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Seismology finds that Earth’s solid inner core behaves anisotropically. Interpretation of this requires a
knowledge of crystalline elastic anisotropy of its constituents—the major phase being most likely ϵ-Fe,
stable only under high pressure. Here, single crystals of this phase are synthesized, and its full elasticity
tensor is measured between 15 and 33 GPa at 300 K. It is calculated under the same conditions, using the
combination of density functional theory and dynamical mean field theory, which describes explicitly
electronic correlation effects. The predictive power of this scheme is checked by comparison with
measurements; it is then used to evaluate the crystalline anisotropy in ϵ-Fe under higher density. This
anisotropy remains of the same amplitude up to densities typical of Earth’s inner core.
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Earth’s inner core grows by solidification of the sur-
rounding liquid outer core and is believed to be mainly
composed of iron (≥ 90 wt% [1]) alloyed with Ni and
lighter elements, likely under a hexagonal-close-packed
ϵ-Fe phase unstable under ambient conditions [2,3]. It is
anisotropic seismically, with larger compressional P wave
velocity vP for a propagation in the polar rather than the
equatorial direction by 3%–4% [4]. Anisotropy in shear
waves velocity vS is estimated to reach 4% [5]. These
features are often attributed to a lattice preferred orientation
of ϵ-Fe alloy crystallites aligned either during solidification
or by deformation. This requires an intrinsic crystalline
elastic anisotropy under relevant conditions (330–360 GPa,
∼5600 K [6]): This anisotropy can be estimated using
single-crystal elastic constants (SCECs). SCECs can be
straightforwardly measured under pressure using x-ray
scattering techniques in single crystals [7], but such a
single crystal of ϵ-Fe has never been synthesized. Isotropic
or textured powders allowed the measurement of vP in ϵ-Fe
[8–10]. SCECs can also be estimated using lattice strain
modeling, but the outputs are highly scattered [9,11,12].
SCECs can be predicted by quantum-mechanics calcu-

lations. The standard generalized gradient approximation
(GGA) to density functional theory (DFT) provides a
reproducible estimate at 0 K and moderate compression
for ϵ-Fe [13–17]. However, weaknesses of the DFT/GGA
for the description of electron interactions in iron have been
pointed out. The density of ϵ-Fe predicted with DFT/GGA
is overestimated by more than 5% around 20 GPa [14], and
the lattice parameters ratio c=a also differs from the
experimental one; SCECs are expected to be highly

sensitive to this ratio [18]. Recent studies suggest that
the description of bonding in Fe, and the resulting structural
and magnetic properties, can be improved using the
combination of DFT and dynamical mean field theory
(DMFT) hereafter called DFTþ DMFT. DFTþ DMFT,
unlike DFT alone, allows one to reproduce the loss of
magnetism in α-Fe under ambient pressure at Curie temper-
ature, and the α-Fe → γ-Fe transformation by a soft phonon
mechanism by further temperature increase [19–21]. ϵ-Fe
structural parameters are closer to measurements when
predicted with DFTþ DMFT than with DFT [22,23].
We report here the synthesis of ϵ-Fe single crystals in

diamond anvil cells and subsequent measurement of
SCECs of this phase up to 32 GPa at 300 K with inelastic
x-ray scattering. In parallel, we use the DFTþ DMFT
description to calculate the SCECs of ϵ-Fe with the finite
strain method. We discuss below how they compare and
extend DFTþ DMFT calculations in the density range of
Earth’s inner core.
The phase diagram of iron is represented in Fig. 1(f). ϵ-Fe

is stable above ∼13 GPa at 300 K. In earlier studies, α-Fe
single crystals have been quasihydrostatically compressed in
diamond anvil cells [24,25]; α-Fe → ϵ-Fe transformation
breaks an α-Fe sample into numerous smaller crystals. This
can be explained by the martensitic microstructure observed
for this transformation, where ϵ-Fe bursts as many lenticular
grains [26]. The lattice and shape mismatches at α-Fe-ϵ-Fe
interfaces create a high plastic strain in the sample [25,26],
which makes these ϵ-Fe grains unsuitable for fine crystallo-
graphic measurements. We show here that ϵ-Fe crystals of
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good quality can be synthesized following an alternative path
which rounds the α-γ-ϵ triple point [Fig. 1(f)].
The samples were α-Fe single-crystal samples [∼40 μm

