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The emergence of intrinsic probability is one of the central problems in quantum mechanics, and investigating
the origin of the Born rule provides the most direct approach to this problem. Many derivations of the Born rule
have been proposed based on different postulates and frameworks. Identifying which postulates are genuinely
necessary is therefore essential for understanding the origin of quantum probability. Here we prove that two
postulates commonly employed in derivations of the Born rule, additivity and noncontextuality, are not equivalent
and thus cannot be unified into a single postulate. We further show that the additivity postulate is indispensable
in five major derivations of the Born rule: Gleason’s theorem, Busch’s extension of Gleason’s theorem, the
Deutsch-Wallace theorem, Zurek’s envariance derivation, and the Finkelstein-Hartle theorem. We demonstrate
that these derivations rely either on explicit additivity assumptions or on implicit forms of additivity embedded
in the original arguments and that removing or weakening additivity gives rise to significant problems in the
derivations. Our results support the view that additional postulates with intrinsic probabilistic properties should

be introduced to derive the Born rule.
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I. INTRODUCTION

Ever since the early development of quantum mechanics,
its intrinsic probabilistic nature has been one of the most puz-
zling problems for physicists. This problem is described by
the famous quantum measurement problem. Briefly speaking,
the measurement problem concerns the question of why a
quantum system evolves continuously and deterministically
according to the Schrodinger equation when it is not mea-
sured, while a measurement introduces a completely different,
discontinuous, and random process [1,2]. The probabilistic
result of a measurement is described by the Born rule [3,4]:

p(A) = Tr[pA],

where A is a projective operator or a positive operator-valued
measure (POVM) effect. Also, if A is an observable, then the
Born rule gives us the expectation value for the measurement
[4].

In the standard formalism of quantum mechanics, the Born
rule is introduced as the last axiom [4-7]. Unlike the two
simple axioms of special relativity, which have clear physi-
cal intuitions, the quantum postulates are often criticized for
being complicated and lacking transparent physical interpre-
tations [8,9]. For example, why should quantum states be
represented by vectors in Hilbert spaces? Why are quantum
measurements represented by projections onto subspaces of
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Hilbert spaces? Most importantly, why must we postulate the
Born rule, a second dynamical law that appears to be unrelated
to the Schrodinger equation? And where does its probabilistic
nature originate? The goal of all existing interpretations of
quantum mechanics is to address this measurement problem
[1,2]. The Born rule can therefore be regarded as a core of
the measurement problem. As a result, there have been many
attempts to derive it rather than postulate it [7,10-15]. Some of
these derivations also provide, to a certain extent, reasonable
explanations for other quantum postulates, like the ones for
quantum states [10] and measurement observables [7].

It has long been desired by many researchers that the
Born rule, which is the only explicitly probabilistic postu-
late in quantum mechanics, could be derived from the other
nonprobabilistic quantum postulates. This expectation is par-
ticularly strong among supporters of deterministic quantum
interpretations, such as the many-worlds interpretation (MWI)
[7,14-16]. Unfortunately, this attempt does not appear to be
successful. All existing derivations of the Born rule involve
the introduction of additional assumptions beyond standard
quantum mechanics [17], even without considering the de-
bates over the validity of each derivation. Vaidman has
discussed several important derivations in Ref. [17] and con-
cludes that extra postulates are unavoidable in deriving the
Born rule. Although we agree with this argument, we believe
that a more detailed analysis of existing derivations and their
underlying postulates should be presented to support it.

In many original works on deriving the Born rule, the
assumptions employed are not presented clearly or rigorously
enough. As a result, it is difficult to determine which pos-
tulates are genuinely additional, which are indispensable for
the derivation, and whether some of the extra assumptions
can be derived from the nonprobabilistic quantum axioms or
from other additional assumptions. There are a few authors
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attempting to combine some additional assumptions—
Logiurato and Smerzi have claimed that the additivity
assumption can be replaced by the noncontextuality assump-
tion [18]. Answering these questions is essential for locating
the origin of probability in the Born rule and in quantum
mechanics.

