 2vr sin� sinð2�!0 þ ’�!0tÞÞ

� 2rR0 sin�½�!0 sinð2�!0 þ ’�!0tÞ
þ cosð2�!0 þ ’�!0tÞ�; (3.69)

which is then linear in � and therefore allows us to evaluate
In formally, obtaining

In ¼ 2

�

Z 1

�0

d�
ð�1Þn@n� ~Fnð�; �Þ

ð@�W Þnþ1

���������¼�0ðvÞ

þ 2

�

Z 1

0
d�

Xn
l¼1

ð�1Þl
ð@�W Þl @

l�1
�

~Fnð�; �Þj�¼��

� 
ðn�lÞðW sðt0 ¼ t� 2�; u ¼ 0ÞÞ: (3.70)

Here, �0ðvÞ is the unique zero ofW s at a given � and �0 ¼
ðt� tretÞ=2, but we will not describe in detail how these
arise because the integrand in the first term in In vanishes:
by direct inspection of F2 � A and F3 � B we find
@2� ~F2ð�; �Þ ¼ 0 and @3� ~F3ð�; �Þ ¼ 0. Consequently, only
the boundary terms in the second line of Eq. (3.70) con-
tribute and we can perform the remaining integral using the

 function. Finally, we obtain

E ¼
ffiffiffiffi
�

p
24�2�4r6�6

½�2r2�2 þ 4r�2�ðtret � tÞ

þ ð2�2 � 4r2v2�2!2
0sin

2�þ 3r2�4!2
0�

2Þðtret � tÞ2
þ 7r�2!2

0�ðtret � tÞ3 þ 4�2!2
0ðtret � tÞ4

þ 8v�2!0rðtret � tÞðtret � tþ r�Þ
� sin� cosð’�!0tretÞ�; (3.71)

where � was given in (2.9). Recalling the discussion after
(2.10), we note that E is invariant under a shift of ’ by 
’
that is compensated by shifts in both t and tret by 
’=!0. E
is a periodic function of ’ with period 2� and a periodic
function of t with period 2�=!0, as it must be.
Equation (3.71) is the main result of our paper. It is an

explicit analytic expression for the energy density of the
radiation emitted by a test quark in circular motion, valid at
all times and at all distances from the quark. The only
aspect of the calculation that requires numerical evaluation
is that one must solve the transcendental Eq. (2.10) for tret.
With tret in hand, one uses (2.9) to compute � and then
evaluates the energy density E using the solution (3.71). We
shall illustrate our result (3.71) in several ways in Sec. IV.

E. Far zone and angular distribution of power

We close this section by evaluating the energy density
(3.71) in the r ! 1 limit and extracting the angular distri-
bution of power à la Eq. (2.19). In the far-zone limit we can
replace � by its r ! 1 limit, namely � in (2.21), and we
can safely replace tret by (t� r) everywhere in (3.71)
except within the ’-dependent argument of the cosine. In
the far zone, the energy density (3.71) then reduces to that
of Eq. (2.18) with

" ¼ !2
0

ffiffiffiffi
�

p
24�2

4� 4v2sin2�� 7�þ 3�2�2

�6�2
: (3.72)

Using Eq. (2.19), we find that the time-averaged angular
distribution of power is given by

dP

d�
¼ v2�3!2

0

ffiffiffiffi
�

p
32�2

5�2 � 1� v2�2 cosð2�Þ
ð�2cos2�þ sin2�Þ5=2 : (3.73)

Just as in the case of weak coupling, the radiated power is
focused about � ¼ �=2 with a characteristic width �1=�.
We shall plot (3.73) and compare it to the weak coupling
result in Sec. IV.
Upon integrating over all solid angles, we find the total

power radiated

P ¼
ffiffiffiffi
�

p
2�

a2; (3.74)

where again a ¼ v�2!0 is the quark’s proper acceleration,
reproducing Mikhailov’s result (1.2) again. The fact that
the power that we have obtained in this section by integrat-
ing over the angular distribution of the radiation (3.73) in
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the quantum field theory matches the energy flux (3.25)
flowing down the classical string in the dual gravitational
description is a nontrivial check of our calculations.

