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Using x-ray tomography, we experimentally investigate granular packings subject to mechanical tapping
for three types of beads with different friction coefficients. We validate the Edwards volume ensemble in
these three-dimensional granular systems and establish a granular version of thermodynamic zeroth law.
Within the Edwards framework, we also explicitly clarify how friction influences granular statistical
mechanics by modifying the density of states, which allows us to determine the entropy as a function of
packing fraction and friction. Additionally, we obtain a granular jamming phase diagram based on
geometric coordination number and packing fraction.
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Granular packings are intrinsically nonequilibrium, as
they stay in mechanically metastable configurations in the
absence of external driving. However, when a granular
system is subject to a specific excitation protocol like
consecutive tapping, it can reach a stationary state whose
packing fraction fluctuates around a specific value inde-
pendent of the preparation history [1–5], reminiscent of a
system in thermal equilibrium [6,7]. Edwards and co-
workers proposed a statistical mechanics approach to
account for this observation, postulating that for granular
systems volume is the quantity which is analogous to
energy for systems in thermal equilibrium [7–9]. In this
approach, the corresponding conjugate to volume is a
temperaturelike variable called “compactivity,” which
describes the compaction capability for a granular system.
This framework was later extended to include contact
forces in a jammed configuration which introduces the
force or stress ensemble [10,11], although its relationship
with the volume ensemble remains debated [12–14].
The Edwards ensemble approach has been investigated

by a number of experimental and numerical studies.
It is found that when a granular assembly reaches the
steady state, local quantities like volume [15–21] or
stress [11,20,22] possess a Boltzmann-like distribution.
Furthermore, a numerical study has shown that mechan-
ically stable frictionless packings are equally probable at
the jamming point, verifying Edwards’ original conjecture
that the logarithm of the number of mechanical stable
packings gives granular entropy [23]. Other simulations
have found that the Edwards compactivity equals the
dynamic effective temperature in slowly driven granular

materials, leading to a granular version of the fluctuation-
dissipation theorem [24,25]. Establishing this connection is
important since it proves the usefulness of thermodynamic
framework for the development of a constitutive theory for
granular materials [26,27].
Despite these advances, a systematic experimental veri-

fication of Edwards volume ensemble in three dimensions
(3D) is still lacking. For example, it remains controversial
whether or not compactivity defined over the volume
ensemble satisfies the thermodynamic zeroth law [20].
Furthermore, previous experimental investigations mainly
focused on a single species of granular beads, i.e., with the
same friction coefficient. The explicit role friction plays
on granular statistical mechanics remains thus little
understood [28].
In this Letter, we address these unresolved issues by

analyzing tapped granular packings in 3D using an x-ray
tomography technique [5,15,29,30]. We employ three types
of monodisperse beads with different friction coefficients.
Our results support the validity of the Edwards volume
ensemble and the existence of a thermodynamic zeroth law.
Furthermore, we find that at a given volume, both the
density of states and the entropy increase with friction,
which elucidates the specific way that friction influences
granular statistical mechanics. Additionally, we obtain a
granular jamming phase diagram based on geometric
coordination number and packing fraction, which sheds
light on the potential coupling between the volume and
stress ensembles.
We generate disordered granular packings via mechani-

cal tapping for three types of monodisperse spherical beads
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in a dry cylindrical container. We employ acrylonitrile
butadiene styrene plastic (ABS) beads, 3D-printed (3DP)
plastic beads (ProJet MJP 2500 Plus), and 3D-printed
plastic beads that have a bumpy surface (BUMP). A
BUMP particle is designed by decorating a sphere of
diameter d with 100 semispheres of diameter 0.1d on its
surface (see Supplemental Material [31]). Such BUMP
beads mimic the particles with large surface friction while
maintaining a geometrical shape almost identical to an ideal
sphere [32]. The bead diameters are d ¼ 6 mm for 3DP
beads, and d ¼ 5 mm for ABS and BUMP beads. Their
effective friction coefficients follow μBUMP > μ3DP > μABS
as measured by repose angle measurements [31]. The inner
diameter of the cylindrical container is D ¼ 140 mm and
the height of the packing is roughly 140–210 mm. We glue
ABS semispheres with d ¼ 5 and 8 mm on the bottom and
side walls of the container to avoid crystallization of the
packing during the whole compaction process.
A mechanical shaker is used to excite the granular

packings, with tap intensity Γ ¼ 2g–16g, where g is the
gravitational acceleration constant. A tap cycle consists of a
200 ms pulse followed by a 1.5 s interval allowing the
system to settle. We note that the pulse duration is an
important control parameter for tapping [33], but for the
sake of simplicity we focus here only on Γ, while keeping
the pulse duration constant. The compaction process starts
from an initial poured-in random packing structure.

