
 

Theory for the Charge-Density-Wave Mechanism of 3D Quantum Hall Effect

Fang Qin (覃昉) ,1,2,3 Shuai Li,1 Z. Z. Du,1,4 C. M. Wang,5,1,4 Wenqing Zhang,1,3 Dapeng Yu,1,4

Hai-Zhou Lu,1,4,* and X. C. Xie6,7,8
1Shenzhen Institute for Quantum Science and Engineering and Department of Physics,
Southern University of Science and Technology (SUSTech), Shenzhen 518055, China

2CAS Key Laboratory of Quantum Information, University of Science and Technology of China,
Chinese Academy of Sciences, Hefei, Anhui 230026, China

3Shenzhen Municipal Key-Lab for Advanced Quantum Materials and Devices, Shenzhen 518055, China
4Shenzhen Key Laboratory of Quantum Science and Engineering, Shenzhen 518055, China

5Department of Physics, Shanghai Normal University, Shanghai 200234, China
6International Center for Quantum Materials, School of Physics, Peking University, Beijing 100871, China

7CAS Center for Excellence in Topological Quantum Computation, University of Chinese Academy of Sciences,
Beijing 100190, China

8Beijing Academy of Quantum Information Sciences, West Building 3, No. 10, Xibeiwang East Road,
Haidian District, Beijing 100193, China

(Received 9 March 2020; accepted 23 September 2020; published 9 November 2020)

The charge-density-wave (CDW) mechanism of the 3D quantum Hall effect has been observed recently
in ZrTe5 [Tang et al., Nature 569, 537 (2019)]. Different from previous cases, the CDW forms on a one-
dimensional (1D) band of Landau levels, which strongly depends on the magnetic field. However, its theory
is still lacking. We develop a theory for the CDW mechanism of 3D quantum Hall effect. The theory can
capture the main features in the experiments. We find a magnetic field induced second-order phase
transition to the CDW phase. We find that electron-phonon interactions, rather than electron-electron
interactions, dominate the order parameter. We extract the electron-phonon coupling constant from the non-
Ohmic I − V relation. We point out a commensurate-incommensurate CDW crossover in the experiment.
More importantly, our theory explores a rare case, in which a magnetic field can induce an order-parameter
phase transition in one direction but a topological phase transition in other two directions, both depend on
one magnetic field.

DOI: 10.1103/PhysRevLett.125.206601

Introduction.—The quantum Hall effect is one of the
most important discoveries in physics [1–4]. It arises from
the Landau levels of two-dimensional (2D) electron gas in a
strong magnetic field (Fig. 1, left). When the Fermi energy
lies between two Landau levels, the interior of the electron
gas is insulating but the deformed Landau levels at the
edges can transport electrons dissipationlessly, leading to
the quantized Hall resistance and vanishing longitudinal
resistance of the quantum Hall effect. The quantum Hall
effect is difficult in 3D, where the Landau levels turn to a
series of 1D bands of Landau level dispersing with the
momentum along the direction of magnetic field (Fig. 1,
center). Because the Fermi energy always crosses some
Landau bands, the interior is metallic, which buries the
quantization of the edge states, so the quantumHall effect is
usually observed in 2D systems [5]. Nevertheless, search-
ing for a 3D quantum Hall effect has been lasting for more
than 30 years [6–28]. One of the famous proposals for the
3D quantum Hall effect relies on the charge density wave
(CDW), which may gap the 1D Landau band so that the
bulk is insulating. In real space, the CDW splits the 3D
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FIG. 1. Left: in 2D, the quantum Hall effect arises when only
the edge states (blue) conduct electrons, while the interior bulk
states are insulating as the Fermi energy lies between the Landau
levels. Center: in 3D, the Landau levels turn to 1D bands of
Landau levels that disperse with the momentum (k) along the
direction of magnetic field. The quantum Hall effect is difficult in
3D because the bulk is metallic as the Fermi energy always
crosses some Landau bands. Right: the charge density wave may
gap the Landau band, so that the bulk is insulating and the
quantum Hall effect can be observed.
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electron gas into decoupled 2D quantum Hall layers to
realize a 3D quantum Hall effect (Fig. 1, right) [7]. Quite
different from the known cases [29–31], the CDW of
Landau bands depends on the magnetic field strongly
[32–40]. Recently, the CDW mechanism of the 3D
quantum Hall effect has been observed in 3D crystals of
ZrTe5 [41], providing a platform to study this rare phase of
matter where both order parameter and topological number
coexist.
In this Letter, we develop a theory for the CDW