IV. RESULTS AND DISCUSSION

A. Radiation at strong coupling, illustrated

Figure 4 shows two cutaway plots of the energy density
E at strong coupling (multiplied by r2=P where P is the
total power radiated) produced by a quark moving on a
circle of radius R0 at velocities v ¼ 1=2 and v ¼ 3=4. The
figure is obtained by evaluating (3.71). The motion of the
quark is confined to the plane z ¼ 0 and at the time shown
the quark is at x ¼ R0, y ¼ 0, and is rotating counter
clockwise. The cutaways in the plots show the energy
density on the planes z ¼ 0, ’ ¼ 0 and ’ ¼ 7�=5 where
’ is the azimuthal angle. As is evident from the figure, as
the quark accelerates along its trajectory energy is radiated
outwards in a spiral pattern. This radiation falls off like
1=r2 and hence has a constant amplitude in the figure and
propagates radially outwards at the speed of light. The
figure shows the location of the energy density at one
time; as a function of time, the entire pattern of energy

density rotates with constant angular frequency!0 ¼ R0v.
This rotation of the pattern is equivalent to propagation of
the radiation outwards at the speed of light. As seen by an
observer far away from the quark, the radiation appears as
a short pulse just like a rotating lighthouse beam does to a
ship at sea.
What we see in Fig. 4 looks like an outward going pulse

of radiation that does not broaden as it propagates.
Analysis of (3.71) confirms this, as we have illustrated in
Fig. 5 by extending the plot of the energy density outward
to much larger radii at one value of the angular coordinates,
at time t ¼ 0. As time progresses, the pulses move outward
at the speed of light, and an observer at large r sees
repeating flashes of radiation. This figure provides a con-
vincing answer to a central question that we set out to
answer in Sec. I. We see that even though the gauge theory
is non-Abelian and strongly coupled, the narrow pulses of
radiation propagate outward without any hint of broad-
ening. We find the same result at much larger values of
�, where the pulses become even narrower—their widths
are proportional to 1=�3, as at weak coupling and as we
shall discuss below. The behavior that we find is familiar
from classical electrodynamics—in which the radiated

FIG. 4 (color online). Left: a cutaway plot of r2E=P for v ¼ 1=2. Right: a cutaway plot of r2E=P for v ¼ 3=4. In both plots the
quark is at x ¼ R0, y ¼ 0 at the time shown and its trajectory lies in the plane z ¼ 0. The cutaways coincide with the planes z ¼ 0,
’ ¼ 0 and ’ ¼ 7�=5. At both velocities the energy radiated by the quark is concentrated along a spiral structure which propagates
radially outwards at the speed of light. The spiral is localized about � ¼ �=2 with a characteristic width 
�� 1=�. As v ! 1 the
radial thickness � of the spirals rapidly decreases like �� 1=�3.
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energy is carried by noninteracting photons. Here, though,
the energy is carried by fields that are strongly coupled to
each other. And, yet, there is no sign of this strong coupling
in the propagation of the radiation—no broadening, no
isotropization.

Figure 5 is also of some interest from a holographic
point of view. The qualitative idea behind gauge/gravity
duality is that depth in the fifth dimension in the dual
gravitational description corresponds to length-scale in
the quantum field theory. In many contexts, if one com-
pares two classical strings in the gravitational description
which lie at different depths in the fifth dimension, the
string which is closer to the boundary corresponds to a
thinner tube of energy density in the quantum field theory
while the string which is deeper, farther from the boundary,
corresponds to a fatter tube of energy density. Our calcu-
lation shows that this intuitive way of thinking about
gauge/gravity duality need not apply. The rotating string
falls deeper and deeper into the fifth dimension with each
turn of its coils and yet the thickness of the spiral tube of
energy density in the quantum field theory that this string
describes changes not at all.

