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High partial-wave (l ≥ 2) Feshbach resonance (FR) in an ultracold mixture of 85Rb-87Rb atoms is
investigated experimentally aided by a partial-wave insensitive analytic multichannel quantum-defect
theory. Two “broad” resonances from coupling between d waves in both the open and closed channels are
observed and characterized. One of them shows a fully resolved triplet structure with a splitting ratio well
explained by the perturbation to the closed channel due to interatomic spin-spin interaction. These tunable
“broad” d-wave resonances, especially the one in the lowest-energy open channel, could find important
applications in simulating d-wave coupling dominated many-body systems. In addition, we find that there
is generally a time and temperature requirement, associated with tunneling through the angular momentum
barrier, to establish and observe resonant coupling in nonzero partial waves.
DOI: 10.1103/PhysRevLett.119.203402

Ultracold atoms with controllable interaction via
Feshbach resonance (FR) have provided an ideal platform
to study novel phenomena in few- and many-body physics
[1]. While quantum gases often display smooth crossover
behavior when crossing an s-wave FR [2–6], they are
predicted to exhibit complex order parameters and quantum
phase transitions when driven across FRs of higher partial
waves [7–11]. High partial-wave FRs can enhance the
nominally suppressed nonzero partial-wave interactions at
low temperatures to the unitarity limit [1]. They give access
to high partial-wave pairing, which plays an important role
in p-wave superfluidity in liquid 3He [12] or the proposed
d-wave high-T c superconductors [13], and can significantly expand the platforms for cold atom based quantum
simulations.
To coherently control high partial-wave interactions, it is
crucial to find suitable high partial-wave FRs with small
atom losses. Nearly lossless FRs have only been found in
“broad” [1,14] s-wave resonances of fermionic alkali
mixtures. All p-wave FRs observed to date are accompanied by strong losses due to either two-body dipolar spin
flip or three-body recombination, even for fermionic atomic
species [15–18]. The prevailing wisdom has been to search
for high partial-wave FRs in the lowest energy open
channels to avoid exothermic dipolar loss, and to search
for “broad” high partial-wave FRs dominated by open
channels to minimize the influence of the bound states.
Unfortunately, the only alkali fermionic atoms, either 6Li or
40
K or their mixtures, are void of p-wave FRs satisfying
both criteria simultaneously [19].
A natural progression is from p-wave to d-wave resonances. “Broad” d-wave FRs originating from the direct
0031-9007=17=119(20)=203402(5)

coupling between a d-wave open channel and a d-wave
closed channel are expected to exhibit a triplet structure,
akin to the doublet structure for p-wave FRs [20]. These
d-wave FRs, however, have not been observed or identified
before. Almost all FRs that are loosely referred as “d-wave
FRs” previously arise from coupling between an s-wave
open channel and a d-wave closed channel [21–28]. These
are actually s-wave FRs (scattering) induced by a d-wave
bound state. A distinguishing experimental feature is that
atom losses caused by these FRs do not disappear even at
zero temperature unlike real p-wave and d-wave FRs. One
exception is the FR observed in 52Cr atoms originating from
coupling between a d-wave open channel and an s-wave
bound state [29,30]. Both cases described above exhibit
one resonance peak.
This Letter reports the first observation of two “broad”
d-wave FRs, arising from the direct coupling between an
open channel d wave and a closed channel d wave. We find
a triplet structure with a peak-separation ratio in good
agreement with interatomic spin-spin interaction [31]
induced level splitting. One of the resonances is in the
lowest-energy open channel and is thus free from two-body
dipolar spin flip. This work is stimulated and guided by a
partial-wave insensitive multichannel quantum-defect
theory (MQDT) based on the analytic eigenfunctions for
diatomic systems with a long-range van der Waals (vdW)
potential tail [14,32–34]. The MQDT predicts many
“broad” d- and f-wave FRs in the mixture of 85Rb and
87
Rb atoms. However, we find that to realize true f-wave
coupling, which gives the f-wave quartet, requires a
“tunneling time” (the time for the entrance wave function
to build up inside the centrifugal barrier in order to feel the
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The d-wave Feshbach resonance. (a) A simplified two-channel illustration for the origin of the triplet structure in d-wave FRs.
m0