mechanism of 3D quantum Hall effect. The theory captures
the main features in the experiment of ZrTe5 at the
quantitative level. We find that electron-phonon inter-
actions dominate the formation of the CDW, instead of
electron-electron interactions. We extract electron-phonon
coupling constant from the non-Ohmic I − V relation. We
point out a crossover between commensurate and incom-
mensurate CDWs, tunable by the magnetic field. More
importantly, the theory addresses a rare but experiment-
accessible scenario, described by an order parameter along
one direction but a topological Chern number in other two
directions, both tunable by one magnetic field.
1D Landau band in the quantum limit.—We start with a

generic Dirac model [42]

ĤðkÞ ¼ ℏðvxkxτx ⊗ σz þ vykyτy ⊗ σ0 þ vzkzτx ⊗ σxÞ
þ ½M0 þM1ðv2xk2x þ v2yk2yÞ þMzk2z �τz ⊗ σ0; ð1Þ

where kx=y ¼ −i∂x=y, τx;y;z;0, and σx;y;z;0 are Pauli matrices
and unit matrix for orbital and spin degrees of freedom, and
M0;1;z, vx;y;z are the model parameters. This model can
describe various semimetals and insulators [18,43–53]. A
uniform z-direction (crystal b direction) magnetic field
B ¼ ð0; 0; BÞ is considered by the Landau gauge vector
potential A ¼ ð−By; 0; 0Þ, which shifts kx to kx − eBy=ℏ,
where −e is the electron charge and ℏ is the reduced
Planck’s constant. The magnetic field splits the energy
spectrum into a series of 1D bands of Landau levels,
dispersing with kz [Fig. 2(a)].
We will focus on the quantum limit, in which the Fermi

energy EF crosses only the n ¼ 0þ Landau band [56].
At the critical magnetic field BQ when entering the
quantum limit, EF ¼ Eð0þÞ

kz¼kF
¼ Eð1Þ

kz¼0, where the Fermi
wave vector [57]

kF ¼ 2π2ℏn0=eB; ð2Þ

n0 is carrier density, the energy dispersion of the n ¼ 0þ
Landau band Eð0þÞ

kz
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðℏvzkzÞ2þðM0þM⊥=l2

BþMzk2zÞ2
p

,

M⊥ ¼ M1vxvy, the magnetic length is lB ¼ ffiffiffiffiffiffiffiffiffiffiffi
ℏ=eB

p
,

the bottom of the n ¼ 1 Landau band

Eð1Þ
kz¼0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM0 þ 3M⊥=l2

BÞ2 þ 2vxvyℏ2=l2
B

q
. Using BQ ¼

1.3 T in the above equations, n0 is found as

8.87 × 1016 cm−3, comparable with the experiment [41],
showing that our model and parameters can capture the
noninteracting energy spectrum. At this low carrier density,
the pocket at the M point does not contribute [41,58].
Theory of CDW for the Landau band.—We study the

CDW of the 0þ Landau band by using a mean-field
approach, which can capture the physics of 1D CDWs
[29,30]. Different from previous theories (e.g., [31]), the
1D Landau band here strongly depends on the magnetic
field, e.g., the changing kF in Eq. (2), the nesting
momentum kcdw, and CDW wavelength λcdw.
As shown by the g-ology diagram in Fig. 2(b), the CDW

gap (described by the order parameter Δ) can be opened by
the coupling between the electrons near kF and −kF,
through either electron-electron or electron-phonon inter-
actions along the z direction. The electron-electron inter-
action reads [37,40,54,59,60]

Ĥee ¼ −
X
k

jΔjðeiϕd̂†kþd̂k− þ H:c:Þ þ 2jΔj2V
Uð2kFÞ

; ð3Þ

where the order parameter is defined as Δ ¼ Δee ¼
½Uð2kFÞ=2V�

P
khd̂†k−2kFez d̂ki and V is the volume.