The focus of this work is the significance of the additivity
assumption in derivations of the Born rule. First, we prove
that additivity and noncontextuality are independent proper-
ties that cannot substitute for one another. In particular, we
show that the proposed substitution in Ref. [18] is unsuc-
cessful. Additivity is a fundamental property of measures
and probability measures in mathematics [19] and therefore
carries an intrinsic probabilistic property. In contrast, the non-
contextuality of measurement functions does not contain any
explicit probabilistic feature. Some authors have also argued
that the probabilistic nature of the Born rule must ultimately
originate from additional assumptions that themselves possess
probabilistic property [17,20]. Our results provide clearer and
more convincing evidence supporting this viewpoint.

Second, we prove that, among the five different derivations
analyzed in this work (Gleason’s theorem, Busch’s extension
of Gleason’s theorem, the Deutsch-Wallace theorem, Zurek’s
envariance derivation, and the Finkelstein-Hartle theorem),
none of the proposed “equivalent substitutes” genuinely plays
the role of an additivity assumption. All five derivations ul-
timately require countable additivity itself. In some cases,
additivity is explicitly assumed as a core postulate and plays
a central role throughout the proof. In others, we identify the
problems that arise in the absence of additivity and show how
they can be resolved by introducing a countable additivity as-
sumption. The five derivations we study represent three major
streams of methods for deriving the Born rule, which we refer
to as the Gleason-type, Deutsch-type, and Finkelstein-Hartle
theorem—type approaches. The classification adopted here is
based primarily on the mathematical structure of the deriva-
tions rather than on their physical motivations. A large number
of later and more recent works also rely heavily on the mathe-
matical structures of these three types (Gleason type [21-25],
Deutsch type [18,26,27], and Finkelstein-Hartle theorem type
[28]), although they are motivated by diverse physical ideas.
This suggests that our analysis of the importance of additivity
can also be extended to these newer derivations.

The structure of this paper is as follows. In Sec. II, we
introduce the background material necessary for our discus-
sion, including the nonprobabilistic postulates of quantum
mechanics and three commonly used additional assumptions:
additivity, noncontextuality, and normalization. In Sec. III, we
analyze the relationships between the additivity assumption
and the other two and prove that no equivalence relation exists
among them. In Sec. IV, we examine the role of the additivity
assumption in five prominent derivations of the Born rule. We
also refer to them as two Gleason-type derivations [10,11] and
three MWI derivations [12-14]. We call them MWTI deriva-
tions because they were originally proposed by supporters
of the many-worlds interpretation and exhibit certain MWI
characteristics. However, these three derivations do not rely
on MWI and still work within the framework of standard
quantum mechanics. We will show that many problems en-
countered in these derivations arise from the absence of an

explicit additivity assumption. Although some of these issues
have already been noted in the literature, our analysis pro-
vides a novel and illuminating perspective on their underlying
cause.

II. PRELIMINARIES

In this section, we introduce the necessary background
knowledge for the analyses in this paper. Some comes from
quantum mechanics, and the rest comes from measure the-
ory in mathematics. For our purpose, we will adjust the
expressions of some definitions from measure theory. We
also give rigorous definitions for three important properties
or assumptions: additivity, noncontextuality, and normaliza-
tion, distinguishing between the different meanings of these
concepts that appear in the literature under the same name.
This will help us clarify how the apparent equivalence of two
concepts can emerge from carelessness in the definition.

A. Nonprobabilistic quantum postulates

The postulates of the standard quantum formalism first
come from the works of Dirac [5] and von Neumann [6].
Combined with the definitions used in modern textbooks and
literature [4,7], we list all the nonprobabilistic quantum pos-
tulates as follows:

(QM1) State postulate: A pure quantum state is represented
by a unit vector |¢) in a Hilbert space. A mixed state is
represented by a convex combination of the density matrices
of the pure states.

(QM2) Evolution postulate: Quantum states evolve un-
der unitary transformations, or equivalently, according to the
Schrodinger equation.

(QM3) Observable postulate: The measurement operator
of any measurable physical property can be described by an
observable

Qy = Z a;iA;,

where A; = |a;)(a;] is the projective operator of the eigenstate
|a;) and a; is the corresponding eigenvalue.

We can also denote the measurement operators as a set
{A;, a;};. This indicates that we can perform the measurement
for a single projective operator without specifying the entire
set. This raises the question of contextuality, which we will
discuss later.