The inset shows the angular part of the molecular wave function (spherical harmonic jY 2 l j2 ), with arrows illustrating the spins of the
valence electrons aligned with the bias magnetic field (for the spin-triplet closed channel). In this example, the m0l ¼ 0 (jm0l j ¼ 2) state
has lower (higher) energy because the magnetic dipole-dipole interaction is dominated by the head-to-tail attractive (side-by-side
repulsive) configuration. The splitting of the bound states gives rise to a triplet FR structure when the open channel is also d wave. Panels
(b)–(d) show the remaining fraction of 85Rb (normalized to the baseline value in off-resonance regions) after coexisting with 87Rb atoms
(b) for 1 s at 16 μK, (c) for 1 s at 1.2 μK, and (d) for 1.6 s at 400 nK. The number of 85Rb and 87Rb atoms in the off-resonance regions
are, respectively, about 2 × 105 and 4 × 105 for (b), 1.2 × 104 and 1.2 × 105 for (c), and 3.5 × 103 and 5.5 × 104 for (d). The
characteristic triplet structure for l ¼ l0 ¼ 2 is clearly visible in (d). The shaded gray region indicates the position at which the jm0l j ¼ 2
bound states become degenerate with the threshold of the open channel. All data points are averages over five measurements, and the
error bars show the typical standard deviations. The eye-guiding black solid lines in (b) [(c),(d)] are fits to the data using an asymmetric
double sigmoidal [multiple-peak] function.

existence of the closed channel) longer than our present
setup can provide at ultracold temperatures.
The experimental procedure for preparing an ultracold
mixture of 85Rb and 87Rb atoms has been described
previously [35]. In brief, the experiment starts with the
loading of both atomic isotopes into a magneto-optical
trap. This is followed by the optical pumping of the
atoms into their corresponding low-field seeking states
85
Rbjf ¼ 2; mf ¼ −2i and 87Rb j1; −1i before transferring
them into a magnetic quadrupole trap. After the forced
microwave evaporation of 87Rb atoms, which sympathetically cools 85Rb atoms, the mixture is loaded into a crossed
optical dipole trap formed by two horizontal 1064-nm light
beams with 1=e2 waists of ∼35 and ∼120 μm, and of
powers of 2.7 and 3 W, respectively. At this stage, we have
typically 8 × 106 85Rb and 9 × 106 87Rb atoms at a temperature of ∼25 μK. The atoms are subsequently cooled to
temperatures ranging from 400 nK to 16 μK by reducing
the powers of both trapping beams, followed by rfadiabatic-passage transfers [36] to the desired spin states
if required. Interisotope FRs are then detected by monitoring the fractional losses of both isotopes after ramping the
magnetic field to a desired value and holding the mixture

for a certain amount of time. The presence of a FR is
manifested by enhanced atom losses.
The predictive power of the analytic MQDT for nonzero
partial-wave FRs has been proven by our previous observations of “broad” p-wave FRs in the 85Rb and 87Rb
mixture [35]. With the discovery of the d-wave FRs in this
Letter, the territory governed by the analytic MQDT is
further expanded. These d-wave FRs we observe differ
from all previously reported d-wave-related FRs [21–30]
that arise from coupling between an l ¼ 0 (l ¼ 2) open
channel and an l0 ¼ 2 (l0 ¼ 0) closed channel. The jΔlj ¼ 2
coupling behind those FRs is facilitated by the weak
anisotropic interatomic spin-spin interaction [31], which
represents the combined effect of the magnetic dipoledipole and the second order spin-orbit interaction between
the valence electrons. For the (Δl ¼ 0) d-wave FR we
report, the coupling arises instead from the much stronger
isotropic electronic interaction [1], which can potentially
give “broader” d-wave FRs. The distinguishing signature of
these two types of resonance lies at the fact that the latter
shows a triplet structure instead of a singlet for the former.
Figure 1(a) shows a simplified two-channel illustration
for the origin of the triplet structure. The spin-spin
interaction between the valence electrons perturbs the