(diameter) × ∼ 20 μm (thickness)] loaded in neon
[Fig. 1(d)]; we monitored their transformations with x-ray
diffraction (XRD) mapping in resistively heated diamond
anvil cells as detailed in Supplemental Material [27] (which
includes Refs. [28–32]). The α-Fe → γ-Fe transition was
induced by temperature increase to∼800 K around 7 GPa; it
is obtained within approximately 10 K. Many γ-Fe single
crystals formed from one starting α-Fe single crystal, with
size reaching 20 μm. Importantly, some crystals were of
good quality, as attested by the round shape and narrow
rocking curve of the XRD peaks [see Figs. 1(a)–1(c)]. This
can be explained by the likely reconstructive character of
α → γ transformation under these conditions [26]. Then, the
pressure was increased to induce γ-Fe → ϵ-Fe transforma-
tion, with no apparent decrease of crystal quality [Fig. 1(c)]
and the temperature decreased to 300 K. γ-Fe → ϵ-Fe
transformation is sluggish, with non-negligible amounts of
γ-Fe retained far in the stability field of ϵ-Fe.
Similar P-T paths have been followed for five different

samples, but only two of them turned out to contain ϵ-Fe
crystals with sufficient size and quality for SCEC mea-
surements. When the size of the starting sample is
decreased, the γ-Fe grains size also decreases so that the
best syntheses were obtained with the largest samples. In
run 1, inelastic x-ray scattering (IXS) measurements have
been carried out at 15 GPa; in run 2, at 24 and 33 GPa.
IXS analyzes the signal scattered around single-crystal

XRD peaks. Through photon-phonon interaction, a small
part of the incident x-ray photons is scattered with an
energy decrease or increase ΔE (Stokes or anti-Stokes
scattering, creation or annihilation of a phonon) in the

50 meV range for acoustic phonons. The phonon dispersion
curves ΔE vs q (phonon momentum) along several
propagation directions have been measured as detailed in
Supplemental Material [27] and Refs. [33–35]. This pro-
vides acoustic phase velocities of one longitudinal (com-
pressional) wave (vL) and two transverse waves (vT1 and
vT2) [36]. Figure 2(a) shows typical IXS spectra collected at
33 GPa. They exhibit an elastic line and two inelastic lines
corresponding to one longitudinal and one transverse (T2)
acoustic phonon energy excited with x rays. The corre-
sponding dispersion curve is plotted in Fig. 2(b).
Hexagonal crystals have five independent SCECs: C11,

C33, C12, C13, and the first shear constant C44; the second
shear constant is C66 ¼ ðC11 − C12Þ=2. Therefore, five
independent velocities have to be measured for a complete
determination of the elasticity tensor. For the two samples,
eight to 12 dispersion curves allowed a redundant meas-
urement of the five elastic constants from the fit of
the dependence of velocities on the propagation direction
polar angle [36] (see the expressions of vL, vT1, vT2 in
Supplemental Material [27]). The fit results are listed in
Table I. Figure 2(c) shows that the velocity data deviate
from the fit by �2% and �4% for longitudinal and
transverse waves, respectively, yielding an estimate of
experimental error bars. The uncertainty on C11 and C33,
deduced from vL, is thus lower than the uncertainty on C44

and C66, deduced from vT1 and vT2. The adiabatic bulk
modulus of an isotropic aggregate estimated using Voigt
averaging of SCECs and using an experimental EOS [37]
(with an isothermal-to-adiabatic correction detailed in
Sec. 1 of Supplemental Material [27]) are listed in
Table I. The two estimates agree within 4% on average,
which provides a partial check of the current SCEC
measurements. Here, a fast c axis is evidenced for

FIG. 1. ϵ-Fe single-crystal synthesis. (a)–(c) X-ray diffraction patterns of an iron sample collected at (a) 8.0 GPa, 770 K, (b) 9.0 GPa,
801 K, and (c) 13.5 GPa, 801 K. The diamond anvil cell has been rotated around a vertical axis by �20° during data collection.
(d) Photograph of one sample. (e) Intensity of the (11̄00) diffraction peak of ϵ-Fe as a function of the diamond anvil cell rotation angle.
The rocking curve width is indicative of the crystal quality. (f) Iron phase diagram (after Ref. [24]) showing the approximate P-T path
followed for ϵ-Fe single-crystal synthesis. The conditions of the patterns (a)–(c) collection are indicated with red dots.
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longitudinal velocity vL, with a velocity 4.4% higher than
in the basal plane. No anisotropy could be detected for vT1,
which implies that C44 ≃ C66. vT2 exhibits a 15% increase
for a propagation around 50° to the c axis. Similar trends

are observed at 14.5 and 23 GPa (Fig. S2 in the
Supplemental Material [27]), but the current anisotropies
contrast sharply with IXS measurements on textured
powders [9] and those deduced from lattice strain

(a)

(b)

(c)