More general quantum measurements are not only de-
scribed by projections but also by arbitrary positive semidef-
inite operators. Therefore, the Observable postulate has a
variant:

(QM3’) POVM postulate: A general quantum measurement
is represented by a POVM:

Definition 1. A POVM {A;} is a set of operators, or POVM
effects A;, that satisfies the following properties:

(i) For all i, A; > 0.

(i) Y ;A; = I, where [ is the identity operator.

Finally, we have the Eigenstate postulate, which describes
a special case of quantum measurement that is deterministic
and continuous:
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(QM4) Eigenstate postulate: If a state is in an eigenstate
|a;) of the observable €24, then the probability of obtaining a;
when measuring 24 is 1.

B. Measure and relevant additional assumptions

The observable postulate (QM3) describes the mathemat-
ical expression for the operator of a measurement operation.
To obtain the measurement result, we need another function
that takes measurement operators and states as input and out-
puts the results we can observe in experiments. In standard
quantum mechanics, this function is given by the Born rule.
However, since our purpose is to derive the Born rule, we only
assume it to be a real-valued function here. This assumption
is reasonable since we never observe imaginary values from
experiments.

(M1) Real function postulate: Once we have the state p
and the measurement (positive semidefinite) operator A, the
quantum measurement process can be assumed to be a map or
a function that maps the operator and the state to the extended
real line:

w(p,A) = r € R U {£o0)}.

Usually, o is assumed to be a measure in the literature
on derivations of the Born rule [10,11], which directly in-
troduces many important properties, such as additivity and
non-negativity. However, since our goal is to study the neces-
sity of each assumption, we only assume u to be a real-valued
function. We include {00} in the codomain, since infinite
values are allowed by the definition of a measure [19]. This
can cause problems related to continuity, which we will dis-
cuss in Sec. IV. Also, this output real number is not assumed
to be a probability.

Note that the measurement function introduced in (M1)
takes two arguments, p and A. However, throughout this
paper, we usually write only ©(A). In most statements, this
notation means that the corresponding statement is intended
to hold for every admissible quantum state p, and p is omit-
ted for simplicity. In Gleason-type derivations, by contrast, a
quantum state is not postulated at the outset, so the measure-
ment function is genuinely of the form p(A), with no state
argument. We use the more general notation u(p, A) in (M1)
to provide a unified framework for comparing the different
derivations considered in this work.

We now discuss some special properties that this function
may have. The definitions of additivity, noncontextuality, and
normalization are given below, each with two different ver-
sions. This division may seem tedious at first, but it will be
shown to be essential for clarifying the relationships between
these properties or assumptions.

Definition 2 (Refs. [10,11]). The function w is countable
additive if for any countable set {A;} of mutually compatible
operators A;’s,

u(ZA,) = ).
i=1 i=1

Here mutual compatibility means that the A; are mutually
disjoint if the A; are projections and that Y, A; < I if the A;
are POVM effects.

This is the additivity assumed by Gleason and Busch in
their derivations of the Born rule [10,11]. We will show below
that this additivity usually (but not necessarily) involves an
implicit noncontextuality assumption.

Definition 3 (Ref. [19]). The function u is finite additive if
for any finite set {A;}, it satisfies

u(ZAi) = ).
i=1 i=1

Definition 4. The function pu is observable noncontextual
(ONC) if the measurement result ©(A) of a measurement
operator A is independent of the operation of other compatible
measurements.

This is the usual meaning of noncontextuality in the litera-
ture [18,21,29]. The compatible measurements are referred to
as the context of the measurement. Here A and the compatible
measurements can be projective operators, POVM effects, or
observables.

Definition 5. The measurement function p is additivity
noncontextual (ANC) if it has an additivity property, and
this additivity property is independent of the context of the
measurement.

For example, let {A, B, Cy, (>} and {A, B, Dy, D,} be two
different sets of measurements. The operators in both sets sum
to I, and {Cy, C3} # {Dy, D,}. If ANC does not hold, we may
have (A + BI{C1, (o}) = n(A[{C1, Go}) + nw(BH{Cy, (}) #
(A + BI{D1, D2}) = w(A{Dy, D2}) + w(B{Dy, D2}).

This property can be regarded as a subproperty of
additivity.