Δ ¼ jΔjeiϕ, where ϕ is the phase. d̂†k� and d̂k� are the
creation and annihilation operators in the vicinity of ∓ kF,
respectively, where k�≡kz � kF. As shown in Fig. 2(b),
the electron-electron potential takes the Yukawa form [61]
Uð2kFÞ ¼ e2=fϵrϵ0½ð2kFÞ2 þ κ2�g, where ϵr (ϵ0) is the
relative (vacuum) dielectric constant and 1=κ is the
screening length. Under the random phase approximation
[Fig. 2(b)], we have κ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e3B=ð4π2ϵℏ2vFÞ

p
(Eq. (S18) in

[59]) with ϵ ¼ ϵ0ϵr. The Hamiltonians for electron-phonon
interaction and phonons can be, respectively, written as
[29,54,62,63]

Ĥe−ph ¼
X
k

jΔjðeiϕd̂†kþd̂k− þ H:c:Þ;

Ĥph ¼
X
q

ℏωqb̂
†
qb̂q; ð4Þ

where Δ ¼ Δe−ph ¼ ðαq=VÞðhb̂qi þ hb̂†−qiÞ, b̂†q and b̂q are
the creation and annihilation operators for the phonons with
momentum q ¼ �2kFez, the electron-phonon coupling
[54] αq also takes the Yukawa form (Sec. SIV(B) of
[59]). Near �kF, the mean-field Hamiltonian of the 0þ
Landau band can be written as (Sec. SIV of [59])

H0þ
kz

¼
 
ℏvFðkz � kFÞ Δ

Δ� −ℏvFðkz � kFÞ

!
; ð5Þ

where ℏvF ≡ j∂Eð0þÞ
kz

=∂kzjkz¼kF (Sec. SIII of [59]). The

eigen energies of H0þ
kz

can be found as Ekz ¼ EF �
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sgnðkz ∓ kFÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½vFℏðkz ∓ kFÞ�2 þ jΔj2

p
near �kF [green

curves in Fig. 2(a)], respectively, where sgnðxÞ is the sign
function.
The CDWorder parameter is calculated self-consistently

from the gap equation defined by ∂Eg=∂jΔj ¼ 0, where
the ground-state energy Eg ≡ hĤmi is found as (Sec. SV
of [59])

Eg ¼
X
k

ðEkz − EFÞΘðEF − EkzÞ þ
jΔj2V
g2kF

; ð6Þ

where Eg includes the phonon part, ΘðxÞ is

the step function, Ĥm ¼Pk Ψ̂
†
kH

0þ
kz
Ψ̂k þ jΔj2V=g2kF ,

Ψ̂k ≡ ðd̂kþ; d̂k−ÞT , and H0þ
kz

has been given in Eq. (5).

The coupling g2kF ¼ e2=f2ϵ½ð2kFÞ2 þ κ2�g for electron-
electron interactions and g2kF ¼ g0=½ð2kFÞ2 þ κ2�2 for
electron-phonon interactions with the coupling constant
g0 (Sec. SIV(B) of [59]). The second positive term is from
the mean-field phonon Hamiltonian (Eq. (S28) in [59]). As
a function of the order parameter, Eq. (6) reduces to a
minimum value (GS energy) at a finite gap as shown in
Fig. S3 of the Supplemental Material [59]. Different from
no-magnetic-field theories, here the summation

P
kx;ky ¼

Sxy=ð2πl2
BÞ gives the Landau degeneracy, with the area Sxy

in the x–y plane, V ¼ SxyLz, and the length Lz along the z
direction.
At extremely low temperatures, i.e., T → 0, the finite-

temperature gap equation can be expressed as (Sec. SVI(C)
of [59])

Z
vFℏkF

0

1

1þ e−ET ðt;ΔÞ=kBT
dt

ETðt;ΔÞ
¼ 4π2ℏ2vF

g2kFeB
; ð7Þ

where ETðt;ΔÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ jΔj2

p
, kB is the Boltzmann con-

stant, and T is the temperature. We use the Ginzburg
criterion [29,64–67] to justify the mean-field approxima-
tion at the experimental finite temperatures (Sec. SIV of
[59]). Also, we find that the commensurability energy from
the ionic potential of the crystal [29,68,69] can be ignored
(Sec. SVII of [59]).
Electron-electron or electron-phonon interactions?—As

shown in Fig. 2(c), the order parameter calculated using
electron-electron interactions is sizable only beyond a
threshold magnetic BC about 10 T, an order larger than
those in the experiments [Fig. 3(a)]. On the other hand, for
electron-phonon interactions with a proper coupling con-
stant (g0 ¼ 537.3 eV · nm−1, determined by the non-
Ohmic I − V relation [Fig. 4(h)]), the threshold BC could
be less than 1.5 T and Δ could be of several to tens of meV
[Fig. 2(e)], both consistent with the experiment. Therefore,
electron-phonon interactions may be the mechanism in the
ZrTe5 experiment.
Commensurate-incommensurate crossover.—In the