203402-2

PRL 119, 203402 (2017)

PHYSICAL REVIEW LETTERS

degenerate l0 ¼ 2 molecular bound states and consequently
splits them into three according to the azimuthal quantum
number jm0l j ¼ 0, 1, 2. For an s wave (l ¼ 0) in the open
channel, only one FR can be observed as it can only couple
to one of the m0l bound states, because the total azimuthal
quantum number ml þ MF (MF ¼ mf;85 þ mf;87 ) is conserved according to the coupling mechanisms involved.
Likewise, a FR with a d-wave open channel and an s-wave
closed channel also exhibits one peak. On the contrary, for
FRs that arise from coupling through electronic (exchange)
interactions, the selection rules are l ¼ l0 , ml ¼ m0l ,
MF ¼ M0F . This, together with the fact that both the open
and the closed channels can take 2l þ 1 values of ml leads
to a total of l þ 1 FR peaks [FRs with equal jml j (ml ≠ 0)
are doubly degenerate]. Hence, a triplet structure for the d
wave is expected.
Figures 1(b)–1(d) show the loss spectra around a d-wave
FR near 423.0 G in the 85Rbj2; −2i þ 87Rbj1; −1i open
channel at different temperatures. The remaining fraction of
85
Rb atoms is plotted as a function of the magnetic field
after coexisting with 87Rb atoms for 1 s at 16 μK (b), for 1 s
at 1.2 μK (c), and for 1.6 s at 400 nK (d). Overall, the loss
features are observed to shift towards higher magnetic
fields and a triplet structure emerges as the temperature of
the atoms is lowered. The shift can be understood by noting
first that, for this particular FR, the magnetic moment for
the bound molecule is less negative than that of the two
atoms in the open channel. The bound states thus move
upward with respect to the threshold of the open channel
with decreasing magnetic field. Second, at higher temperatures, atoms can access bound states that lie above the
threshold of the open channel supplemented by their kinetic
energy. Together, these two factors shift the maximal loss
towards lower magnetic fields at higher temperatures as
observed.
To quantitatively understand the splitting of the d-wave
resonance, we study the perturbation of the bound states due
to the magnetic dipole-dipole interaction between the valence
electrons of the alkali atoms [20]. The perturbing interaction
can be expressed in the tensor operator form as [37]
pﬃﬃﬃ 2
α2 6 X
H ¼− 3
ð−1Þq C2q ðs1 ⊗ s2 Þ2−q ;
R q¼−2
0

ð1Þ

in atomic units, where α is the fine structure constant,
R is the separation between the two atoms, C2q is the
reduced spherical harmonic defined as Ckq ðθ; ϕÞ ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4π=ð2k þ 1ÞY kq ðθ; ϕÞ, and ðs1 ⊗ s2 Þ2−q is the secondrank tensor formed from the spin operators of atom 1 and 2.
The matrix elements H0ij are given by
2
pﬃﬃﬃ X
ðs1 ⊗ s2 Þ2−q
ð−1Þq hl0 m0li jC2q jl0 m0lj ihϕb j
jϕb i; ð2Þ
−α2 6
R3
q¼−2
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where jϕb i is the coupled-channel wave function for the
bound state with coupling to the continuum. It takes the same
form for different m0l within the first order approximation. For
d-wave FRs with open and closed channels of the same M F ,
only the q ¼ 0 terms contribute. Thus, H0 is diagonal and the
energy shifts of the bound states are
pﬃﬃﬃ
ðs ⊗ s Þ2
ΔEm0l ¼ −α2 6h2; m0l jC20 j2; m0l ihϕb j 1 3 2 0 jϕb i;
R