FIG. 2. Measurement of ϵ-Fe single-crystal elastic constants. (a) Inelastic x-ray signal scattered close to an x-ray diffraction spot with
R ¼ ð011̄ 1̄Þ at 33 GPa. The momentum q ¼ Q −R (see text), indicating the phonon propagation direction, is indicated for each
spectrum. One elastic (light gray) and two inelastic (excitation of a transverse T2 and longitudinal L phonon in dark gray and red,
respectively) contributions fit the raw spectrum. (b) L and T2 phonon dispersion curves calculated for a propagation direction parallel to
(011̄ 4̄) using the measurements plotted in (a). (c) Longitudinal and transverse sound velocities, as a function of the propagation
direction, measured at 33 GPa (9.75 Å3) and calculated at 9.784 Å3 (dots, IXS data; rounded dots, IXS data from (b); dot-dashed line, fit
to them) are compared to DMFT and DFT/GGA output (continuous and dotted lines).

TABLE I. Comparison of pressure P (in GPa), lattice parameters ratio c=a, single-crystal elastic constants SCECs Cij, and Voigt shear
and bulk moduli G and KS (in GPa) of ϵ-Fe measured and computed in DFT/GGA (“DFT” means “DFT/GGA” in the table) and
DFTþ DMFT. KSEOS is the bulk modulus deduced from the ϵ-Fe equation of state [37]. Definitions of G, KS, and KSEOS are in
Supplemental Material [27]. Calculations are static; e.g., they do not include a zero-point vibration term. For the DFTþ DMFT method,
the electronic and lattice temperatures are 300 and 0 K, respectively. Reference [37] is used to evaluate all numbers in parentheses as
well as Pexp indicated in the footnotes.

Method V (Å3=at) P c=a C11 C33 C66 C13 C44 G KS KSEOS

Exp. (10.40) 15 (1.606) 479 495 153 113 142 157 250 (239)
Exp. (10.05) 24 (1.604) 515 588 147 125 159 169 284 (281)
Exp. (9.75) 33 (1.602) 605 660 170 171 171 186 343 (322)
DFT 10.450a −4 1.582 497 548 173 131 159 173 263 264
DFTþ DMFT 10.450 11 1.600 453 480 143 116 122 143 243 239
DFT 9.784b 16 1.584 637 700 208 191 198 212 353 355
DFTþ DMFT 9.784 30 1.597 592 641 181 174 154 181 331 338
DFT 8.150c 112 1.589 1219 1318 357 452 328 359 730 735
DFTþ DMFT 8.150 122 1.597 1164 1281 512 448 318 334 720 721
DFT 6.669d 326 1.594 2281 2508 576 973 538 597 1469 1472
DFTþ DMFT 6.669 332 1.598 2241 2452 541 979 556 585 1463 1457

aPexp ¼ 14 GPa.
bPexp ¼ 32 GPa.
cPexp ¼ 119 GPa.
dPexp ¼ 313 GPa.
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measurements in powders [12] (Fig. S3 in Supplemental
Material [27]). A similar disagreement has been reported
for cobalt, evidencing the weakness of the underlying stress
model [7].
We used DFTþ DMFT, which describes explicitly the

local electronic interactions among localized 3d orbitals
[38,39], to predict the ϵ-Fe SCEC. DFTþ DMFTmodeling
requires three main parameters: the choice of correlated 3d
orbitals, the value of Hubbard U—the effective interaction
parameter for direct interaction among d orbitals—and the
value of Hund’s J—the effective interaction parameter for
exchange interaction [40]. In Supplemental Material [27]
(which include Refs. [41–56]), we justify the exchange
correlation functional and values of U and J chosen here
(local density approximation with U ¼ 6.0 eV and
J ¼ 0.9 eV, close to Ref. [21]). DFTþ DMFT predicts
ϵ-Fe volume within 1% of the experimental one between
11and 200 GPa, and a c=a ratio within 0.3% [37,57], a
drastic improvement on DFT/GGA (Figs. S4 and S5 in the
Supplemental Material [27]).
We have calculated the five independent SCECs at 0 K

using the energy finite differences method [13,14,16,17]
and five different strains (see Supplemental Material [27],
which include Refs. [58–63]), within DFTþ DMFT and
conventional DFT/GGA at four different ϵ-Fe volumes as
listed in Table I, which spans the 11–332 GPa pressure
range. DFTþ DMFT calculations require a high comput-
ing power to ensure an accurate estimation of energy vs
strain curves, despite the noise inherent in the Monte Carlo
method solving the many-body problem. The pressure,
relaxed c=a ratio, and bulk modulusKS are listed in Table I.