The behavior of the outgoing pulse of radiation illus-
trated in Fig. 5 is different than what one may have
expected for a non-Abelian gauge theory given that solu-
tions to the classical field equations in SUð2Þ and SUð3Þ
gauge theory are chaotic with positive Lyapunov exponents
and are thought to be ergodic [30–32]. Of course, we have
not solved classical field equations; we have done a fully
quantum mechanical analysis of the radiation in a non-
Abelian gauge theory, in the limit of large Nc and strong
coupling. It is nevertheless surprising from the gauge
theory perspective that the radiation we find turns out to
behave (almost) like that in classical electrodynamics.
From the gravitational perspective, we saw that the equa-
tions describing the five-dimensional metric perturbations

linearize, meaning that there is no possibility of chaotic or
ergodic dynamics.
The synchrotron radiation that we have found at strong

coupling is, in at least one respect, qualitatively different
from that in familiar classical electrodynamics. The differ-
ence is in principle visible in Fig. 5, but the effect is small
and hard to see without zooming in—which we do in Fig. 6.
For large enough v we find that the energy density is
negative in some regions of space! Directly ahead of and
behind the spiral, the energy density dips slightly below
zero. This is impossible in classical electrodynamics. The
effect that we have found is numerically small, as a com-
parison of the vertical scales in Figs. 6 and 5 makes clear,

50 100 150 200

0

1

2

FIG. 5. Plot of r2E=P at � ¼ �=2 and ’ ¼ 5�=4 at t ¼ 0 as a function of r for v ¼ 1=2. The plot illustrates the fact that the pulses
of radiated energy do not broaden as they propagate outward. This implies that they do not broaden in azimuthal angle, either. Strongly
coupled synchrotron radiation does not isotropize.

FIG. 6 (color online). The energy density at � ¼ �=2 and ’ ¼
5�=4 for quark velocity v ¼ 1=2, as in Fig. 5. r 	 33R0 corre-
sponds to the location of a spiral in the energy density. Directly
ahead of and directly behind the spiral, the energy density is
slightly negative. To see how slightly, compare the vertical scale
here with that in Fig. 5.
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but it is nevertheless in stark contrast to the weak coupling
results of Sec. II, where the energy density is always
positive, as in classical electrodynamics. This small effect
serves as a reminder that the calculation that we have done
is quantum mechanical. In a quantum field theory the
energy density need not be positive everywhere—only its
integral over all space is constrained to be positive. In a
strongly coupled quantum field theory, quantum effects
should be large. So, it is not surprising that we see a
quantum mechanical effect. What is surprising is that it
is so small, and that in other respects Figs. 4 and 5 look
so similar to synchrotron radiation in classical
electrodynamics.

B. Synchrotron radiation at strong and weak coupling

Given the qualitative similarities between Figs. 4 and 5
and the physics of synchrotron radiation in classical elec-
trodynamics and weakly coupledN ¼ 4 SYM theory, we
shall attempt several more quantitative comparisons. First,
as can be seen from Fig. 4, the radiation emitted by the
quark is localized in polar angle about the equator, � ¼
�=2. From the far-zone expression for the energy density,
Eqs. (2.18) and (3.72), it is easy to see that the character-
istic opening angle about � ¼ �=2 scales like 
�� 1=� in
the v ! 1 limit. Furthermore, from Fig. 4 it can be seen
that the radial thickness � of each pulse of radiation
decreases as v increases. Again, from Eqs. (2.18) and
(3.72) it is easy to see that �� 1=�3 in the v ! 1 limit.8

Intriguingly, the scaling of both 
� and � with � are
identical to those at weak coupling.

Emboldened by the agreement between the � scaling of
� and 
� at weak and strong coupling, we have compared
the shape of the spiral of energy density in the z ¼ 0 plane,
for example, as depicted at two velocities in Fig. 4, with the
shape of the classic synchrotron radiation spiral (2.12). We
find precise agreement, as illustrated in Fig. 7. At strong
coupling, the energy density E of (3.71) is proportional to
1=�6 and so has maxima where � has minima. We have
already seen that in the r ! 1 limit, � ! � of (2.21)
whose minima lie on the spiral (2.13), which is the
large-r approximation to (2.12). It can also be shown that
the minima of � lie on the spiral (2.12) at all r.