ð3Þ

differing only in the multiplying factor h2; m0l jC20 j2; m0l i.
Since h2;0jC20 j2;0i ¼ 27, h2;1jC20 j2;1i ¼ 17, h2; 2jC20 j2;
2i ¼ − 27, the triplet structure is expected to exhibit
a splitting ratio of ðΔEm0l ¼0 − ΔEjm0l j¼1 Þ=ðΔEjm0l j¼1 −
ΔEjm0l j¼2 Þ ¼ 1=3. The second-order spin-orbit interaction
takes the same form as the magnetic dipole-dipole interaction
in the spin dependant part [31], and thus does not change the
splitting ratio.
Experimentally, we measure an offset of 92(7) mG
between the jm0l j ¼ 0 and 1 peaks, and an offset of
247(6) mG between the jm0l j ¼ 1 and 2 peaks, giving a
ratio of about 1=2.7ð3Þ, which agrees well with the
theoretical expectation. The measured splitting ratio thus
supports the origin of the triplet structure as due to spinspin interaction, analogous to the widely studied p-wave
doublet. Nevertheless, it represents an independent affirmation from the latter since this ratio does not require the
accurate knowledge of the bound state wave function or the
magnitude of the second-order spin-orbit interaction.
The d-wave FR we discuss above, together with a
number of other d- and f-wave FRs, is predicted using a
MQDT assisted with analytic solutions to the long-range
vdW potential in any partial waves [14,32–34]. Within the
MQDT framework we adopt, the properties of FRs in all
partial waves are determined from three parameters [33,38]:
the vdW coefficient C6 , the singlet s-wave scattering length
aSl¼0 , and the triplet s-wave scattering length aTl¼0 , besides
the inherent atomic parameters such as hyperfine splitting.
The FRs in the 85Rb-87Rb mixture are calculated here using
C6 ¼ 4710 a:u:, aSl¼0 ¼ 11.37 a:u:, and aTl¼0 ¼ 184.0 a:u:,
taken from Ref. [35].
The MQDT provides for a unified parametrization of
FRs in all partial waves. One of the important parameters is
the derived resonance strength ζres [14], which is used to
distinguish “broad” resonances (jζres j ≫ 1) from the
“narrow” ones (jζ res j ≪ 1). The effective atomic interaction
for the former ones follows the single-channel universal
behavior dominated by the open channel. Another parameter is the generalized scattering length a~ l [14,34], which is
of dimension L2lþ1 for the lth partial wave. For l ¼ 0
(l ¼ 1), it coincides with the s-wave scattering length
(p-wave scattering volume) of the effective-range approximation. When normalized by a mean scattering length
āl ¼ āsl β2lþ1
[34] [with β6 ¼ ð2μC6 =ℏ2 Þ1=4 , μ the reduced
6
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FIG. 3. Tunneling time through the angular momentum barrier,
τl , for the 85Rb-87Rb system, as a function of energy ϵ in units
of ϵ=kB .

l=0
l=2

-10
-20
Odd parity

10
0
-10
-20

0

l=1
l=3
200

400
600
magnetic field strength (G)

800

1000

FIG. 2. Reduced generalized scattering lengths a~ l ðBÞ=āl in the
(a) 85Rbj2; −2i þ 87Rbj1; −1i and (b) 85Rbj2; þ2i þ 87Rbj1; þ1i
scattering channels, for partial waves l ¼ 0 through l ¼ 3.
The blue filled (empty) circles denote experimentally observed
positions for the “broad” (“narrow”) d-wave FRs. The arrows in (b)
link the observed FRs to their corresponding predicted positions.
The identification is done through coupled-channel calculations.