The accuracy of the energy finite differences method has
been checked (i) by comparison of finite differences SCECs
with density functional perturbation theory SCECs, all
obtained with standard DFT (Table S2 in Supplemental
Material [27]) and (ii) by comparison of KS with KSEOS
from the equation of state predicted with the same
framework (Table I). In all cases, they agree within 2%.
Figure 3(a) represents the SCECs predicted here vs the

calculated pressure as listed in Table I, up to 90 GPa. The
SCECs calculated with DFT/GGA agree with Ref. [14] (not
plotted here), but are up to 30% higher than the exper-
imental and DFTþ DMFT ones. This is in large part
because the pressure is underestimated by DFT/GGA; at a
fixed pressure, bonding and elastic constants are thus
overestimated. This can be corrected by representing
SCECs at the same volume rather than the same pressure,
as in Fig. 3(b). DFT/GGA, DFTþ DMFT, and experimen-
tal SCECs then agree within 15%. However, a close look at
Fig. 3(b) reveals that while C11, C33, C13, C44, C66 are all
overestimated by DFT/GGA, by ∼10% on average, these
constants are closer to experimental values when calculated
with DFTþ DMFT. This points to a general overestimate
of bond strength with DFT. The average deviation of
DFTþ DMFT Cij from the experimental ones is 4.5%,
with a maximum for C44, underestimated by ∼12%; this
results in a difference of 3.5% in vT1 anisotropy. This
difference may be partly explained by experimental error
bars. Measured and calculated acoustic velocity anisotro-
pies exhibit similar shapes [Fig. 2(c)]. DFTþ DMFT thus
improves the description of elastic behavior of ϵ-Fe under
pressure compared to DFT. Elastic constants being second

(a) (b) (c)

FIG. 3. (a) Calculated single-crystal elastic constants of ϵ-Fe plotted vs pressure PðVÞ calculated within the same framework.
(b) Plotted vs pressure PexpðVÞ estimated using an experimental equation of state [37]. Experimental data are represented with colored
squares. KSEOS is from Table I. (c) Predicted acoustic wave anisotropy for ϵ-Fe single crystals around 300 GPa (6.669 Å3=at) and 0 K.
The velocities of the longitudinal and two transverse waves are represented vs the angle of propagation to the hexagonal c axis.
Literature predictions at 7.113 Å3=at [64] and 6.536 Å3=at [65] are also plotted.
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derivatives of energy are a stringent test of the modeling.
The validation of the DFTþ DMFT predictions under
moderate compression enables us to use it with some
confidence in a domain where SCEC measurements are not
available yet, e.g., around 330–360 GPa, the pressure of
Earth’s inner core.
Figure 3(c) represents the longitudinal and transverse

acoustic velocities predicted with DFTþ DMFT, as well as
DFT/GGA for an ϵ-Fe volume of 6.669 Å3=at, as a
function of the propagation direction. The difference
between DFT/GGA and DFTþ DMFT modeling dimin-
ishes as compression increases, because the electronic
correlation effects decrease when the electronic bandwidth
increases. At 6.669 Å3=at, predicted P, c=a, and SCECs
are close for the two frameworks (Table I), and the
anisotropy trends are similar. Some earlier DFT/GGA
predictions provide similar shapes for vL and vT2
[64,65]; the predictions made by another group differ
[16,17]. vT1 trends are more scattered, which suggests
weaker constraints on C44 and C66 than C11 and C33. The
majority of ab initio simulations predicts that around
300–350 GPa and 0 K, c axis of ϵ-Fe single crystals is
fast for vL (by ∼6%), regardless of the modeling of
electronic correlations. Temperature effects need to be
taken into account to predict vL anisotropy in Earth’s inner
core; this has been done by straining an ab initio molecular
dynamics box [65]. A temperature increase to 5500 K is
found to increase vL anisotropy by 2%. Other simulation
techniques should be used to confirm this [66].
To sum up, in this work, we have taken advantage of the

different mechanisms of solid-solid phase transformations
in iron to control the microstructure of samples and obtain
single crystals of the high-pressure ϵ-Fe phase through the
α → γ → ϵ path. Then, direct measurements of ϵ-Fe single
crystal elastic constants have been performed up to 32 GPa.
We have found that the c axis is 4.4% faster for vP. In
parallel, a state-of-the-art technique for the modeling of
bonding in correlated electronic systems has been used to
predict these elastic constants. They agree with the mea-
sured ones, which validates this description and places
dense iron ab initio modeling on firm footing. The
crystalline elastic anisotropy of ϵ-Fe is predicted to persist
up to the densities of Earth’s inner core.
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