experiment, the plateau of the Hall resistivity covers a
wide range from 1.7 to 2.1 T, which is surprising for the
following reason. According to Fig. 1, the Hall conduc-
tivity in units of e2=h is given by the number of the CDW
layers σxy ¼ ðe2=hÞ=λcdw per unit length, where λcdw is the
CDW wavelength, so the height of plateau should be ρxy ¼
1=σxy ¼ ðh=e2Þλcdw when σxx ¼ 0. It is known that the
CDWwavelength λcdw is related to the Fermi wavelength as
[29] (Sec. SV of [59])

λcdw ¼ λF=2 ¼ π=kF: ð8Þ
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FIG. 2. (a) The 1D energy bands of Landau levels dispersing
with the z-direction wave vector kz in a z-direction magnetic field
B ¼ 1.6 T. The CDW opens the gap (2jΔj) at the Fermi energy
EF. n marks the indices of the Landau bands. n ¼ 0� are the
lowest Landau bands. (b) Up: the g-ology, which is a diagram-
matic representation of the interaction and scattering processes
(arrowed �kF) involved in the charge density wave and
competing phases [30]. Down: the diagrams for the Yukawa
potential. The solid wavy line stands for interactions under the
random phase approximation [54], the dashed wavy line repre-
sents the bare Coulomb interaction, and the solid line represents
the bare electronic propagator. (c)–(e) The calculated CDW
order parameters for electron-electron (c) and electron-phonon
(d),(e) interactions, respectively. BC indicates a threshold
magnetic field at which there is a second-order phase
transition as Δ overcomes temperature. “Incomm.” and “8 a
comm.” indicate that incommensurate and commensurate
(CDWwavelength=lattice constant ¼ 8) CDWs are assumed,
respectively. The parameters are vx ¼ 9 × 105 m=s,
vy ¼ 1.9 × 105 m=s, vz ¼ 0.3 × 105 m=s, M0 ¼ −4.7 meV,
M⊥ ¼ 150 meV · nm2, Mz ¼ 0.01M⊥, a ¼ 7.25 Å [41,51],
n0 ¼ 8.87 × 1016 cm−3, ϵr ¼ 25.3 [55], and the electron-phonon
coupling constant g0 ¼ 537.3 eV · nm−1 (determined by compar-
ing with the nonlinear I − V data [41] in Fig. 4(h) ), and T ¼ 0 K.
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According to Eq. (2), kF decreases with the magnetic field,
leading to a λcdw linearly increasing with the magnetic field
[e.g., B > 2.1 T in Fig. 3(e)], so ρxy should increase linearly
with B. That is why the plateau in Fig. 3(a) is surprising.
The observed ρxy plateau between 1.7 and 2.1 T implies

that there is a commensurate CDW, i.e., the CDW wave-
length is pinned at integer times of the lattice constant a
[Fig. 3(b)]. According to the experiment, λcdw=a ¼ 8.1�
0.8 [41]. We compare the ground-state energies of com-
mensurate (λcdw=a ¼ 8) and incommensurate CDWs near
2.1 T, which can be obtained by minimizing the ground-
state energy Eg in Eq. (6). As shown in Fig. 3(d), the
commensurate (incommensurate) CDW has lower energy
for B ∈ ½1.7; 2.1�ð½2.1; 3�Þ T, so there is a crossover
between the commensurate and incommensurate CDWs
[B ¼ 2.1 T in Fig. 3(c)]. In the range B ∈ ½1.7; 2.1� T,
the fixed λcdw means a fixed Fermi energy, i.e., the system is

a grand canonical ensemble and the number of carriers can
change. By contrast, the number of carriers in the
incommensurate CDW phase cannot change. Therefore,
the change of electrons leads to lower ground-state
energy of the commensurate CDW phase in the range
B ∈ ½1.7; 2.1� T. Further increasing the magnetic field
above 2.1 T, the magnetic field will push the Fermi energy
lower (eventually to the band bottom), so there is a
crossover from commensurate to incommensurate CDW
phase as a function of the magnetic field. These are unique
properties of this magnetic field–induced CDW.
Non-Ohmic I − V relation.—An evidence of CDW is the

non-Ohmic I − V relation [70,71], because a bias voltage
has to overcome the barriers of CDW [Fig. 4(a)], which
can be used to determine Δ and more importantly the
electron-phonon interaction coupling constant g0 by com-
paring with our theory. The tunneling current Icdw is found
as [29,72]