Depending on Γ, the numbers of taps needed to reach
the stationary states are between 10 and 4000 [31]. In
general, a stronger tap intensity leads to a looser stationary
state packing. X-ray tomography scans are performed on
the stationary state packings using a medical CT scanner
(UEG Medical Group Ltd., 0.2 mm spatial resolution).
Subsequently, 3D packing structures are obtained follow-
ing image processing procedures of previous studies [5,34].
For the analysis presented here, each packing consists of
3000–6000 particles, after excluding particles within 2.5d
from the container boundary and free surface. By means of
the pair correlation function, the bond orientational order
metrics [35], and the local packing profiles along both the
vertical and radial directions, we verify that the obtained
packings are homogeneously disordered [31]. Statistics for
each stationary state are the average results over 10–30
independent realizations.
The global packing fraction ϕ is calculated using

ϕ ¼ P
vp=

P
vvoro, where vp and vvoro are the particle

volume and its associated Voronoi cell volume. For
simplicity, we set in the following vp as unity. As shown
in Fig. 1(a), the relation between Γ and ϕ is not universal,
i.e., ϕ depends not only on Γ but also on the friction
coefficient μ: ϕ ¼ 0.605–0.640 for ABS, ϕ ¼ 0.587–0.640
for 3DP, and ϕ ¼ 0.565–0.625 for BUMP. The associated
lower bounds are ϕ� ¼ 0.605, 0.587, and 0.565. We have
verified that ϕ� can also be reproduced by a hopper

FIG. 1. (a) Packing fraction ϕ as a function of tap intensity Γ for the ABS, 3DP, and BUMP systems. (b) Probability distribution
functions PμðVÞ for four representative packings. (c) Relationship between ln½Pr

μðVÞ=PμðVÞ� and V=m for the packings shown in (b).
(d) Volume fluctuation varðVÞ as a function of ϕ (symbols). The solid curve is a cubic polynomial fit (see main text).
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deposition protocol, which is another typical way to
generate very loose packings [31]. The independence of
ϕ� on the two protocols indicates that ϕ� indeed marks the
onset of mechanical stability for packings under gravity.
Thus, the obtained ϕ range fully covers the range bounded
between ϕRLP ≈ 0.56 for the random loose packing (RLP)
and ϕRCP ≈ 0.64 for the random close packing (RCP)
[5,30,36–39]. As wewill demonstrate below, the significant
overlaps of the ϕ range between different systems allow us
to investigate systematically the role friction plays for the
packings.
If the Edwards volume ensemble is valid in our system,

compactivity should be an intensive quantity, whose value
and the associated volume fluctuation should be indepen-
dent of the system size. However, since the Voronoi
volumes of neighboring particles are correlated, single-
particle statistics cannot satisfy this requirement [21,40]. To
avoid this issue, we calculate the total Voronoi volume V of
particles within a coarse-grain spherical region of diameter
dðm=ϕÞ1=3 around each particle, where m is the number of
particles within the sphere. In practice, we use m ¼ 15,
which is sufficient to suppresses the Voronoi volume
correlations [31].
According to the Edwards volume ensemble, the prob-

ability of finding a system volume V is given by a
Boltzmann-like distribution

PμðVÞ ¼
ΩμðVÞ
ZμðχÞ

e−V=χ ; ð1Þ

where χ is the compactivity, ΩμðVÞ is the density of states,
ZμðχÞ is the partition function, and the subscript μ indicates
the type of bead. In Fig. 1(b), we show the probability
distribution function PμðVÞ for four representative pack-
ings. All these distributions can be fitted well by a k-
Gamma function as previously reported [16], whose
exponential tails are consistent with the Boltzmann-like
distribution of Eq. (1). (We mention that with increasing m
the distribution becomes Gaussian-like, as expected.) We
note that PμðVÞ of ABS and BUMP at ϕ ¼ 0.605 are very
similar to each other, indicating that PμðVÞmainly depends
on ϕ. Nevertheless, since ΩμðVÞ depends on the type of
bead considered, this similarity does not necessarily lead to
a simple relation between χ and ϕ.
To measure χ, we use the overlapping histogram method