Remark 1. We clarify here the conceptual distinction be-
tween ANC and ONC.

First, regarding the target object, ANC constrains some
additivity property of u and thus always appears together
with additivity. That is, we ask whether u(>_ j Ail{A}) =
Zj w(Ag A A = ZjAk_,-), for two different contexts
{A;}; and {A’};, both of which are compatible with the mea-
surement operators; ONC, by contrast, concerns only a single
fixed operator A in u—it constrains how u treats one fixed
operator across different contexts, namely the measurement
setups in which it is embedded as an outcome. That is, we
ask whether pt(Ax[{A;};) = w(Ax|{A}};). ONC is independent
of additivity and therefore never compares an operator Ay
with a different operator » ;A that happens to equal it after
summation, because in that comparison the latter is no longer
“Aj embedded elsewhere.”

Second, as a result, regarding the flexibility of the measure-
ment operator Ay in w(Ax|{A;};), ANC allows us to decompose
a coarse operator Ay into finer compatible pieces Aj ;s and
constrains that summing their values is equivalent to treating
Ay as directly given. This fine-graining is not supported by
ONC, because its entire definition is stated in terms of a single
fixed operator’s context independence rather than operator
identities that emerge through addition. Even if Ay = ) Ak
numerically, they are syntactically distinct objects. Because
of this lack of flexibility with respect to addition, ONC is
overall weaker than ANC and can be derived from the latter
(see Proposition 2).

Definition 6. The function u is normalized if u(I) = 1.
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This is the usual definition of normalization for a prob-
ability measure [11]. In this work, whenever we refer to
normalization, we mean this definition. However, some liter-
ature uses the term normalization to refer to another meaning
below.

Definition 7. The function p is strongly normalized if, for
any countable set {A;} of mutually compatible operators (pro-
jections or POVMs) satisfying )", A; = I, we always have
> Ay = 1.

This property is not merely normalization, but a combina-
tion of normalization and additivity. It is misleading to call it
normalization, but we define it in this way to help clarify the
confusion present in some literature [18].

Additionally, the State postulate (QM1) also contains
a normalization property and a non-negativity property.
However, these properties do not imply normalization or non-
negativity for the measurement function .

III. RELATION BETWEEN ADDITIVITY
AND OTHER ASSUMPTIONS

In this section, we discuss the relation between additiv-
ity, noncontextuality, and normalization. First, we prove the
nonequivalence of additivity and noncontextuality. We present
counterexamples of functions p that satisfy one property but
not the other. We also rephrase the proof of their equivalence
presented in Ref. [18], and identify the problem in it. At the
end of this section, we prove that additivity can be derived
from strong normalization but not normalization.

A. Additivity and noncontextuality

Noncontextuality and additivity are two additional assump-
tions commonly used in different existing derivations of the
Born rule. Logiurato and Smerzi claim that these two assump-
tions are equivalent, namely, that each can be derived from
the other [18]. We will show that they are not equivalent.
The apparent equivalence arises from an ambiguity in the
definitions of these assumptions.

Proposition 1. For a measurement function p, ONC and
(countable or finite) additivity are independent properties and
cannot be derived from one another.

Proof. We prove the proposition by two counterexamples.

First, it is clear that additivity cannot be derived from ONC.
A simple counterexample is

Tr[A] )2

M(A)=< 7

where d is the dimension of the Hilbert space to which the
operator A maps. It is clear that u satisfies ONC. However,
for rank-one projective operators A, B in a two-dimensional
space,

WA +B)=1# uA)+ uB) = 5.

Thus, u does not satisfy additivity.

On the other hand, noncontextuality cannot be obtained
from additivity alone. By additivity alone, we mean additivity
without ANC. It is difficult to separate the two, because one
may claim that, without ANC, additivity does not actually
hold. However, additivity can still hold in an unusual form.

A simple counterexample is the Equal rule. We assign
(A;) = 1/N to every operator A; in any set of operators,
where N is the number of operators in that set. Let the two sets
of projective operators be {A;, A, A3} and {Bj, B;, B3, B4},
where A; +A; = By + Bo butA; # B forany i, j € [2]. Then

H(A +A2) =2/3 = u(Ar) + u(dz)
w(B1 + B2) =1/2 = u(By) + u(B2)
w(Ay + Az) # n(B1 + Ba).