Icdw ¼ e
h
jT j2

Z
∞

−∞
dϵDcdwðϵÞDNðϵþ eVzÞ

× ½fðϵÞ − fðϵþ eVzÞ�; ð9Þ

with the density of states [Fig. 4(b)] DcdwðEkzÞ=DNð0Þ ¼
jEkz − EFjΘðjEkz − EFj − jΔjÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEkz − EFÞ2 − jΔj2

q
(Sec. SVIII(A) of [59]), where the normal (N) density of
states DNð0Þ and tunneling matrix element T are assumed
energy independent, and fðxÞ ¼ 1=½1þ ex=ðkBTÞ� is the
Fermi function [73]. Figure 4(c) shows the non-Ohmic
Icdw − Vz relation at different temperatures. At zero temper-
ature, there is no tunneling current below the threshold
voltage V th ≡ jΔj=e. Finite temperatures can lead to a small
tunneling current for jVzj < V th. Figure 4(d) shows the
differential conductance dIcdw=dVz as a function of Vz at
different temperatures, where the peak near the threshold
V th at T ¼ 2.5 K is due to the abrupt increase of Icdw across
the threshold and is smeared at higher temperatures.
Figure 4(h) shows the differential resistance dVz=dIz in

the experiment [41]. There is a plateau below the threshold
current Ith ≈ 450 μA, besides the non-Ohmic behavior
above Ith. This implies that besides the 0þ Landau band,
there is another Ohmic channel, likely the broadened þ1
band bottom which lasts till B ¼ 1.7 T [Fig. 4(e)].
Therefore, we model the current as Iz ¼ Icdw þ IN
[63,74], where Icdw is the CDW current from the 0þ band
and the normal band is assumed to satisfy the Ohmic law
IN ¼ GNVz. We reproduce the Ohmic plateau and
non-Ohmic Iz − Vz relation at different temperatures
[Fig. 4(g)]. Using Ith in the experiment, we find that
g0 ¼ 537.3 eV · nm−1. For T ¼ 1.5 K, we assume that

Iz ¼ Ið1ÞcdwðTÞ þ Ið1ÞN for Iz < Ith and Iz ¼ Ið2Þcdwðα1TÞ þ
Ið2ÞN for Iz > Ith; for T ¼ 2.5 K, Iz ¼ Ið3Þcdwðα2TÞ þ Ið3ÞN ,
where α1;2 describe the Joule heat from the abrupt current
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FIG. 3. (a) The Hall (ρxy) and longitudinal (ρxx) resistivities
adapted from the experiment [41]. (b) Schematic of the com-
mensurate CDWs, whose wavelengths are integer times of the
lattice constant a. (c) Our understanding to ρxy. B ∈ ½1.3; 1.7� T,
ρxy is not quantized due to the broadening of the n ¼ 1 Landau
band bottom [see also Fig. 4(e)]; B ∈ ½1.7; 2.1� T, a commensu-
rate CDW pins λcdw and λF, leading to the plateau of ρxy;
B ∈ ½2.1; 3� T, the incommensurate CDW takes over, so ρxy ∝ B.
(d) Ground-state energies Eg (per unit volume) of incommensu-
rate and commensurate (λcdw=a ¼ 8) CDWs, which shows that
the commensurate (incommensurate) CDW has lower energy
when B ∈ ½1.7; 2.1�ð½2.1; 3� TÞ. (e) The Fermi (λF) and CDW
(λcdw) wavelengthes.
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increase. Without the Joule heat, dVz=dIz shows a dip
near Ith [Fig. 4(f)], due to the dIcdw=dVz peak in
Fig. 4(d).
Discussions and perspectives.—At higher magnetic

fields, signatures of fractional quantum Hall effect have
been reported [41,75], which is a promising topic. At lower
magnetic fields (B ∈ ½0.6; 1� T), the experiment also shows
some plateaulike behaviors in the Hall resistivity [41],
implying a simultaneous CDW phase of multiple bands.
The CDW mechanism of 3D quantum Hall effect could be
realized also in layered structures HfTe5, TaS2, NbSe3, etc.
In Type-II Weyl semimetals [38], the overtilted pockets
may lead to a cascade of CDW and even multiple 3D Hall
plateaus for weak interactions.
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