which considers the ratio between PμðVÞ and Pr
μðVÞ of a

reference state with the same μ [9],

Pr
μðVÞ

PμðVÞ
¼ ZμðχÞ

ZμðχrÞ
eð1=χ−1=χrÞV; ð2Þ

where χr is the compactivity of the reference state. In
Fig. 1(c), the logarithm of the left hand side of Eq. (2) is
plotted as a function of V=m for the configurations shown

in Fig. 1(b) and the clear presence of linear regimes is
recognized with the slopes corresponding to
ð1=χ − 1=χrÞm. Hence, this allows us to determine χ if
the reference state Pr

μðVÞ and its χr can be identified. In
analogy to the relation between the energy fluctuation and
the specific heat in thermal equilibrium systems [5,9], χ can
also be determined from the intensive volume fluctuation
varðVÞ ¼ σ2V=m, where σ2V is the variance of V. The
associated relation is

1

χðϕÞ −
1

χr
¼

Z
ϕ

ϕr

dφ
φ2varðVÞ ; ð3Þ

where ϕr is the packing fraction of the reference state. As
shown in Fig. 1(d), surprisingly, varðVÞ for all three
systems nearly collapse on a master curve, despite their
rather different values of μ, in agreement with the PμðVÞ
dependency on ϕ from Fig. 1(b). This master curve can be
described well by a (phenomenological) cubic polynomial
fit given by varðVÞ ¼ 9.718 − 45.335ϕþ 70.959ϕ2 −
37.225ϕ3 [solid curve in Fig. 1(d)]. In previous work,
the reference state (i.e., infinite χ) used in Eqs. (2) and (3)
has often been chosen to be the RLP state with a fixed
packing fraction ϕRLP ≈ 0.56 [9]. Instead, we believe it is
more suitable to define the infinite χ reference states as
ϕr ¼ ϕ� ¼ 0.565, 0.587, and 0.605 for BUMP, 3DP, and
ABS, respectively, i.e., the loosest packing that can be
obtained for a given μ [17]. The integral in Eq. (3) can be
numerically calculated using the polynomial fit to varðVÞ.
Figure 2(a) shows that χ−1 calculated via Eq. (2) (symbols)
are consistent with those via Eq. (3) (solid curves) for all
three systems, which demonstrates the equivalency of the
two methods [20,21]. The relationship between χ and ϕ for
different systems [inset of Fig. 2(a)] qualitatively agrees
with previous numerical studies [17,38]. The nice agree-
ment of the probability distribution of V with the functional
form of Eq. (1) and the consistency of results of two
independent protocols to calculate χ therefore strongly
support the validity of the Edwards volume ensemble in our
system.
In Fig. 2(b), we observe a nice one-to-one correspon-

dence between χ and tap intensity Γ for all three particle
species within experimental uncertainty, where the margins
of error are calculated assuming a 0.01 uncertainty for the
values of ϕ� in all three systems [31]. This result implies
that two different granular packings (i.e., with different μ)
under the same excitation intensity, i.e., same external heat
bath, reach the same “temperature” (i.e., χ). Thus, a
granular version of zeroth law of thermodynamics is
fulfilled in our systems. Previous studies reported that
two subsystems composed of two types of disks having
different frictions reach different χ under quasistatic com-
pression, over the whole ϕ range investigated [20]. This
discrepancy with our conclusion might originate from the
fact that quasistatic compression significantly hinders

PHYSICAL REVIEW LETTERS 127, 018002 (2021)