Recall that our derivation of (2.12) in Sec. II was purely
geometrical, relying only on the fact that the radiation

natural is emitted tangentially, in the direction of the
velocity vector of the quark and the fact that the pulse of
radiated energy density propagates at the speed of light
without spreading. We have seen in Fig. 5 that at strong
coupling and in the limit of a large number of colors, the
radiation emitted by a rotating quark does indeed propa-
gate outwards at the speed of light, without spreading. This
justifies the application of the geometrical arguments of
Sec. II to the strongly coupled radiation. The agreement
with (2.11) and (2.12) then implies that the strongly
coupled radiation is also emitted in the direction of the
velocity vector of the quark: if it were emitted in any other
direction, � would have the same � scaling as � and 
�; if
the radiation were, for example, emitted perpendicular to
the direction of motion of the quark, the spiral of energy
density would have the shape (2.14) instead of (2.12)—see
Fig. 7. We therefore reach the following conclusions: at
both weak and strong coupling, the energy radiated by the
rotating quark is beamed in a cone in the direction of the
velocity of the quark with a characteristic opening angle
�� 1=�; at both weak and strong coupling, the synchro-
tron radiation propagates outward in a spiral with the shape

FIG. 7 (color online). r2E=P for v ¼ 1=2 in the z ¼ 0 plane.
The color code is the same as in Fig. 4, with zero energy density
blue and maximal energy density red. The spiral curve marked
with dots is (2.12), namely, the place where the spiral of
synchrotron radiation would be in electrodynamics or in weakly
coupled N ¼ 4 SYM theory. We see that the spiral of radiation
in the strongly coupled gauged theory with a gravitational dual is
at the same location. This indicates that, as at weak coupling,
strongly coupled synchrotron radiation is beamed in the direc-
tion of the motion of the quark. For reference, the solid curve is
(2.14), namely, the place where the synchrotron radiation would
be if the quark were emitting a beam of radiation perpendicular
to its direction of motion.

8There may be a holographic interpretation of �� 1=�3. We
saw in Sec. III A that there is one special point on the string,
namely, the world sheet horizon at u ¼ uc. Using the correspon-
dence between u and length scale in the boundary quantum field
theory, we expect uc to translate into a length scale in the rest
frame of the rotating quark, corresponding to a length scale


� uc
�

¼ 1

�3v!0

¼ R0

�3v2
; (4.1)

in the inertial frame in which the center of motion is at rest. It is
tempting to identify 
 with � at v ! 1.
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(2.12), with pulses whose width �� 1=�3 does not
broaden.9

C. Angular distribution of power at strong and weak
coupling

We now turn to the time-averaged angular distribution of
power radiated through the sphere at infinity. By time
averaging, we eliminate all dependence on azimuthal angle
but nontrivial dependence on the polar angle � remains.
For the case of weakly coupledN ¼ 4 SYM, in Sec. II we
calculated the angular distribution of the radiated power,
finding

dP

d�

����������1
¼ dPvector

d�
þ dPscalar

d�
; (4.2)

with dPvector=d� and dPscalar=d� given in (2.23a) and
(2.23b). For the case of strongly coupled radiation, in any
conformal quantum field theory with a classical dual grav-
ity description, our result for the time-averaged angular
distribution of power is given in (3.73). Since we know that
the total power radiated at weak and strong coupling are
equivalent up to a substitution of their prefactors (2.25), it
is natural to ask whether the angular distribution (3.73) can
be related to (4.2). The answer is yes, but with a twist: we
find that our strong coupling result (3.73) can be written as

dP

d�

����������1
¼

ffiffiffiffi
�

p
5e2eff=12

�
5

6

dPvector

d�
þ 5

3

dPscalar

d�

�
; (4.3)

where the relation between e2eff and � is given by (2.4) in

N ¼ 4 SYM theory. We see that the time-averaged angu-
lar distribution of power at weak and strong coupling are
related by the following prescription: start with the weakly
coupled result (4.2); suppress the vector contribution by a
factor of 5=6 and enhance the scalar contribution by a
factor of 5=3, noting from (2.24a) and (2.24b) that this
does not change the total power but means that the scalar/
vector ratio in the total power has been increased from 1=4
to 1=2; then make the change of prefactors (2.25); that
gives you the strongly coupled result (3.73).