This p satisfies additivity without ANC or ONC.

The nonequivalence of additivity and noncontextuality is
therefore proved. |

Now we explain the problem in Ref. [18] that leads to the
incorrect conclusion that additivity and noncontextuality are
equivalent. First, the problem in the derivation of additivity
from noncontextuality is straightforward. Note that the first
counterexample in the proof of Proposition 1 satisfies normal-
ization but not strong normalization. The problematic proof
in Ref. [18] arises from using strong normalization as the
normalization assumption, which already implies additivity
(see Lemma 1 below).

Second, the problem in the derivation of noncontextual-
ity from additivity is more subtle. It arises from assuming
ANC together with additivity, which already includes ONC
(see Proposition 2 below). We first briefly explain the proof in
Ref. [18]:

The logic of the proof in Ref. [18] can be illustrated by
a simple example. Suppose we have two sets of projective
operators {A}, As, ...} and {By, By, ... }.LetA; = By, and the
other A; and B; are generally different. We assume additivity
and normalization but not noncontextuality. This means that
we may have

u(Ay) # u(By).

From normalization and additivity, we can obtain strong nor-
malization (see Lemma 1). We then have

1 —u(A) =1-pB)
uAz+As+---)#FpuBr+Bs+---).

The authors of Ref. [18] then claim that, since the operators
A, + A3+ --- =By + B3 + - - - and they also share the same
context A; = By, even if ONC does not hold, one must still
have (A, +As+---)=u(By+ B3+ ---). This leads to a
contradiction, and ONC is then derived from additivity.

We now show why this proof is incorrect.

Consider a different setup. Let A; + A, = B; + B, but
A; # Bj forany i, j € [2]. The remaining A; and B; are gener-
ally different. Again, we assume additivity and normalization
but not noncontextuality. This means that we have

w(A; +Az) # (B + By)
A3+ ) #F puBz+ ).

In this case, there is no contradiction, since the contexts of
(A3 4+ ---)and (B3 + - - - ) are not the same.

Looking more closely at the setup discussed above, one
may claim that additivity already implies

w(Ar +A2) = u(By) + u(Bz) = w(By + Ba).
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This is precisely where the confusion in the definitions arises.
This equation holds only if ANC holds. ANC is a stronger
noncontextuality assumption than ONC, and the latter can
always be derived from the former.

Proposition 2. If a measurement function u satisfies ANC,
then it satisfies ONC.

Proof. We prove the result by contradiction. Suppose that
we have two different contexts, or sets of operators, {A;}; and
{A};, where A; = A}, but

A {AY) # wA AT ).

Since p satisfies ANC, the additivity property holds indepen-
dently of the context. Therefore, we have

R(A1 + A2) = (A + 1(A2) = p(A)) + pu(A).

This implies (A1 |{A;};) = n(A] |{A;}j), contradicting our as-
sumption. Hence, ANC implies ONC. |

Although ANC is often implicitly assumed in additivity
assumptions, it is important to recognize that noncontextuality
is then derived from a stronger version of noncontextuality
rather than from additivity itself. Without ANC, ONC cannot
be derived from additivity alone. The Equal rule counterex-
ample in the proof of Proposition 1 clearly shows this.

Remark 2. The Equal rule counterexample in Proposi-
tion 1 also applies to the case considered in Ref. [18].
Suppose we have two sets of projective operators {A;, Ay}
and {B, B,, Bz}, where A; = B;. Since both sets sum to 7,
we know that A, = B, + Bj. By the Equal rule, we obtain

pAy) = 5 # u(By + B3) = 3 = u(By) + u(B3).

It may seem confusing that we obtain this inequality when
the operator Ay, = B, + B3z and the context A; = B; are both
equivalent. The correct interpretation is that, for the measure-
ment {B;, By, B3}, we can only calculate u(B; 4+ B3) using
additivity. Otherwise, we have no way to assign a value
to u(B, + B3). If we measure B, + B; directly, then the
measurement operator changes. Therefore, the measurement
operators are not the same in the two measurements, although
the context is.