018002-3



structural rearrangement, which hampers two subsystems
to reach thermal equilibrium in the volume ensemble. A
further possibility for this discrepancy originates from the
different definitions of the reference state for infinite χ in
the two studies. If the compactivity is calculated by Eq. (3)
using a constant RLP reference with ϕr ¼ 0.565 for all
three systems, it simply becomes a function of ϕ, since
varðVÞ only depends on ϕ as shown in Fig. 1(d). In this
case, the one-to-one correspondence between Γ and com-
pactivity is lost [inset of Fig. 2(b)]. The emergence of a
thermodynamic zeroth law for granular materials is quite
striking given that the dissipative dynamics and micro-
scopic structures of different systems under the same Γ are
rather distinctive as indicated by the relation between χ and
ϕ in the inset of Fig. 2(a).
So far, we have not discussed the details of how friction

influences the statistical behavior of our system. According
to Eq. (1), since ΩμðVÞ ¼ PμðVÞeV=χZμðχÞ, the V depend-
ence of ΩμðVÞ is given by the product PμðVÞeV=χ . So when
plotting PμðVÞeV=χ as a function of V for a given μ with
different χ, the data should collapse onto a master curve
after being scaled by a scaling factor. Figure 3(a) shows that
this is indeed the case, which suggests that the functional
form of Eq. (1) is valid. Additionally, since the scaling
factor of PμðVÞeV=χ at finite χ needed to collapse this
product onto its χ → ∞ expression is the χ-dependent
ZμðχÞ=Zμð∞Þ, we can obtain ZμðχÞ up to a scaling constant
Zμð∞Þ. Similarly, ΩμðVÞ is the product of the normalized
master probability distribution Pχ→∞

μ ðVÞ with Zμð∞Þ, i.e.,
ΩμðVÞ ¼ Pχ→∞

μ ðVÞZμð∞Þ. Thus, we can also obtainΩμðVÞ
for all three systems up to the scaling constant Zμð∞Þ.
A simple inspection of the master curve distributions for
the three systems clearly shows that the density of states
ΩμðVÞ depends on μ.
Once we obtain ZμðχÞ=Zμð∞Þ, we can then evaluate the

free energy by F ¼ −χ ln½ZμðχÞ� with an additive constant
χ ln½Zμð∞Þ�. In Fig. 3(b), we show F as a function of χ−1

and this dependence can be fitted well by the functional
form FðχÞ þ χ ln½Zμð∞Þ� ¼ c1 þ c2χc3 , where the values
of the fit parameters are given in [31]. From F we can now
obtain the entropy by S ¼ −∂F=∂χ and also SðχÞwill have
an unknown additive constant ln½Zμð∞Þ�. To determine this
constant, we postulate that SRCP is zero for all three systems
from which Zμð∞Þ can be determined. Previous studies
have proposed that SRCP is a finite constant [17]. However,
its value does not qualitatively affect the discussion here.
The resulting SðϕÞ are shown in Fig. 3(c) (symbols), in
qualitative agreement with previous numerical simulations
[17]. Complemental to this approach, entropy can also be
measured using the fluctuation method [5]:

SðϕÞ − SRCP ¼
Z

ϕRCP

ϕ

dφ
φ2χðφÞ ; ð4Þ

as indicated by the dashed curves in Fig. 3(c). The agree-
ment of both approaches gives additional strong support for
the validity of the Edwards statistical mechanics description
of our system. For a given ϕ, the value of SðϕÞ increases
with increasing μ, which is reasonable since a larger μ can
stabilize more packings at a given ϕ. This can also be
confirmed by explicitly calculating the density of states
ΩμðVÞ which can be obtained by multiplying the curves in
Fig. 3(a) by the constant Zμð∞Þ, as shown in Fig. 3(d). This
result agrees qualitatively with a recent experiment on 2D
disk packings [28].
Based on the Edwards volume ensemble, a jamming

phase diagram for frictional granular materials has been
constructed using mean-field theory [38]. To construct the
corresponding diagram for a real system, we determine the
geometric coordination number z for all the experimental
packings. The procedure to determine z is strictly identical
for all packings to exclude the errors introduced by image
processing [27,31]. In Fig. 4, we show the relation between
z and ϕ for all three systems, together with our simulation
results of packings at jamming onset with varying μ