The solid blue curve in Fig. 8 shows the time-averaged
angular distribution of power at strong coupling (3.73) for
v ¼ 0:9, normalized by the total power radiated at strong
coupling, P��1 given in (3.74). The dashed black curve in
the figure is the normalized time-averaged angular distri-
bution of power at weak coupling (4.2), normalized by the
total power radiated at weak coupling, which is P��1 ¼
Pvector þ Pscalar, with (2.24a) and (2.24b). Because the two
curves are normalized by their respective total powers

which are related by P��1=P��1 ¼
ffiffiffiffi
�

p
=ð5e2eff=12Þ, the

comparison of the two curves is the comparison of the
right-hand side of (4.2) with the quantity in square brackets
on the right-hand side of (4.3). It is evident from the figure
that the radiation pattern at strong coupling is qualitatively
similar to that at weak coupling. In both regimes, the
angular distribution of power is focused about � ¼ �=2
with a characteristic width 
�� 1=�. The small difference
between the angular distributions is as if the ratio of the
power radiated in vectors and scalars is 2:1 in the strongly
coupled radiation, whereas it is 4:1 in the weakly coupled
case. Of course, we cannot actually separate the strongly
coupled vectors from the strongly coupled scalars.

D. Relation with previous work

Next, we return to the discussion of the relation between
our present work and previous works that we began in
Sec. I. In Ref. [9], states produced by the decay of off-shell
bosons in strongly coupled conformal field theories were
studied. It was shown in Ref. [9] that the event-averaged
angular distribution of power radiated from the decay is
isotropic (in the rest frame of the boson where the total
momentum vanishes) and independent of the boson’s spin.
This should be contrasted with similar weak coupling
calculations in QCD, where the boson’s spin imprints an
antenna pattern on the distribution of radiation at infinity
[10–12]. Our results are not inconsistent with those of
Ref. [9]. First of all, we and the authors of Ref. [9] are
considering very different initial states. Second, as dis-
cussed in Ref. [9], if their initial off-shell boson has a

FIG. 8 (color online). The normalized time-averaged angular
distribution of power at both weak and strong coupling at v ¼
0:9. At both weak and strong coupling, the time-averaged
angular distribution of power is localized about � ¼ �=2 with
a characteristic width 
�� 1=�. The (slight) difference in the
shapes of the two angular distributions is as if the ratio of power
radiated in vectors and scalars is 2:1 in the strongly coupled
radiation, while it is 4:1 in the weakly coupled case.

9Note that if the radiation is isotropic in the instantaneous rest
frame of the quark, then in the inertial ‘‘lab’’ frame it will be
beamed in a cone with opening angle �1=� pointed along the
velocity of the quark. This, together with the result that the
pulses of radiation propagate without broadening, would yield a
spiral with the shape (2.12).
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nontrivial distribution of momentum, this distribution im-
prints itself on the angular distribution of radiation at
infinity and generically results in an anisotropic distribu-
tion of power. It is only the spin of the boson which does
not produce any anisotropy.