mass, and āsl an l-dependent constant [39]], a~ l for different
partial waves can be conveniently plotted together.
Figures 2(a) and 2(b) show the dimensionless a~ l ðBÞ=āl
versus magnetic field for the 85Rbj2; −2i þ 87Rbj1; −1i and
85
Rbj2; þ2i þ 87Rbj1; þ1i open channels, respectively, for
l ¼ 0, 1, 2, 3 (note only l ¼ l0 is considered within our
model). All together five d-wave FRs (three “broad”
and two “narrow”) are predicted in the two channels from
0 to 1000 G [40]. Besides the “broad” d-wave FR
(ζ res ¼ −3.5) discussed in Fig. 1, another “broad” d-wave
FR (ζ res ¼ −6.7) is observed in the 85Rbj2; þ2i þ
87
Rbj1; þ1i channel at 622.6(2) G [40]. The latter is of
particular interest because it is in the lowest-energy
open channel and thus is free of two-body dipolar spinflip loss. Furthermore, two “narrow” d-wave FRs, one at
337.2(2) G (ζ res ¼ −0.13) and another at 669.0(2) G
(ζ res ¼ −0.16) [corresponding to blue empty circles in
Figs. 2(a) and 2(b), respectively], are found but with a
singlet structure for reasons to be discussed.
Despite extensive efforts, we are unable to find any of the
predicted (l ¼ 3) “broad” f-wave quartets (Fig. 2). This is
understood to be caused by the long tunneling time τl
required by the entrance wave function to build up within the
centrifugal barrier. τl is closely related to the width of a shape

resonance, γ l , by τl ¼ 1=γ l. If the length scales associated
with the shorter range interactions are well separated from
β6 , and l is not too large, τl follows a universal behavior
ð6Þ
characterized by τl ¼ ð1=γ sl Þst, where st ¼ ℏ=sE ¼
2μβ26 =ℏ is the characteristic vdW time scale. The universal
ð6Þ
width function γ sl is given by [Eq. (41) of Ref. [34]]
ð6Þ

γ sl ≈

2ð2l þ 3Þð2l − 1Þāsl ðϵsl Þlþ1=2
;
1 þ 2wl ϵsl

ð4Þ

for a “broad” resonance located at ϵl above the threshold.
Here, ϵsl ¼ ϵl =sE is the scaled energy; āsl and wl are two
l-dependent constants [39,41].
Figure 3 illustrates, for the 85Rb-87Rb system (for which
st ≈ 1.029 × 10−7 s), the tunneling time as a function of
energy in units of ϵ=kB , for partial waves p, d, and f. At
400 nK, the tunneling time for the d wave is 0.54 s which is
shorter than the 1.6-s holding time adopted in the measurement for Fig. 1(d). For temperatures substantially lower than
400 nK, the d-wave resonant coupling does not have
sufficient time to establish and the triplet structure cannot
be observed. For the f wave, even at 1.6 μK, the tunneling
time is already 74 s, much longer than the lifetime of our
sample. While higher temperatures shorten the tunneling
time, they also broaden the width of the resonance. Therefore,
we do not expect to observe a resolved quartet structure.
The above estimate (4) applies only for a “broad” FR.
For the “narrow” d-wave FRs at 337.2 G and 669.0 G, no
triplet structure is observed even at 400 nK. Our coupledchannel calculations, on the other hand, predict for both of
these resonances a triplet splitting resolvable by our setup,
but a much smaller width than those of the observed
“broad” d-wave FRs. The observed singlet peak loss
feature comes instead from resonance between the s-wave
open channel and the m0l ¼ 0 d-wave closed channel. It is
actually an s-wave FR (scattering) that does not disappear
at lower temperatures.
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In conclusion, we apply an analytic MQDT to predict
and describe FRs in an ultracold 85Rb-87Rb mixture. Two
“broad” d-wave FRs are identified, one of them being in the
lowest-energy open channel free from two-body dipolar
spin flip. By placing the atoms in an optical lattice to reduce
the three-body recombination rate, the latter FR could find
important applications in simulating d-wave coupling
dominated many-body systems.
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