FIG. 2. (a) Inverse of compactivity χ−1 as a function of ϕ for the three systems calculated via the overlapping histogram method
(symbols) and the fluctuation relation method (solid curves). Inset: ϕ as a function of χ. (b) Inverse of compactivity χ−1 as a function of
tap intensity Γ. Inset: χ−10 as a function of Γ, where χ0 is the compactivity calculated with a constant RLP reference with ϕr ¼ 0.565.
Error bars are evaluated by calculating χ−1 using Eq. (3) with ϕr ¼ ϕ� � 0.01.
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[31,41]. In contrast to the results of the mean-field
calculation [38], we find that z is no longer just a function
of ϕ, but shows a more complex behavior. For each system,
we observe an onset (loosest) packing state with
z�ðϕ�Þ. z� ¼ 4.2 for the loosest BUMP packings with
ϕ� ¼ 0.565, which is close to the isostatic z ¼ 4
for the jamming transition as μ → ∞, i.e., RLP. For the
other two systems we find that z� increases with decreasing
μ. Interestingly, z�ðϕ�Þ is rather close to our simulation
results for frictional jamming onset, indicating a unique
relation between z�, ϕ�, and μ. Beyond this onset state,
for any of the systems, z grows with ϕ in a similar
manner between the jamming onset and RCP.
Introducing the scaled variables z̃ ¼ ðz − z�Þ=ðz0 − z�Þ
and ϕ̃ ¼ ðϕ − ϕ�Þ=ðϕRCP − ϕ�Þ, where z0 ¼ 6 is the iso-
static coordination number for RCP, we find that all three
systems follow the empirical relation z̃ ¼ ϕ̃2.5, as shown in
the inset of Fig. 4. For a given ϕ, the upper bound of z is
formed by the corresponding onset z�ðϕ�Þ, which reflects
the geometrical constraint for a disordered hard-sphere
configuration. At the same ϕ, zðϕ; μÞ decreases with
increasing μ, indicating that packings with a larger μ
possess more mechanically stable configurations with
small z. This result is thus different from previous study
in which z only depends on ϕ and mechanically stable

FIG. 3. (a) PμðVÞeV=χ ZμðχÞ=Zμð∞Þ as a function of V=m at different χ (different symbols) collapse on Pχ→∞
μ ðVÞ (thick solid curves)

for the three systems. Inset: PμðVÞeV=χ (symbols) at several χ for the three systems. Solid curves denote Pχ→∞
μ ðVÞ. (b) F þ χ ln½Zμð∞Þ�

as a function of χ−1 by experiments (symbols). Solid lines are fits (see main text). (c) S-SRCP as a function of ϕ calculated via
S ¼ −∂F=∂χ (symbols) and the fluctuation relation method [Eq. (4), dashed curves], respectively. (d) Density of states ΩμðVÞ as a
function of V=m.

FIG. 4. Granular jamming phase diagram of coordination
number z versus packing fraction ϕ from experimental measure-
ments (open symbols) and simulation (filled diamonds). Dashed
curves denote the isocompactivity lines for χ ¼ 0.8, 0.4, and 0.2
(left to right). Inset: the relation between z̃ and ϕ̃ (see main text)
with an empirical fit z̃ ¼ ϕ̃2.5 (solid curve).
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configurations are instead related to the mechanical
coordination number [38]. Our findings clearly suggest
that z already encodes information about mechanical
stability, which implies the coupling between the stress
and volume ensembles for ϕ < ϕRCP [12].
Also included in Fig. 4 are isocompactivity lines (dashed

curves) for χ ¼ 0.8, 0.4, and 0.2. The diagram of z and ϕ
can then be transformed into another bivariate diagram of μ
and χ, analogous to [38]. Note that a unique RCP state with
z0 ¼ 6, ϕ ≈ 0.64 is approached as χ → 0, irrespective of μ.
This convergence is also found in the behaviors of other
structural parameters [31]. Therefore, geometric packing
structure and its fluctuations at RCP are identical for systems
with different μ, reinforcing the previous postulate that
entropy SRCP is constant at RCP for different systems,
and stress and volume ensembles are decoupled at RCP [9].
In summary, by systematically studying tapped granular

packings, we find strong evidence for the validity of the
Edwards volume ensemble in 3D granular systems and
establish a granular version of thermodynamic zeroth law.
Additionally, we clarify how friction influences granular
statistical mechanics as modifying the density of states.
This allows us to determine the entropy as a function of
packing fraction and friction, which will help to establish
the connections between microscopic and macroscopic
properties of granular materials. We believe these results
are important since they show that the Edwards ensemble is
indeed a coherent framework to describe the statistical
properties of granular systems and it will help any future
development of constitutive law of granular materials based
on thermodynamic framework.
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