In Ref. [13] it was argued that isotropization must occur
in the strongly coupled limit due to parton branching.
Heuristically, the authors of Ref. [13] argued that at strong
coupling parton branching is not suppressed and that suc-
cessive branchings can scramble any initially preferred
direction in the radiation as it propagates out to spatial
infinity. However, our results clearly demonstrate that this
need not be the case. We see no evidence for isotropization
of the radiation emitted by the rotating quark. In fact, the
time-averaged angular distribution of power, shown in
Fig. 8, is slightly more peaked about � ¼ �=2 in the
strongly coupled limit. And, just as for weakly coupled
radiation, the strongly coupled radiation that we have
illustrated in Figs. 4 and 5 propagates outward in pulses
that do not broaden: their extent in azimuthal angle at a
given radius remains the same out to arbitrarily large radii
and, correspondingly, their radial width is also unchanging
as they propagate. It is not clear in any precise sense what
parton branching would mean in our calculation if it oc-
curred, since no partons are apparent. But, the essence of
the effect is the transfer of power from shorter wavelength
modes to longer wavelength modes. In our calculation, that
would correspond to the pulses in Fig. 5 broadening as they
propagate. This we do not see.

E. A look ahead to nonzero temperature

It is exciting to contemplate shining a tightly collimated
beam of strongly coupled synchrotron radiation into a
strongly coupled plasma. Although this will have its fail-
ings as a model of jet quenching in the strongly coupled
quark-gluon plasma of QCD, so too do all extant strongly
coupled approaches to this complex dynamical problem.
The calculation that is required is simple to state: we must
repeat the analysis of the radiation emitted by a rotating
quark, but this time in the AdS black hole metric that
describes the strongly coupled plasma that arises at any
nonzero temperature in any conformal quantum field the-
ory with a dual gravitational description. The calculation
will be more involved, and likely more numerical, both
because the temperature introduces a scale into the metric
and because to date we have only a numerical description
of the profile of the rotating string [19]. If we choose T �
1=R0 and � � 1 then the criterion (1.7) will be satisfied
and the total power radiated will be as if the quark were
rotating in vacuum [19]. Based upon our results, we expect
to see several turns of the synchrotron radiation spiral
before the radiation has spread to radii of order 1=T where
it must begin to thermalize, converting into hydrodynamic
excitations moving at the speed of sound, broaden, and
dissipate due to the presence of the plasma. Wewill be able

to investigate how the length scale or scales associated with
these processes vary with R0 and �. Note that the typical
transverse wavelengths of the quanta of radiation in the
pulse will be of order R0=� while their typical longitudinal
wavelengths and inverse frequencies will be of order
R0=�

3, meaning that we will have independent control of
the transverse momentum and the frequency of the gluons
in the beam of radiation whose quenching we will be
observing.
Since at nonzero temperature the coils of the rotating

string only extend outwards to some �-dependent rmax, it is
natural to expect that this rmax will correlate with at least
one of the length scales describing how the spiral of
synchrotron radiation shines through the strongly coupled
plasma. Our guess is that rmax will prove to be related to the
length scale at which the energy carried by the nonhydro-
dynamic spiral of synchrotron radiation as in vacuum con-
verts into hydrodynamic waves. If so, we can estimate the
parametric dependence of rmax at large �, as follows. For

r � rmax, the power P / ffiffiffiffi
�

p
a2 / ffiffiffiffi

�
p

�4=R2
0 radiated by

the rotating quark will be carried by long wavelength
hydrodynamic modes whose energy density will fall off

/ ffiffiffiffi
�

p
�4=r2. For r � 1=T, we will have a spiral of syn-

chrotron radiation whose energy density is "=r2 with "
given by (3.72). Recalling from Sec. II that on the spiral
� ¼ 1� v / 1=�2, we see from (3.72) that, on the spiral,

the energy density is / ffiffiffiffi
�

p
�8=r2. We expect that for

1=T � r � rmax this energy density will be attenuated
by a factor / expð�constrTÞ. The parametric dependence
of the rmax at which the hydrodynamic modes take over
from the nonhydrodynamic spiral can then be determined
by comparing the parametric dependence of the two energy
densities:

ffiffiffiffi
�

p
�4

r2max

�
ffiffiffiffi
�

p
�8

r2max

expð�constrmaxTÞ; (4.4)

meaning that

rmax / log�

T
: (4.5)

Interestingly, the numerical results of Ref. [19] do indicate
that rmax diverges slowly as � ! 1.
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