Thus, we have shown that noncontextuality and additivity
are independent properties. The ONC assumption cannot be
derived from additivity without ANC, and the derivation in
the opposite direction is even more clearly problematic. In the
next subsection, we show why adopting strong normalization
as the normalization assumption can falsely suggest that ad-
ditivity can be derived from noncontextuality or indeed from
any property one chooses.

B. Additivity and normalization

The aim of this subsection is to prove the independence
of additivity and normalization: We have already presented
a counterexample in the proof of Proposition 1 that satis-
fies normalization but not additivity or strong normalization.
Counterexamples that satisfy additivity but not normalization
are trivial to construct. The reason why these two independent
assumptions are treated as equivalent by some [18] is that
strong normalization is mistakenly used as the normalization
assumption. However, the former is actually a combined prop-
erty of the latter and additivity, as proved below.

Lemma 1. p is strongly normalized if and only if w is
countably additive and normalized.

Notice that if the set of operators is finite rather than
countable in the definition of strong normalization, we can
only prove that u is finitely additive.

Proof. If u is strongly normalized, we know that u (/) = 1.
And for mutually compatible A}s, we can express the strong
normalization property using two partitions. First, considering
the partition {{3_; A;}, {I — ), A;}}, we obtain

M(ZA,) +u(1— ZA,) =1.

Second, considering the finer partition {d_{A;}, {I — >, Ai}},
we obtain

ZM(Ai)+M(I— ZA,) =1

Subtracting the two equations gives

()

Conversely, if ¢ is countably additive, then for any countable
set of mutually compatible operators {A;} such that ) ", A; =1,

wi) = u(ZAi) =D A

Since p is normalized, we have ), u(4;) = 1. |

Thus, if strong normalization is used as the normalization
assumption, additivity is guaranteed. Since normalization
is a very elementary and natural assumption, it is easy to
mistakenly conclude that, with this seemingly harmless
normalization assumption, additivity follows trivially from
other assumptions such as noncontextuality. This conclusion
is incorrect.

Together with the counterexamples discussed at the begin-
ning of this subsection, we have shown that normalization
and additivity are also independent properties and cannot be
derived from each other.

IV. ADDITIVITY IN EXISTING DERIVATIONS
OF THE BORN RULE

We have proved in the previous section that additivity can-
not be derived from noncontextuality or normalization. In this
section, we will show the crucial role played by the additivity
assumption in five important existing derivations of the Born
rule. Two of these are Gleason’s theorem [10] and its variant
[11]. The other three are derivations proposed by supporters
of the MWI [12-14]. Although the latter three proofs exhibit
clear features of MWI, their mathematical arguments do not
rely on any special assumptions specific to MWI. Thus, all
five derivations can be regarded as independent of quantum
interpretations.

We will briefly introduce each derivation, including its
proof structure and postulates. This allows us to identify
the additivity assumptions that appear in these derivations
and to clarify how they function in each case. A qualitative
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. . . . ~ . . forms an orthonormal basis of H, then
DA ZA FA CA SN BA D oudliy) =Ww.
i
FHA — GA(W=D) Note that this definition is equivalent to our strong normal-
DHA ization when W = 1. Therefore, Gleason’s frame function is

FIG. 1. Different additivity assumptions are shown along the
axis, with their strength increasing from left to right. The abbre-
viations are as follows: Deutsch’s additivity (DA), Zurek’s weak
additivity (ZA), finite additivity for projections (FA), countable addi-
tivity for projections (CA), the additivity assumption introduced for
the Finkelstein-Hartle theorem (FHA), strong normalization (SN),
Gleason’s frame function (GA), Deutsch’s hidden additivity (DHA),
and Busch’s additivity (BA). The =~ indicates that, although the
property on the right-hand side is stronger overall, this additional
strength comes from extra properties, such as normalization. The
strength of additivity itself is the same on both sides of the &~ symbol.

comparison of the strengths of the different additivity assump-
tions used in these proofs is presented in Fig. 1. We will not
discuss all debates surrounding each derivation in detail, since
doing so would require substantial additional material and
would distract from the focus of this paper. Instead, we focus
on issues related to additivity.

A. Gleason’s theorem

In this and the following subsections, we justify the follow-
ing observation:

Observation 1. The countable additivity assumption is the
central and indispensable assumption in the Gleason-type
derivations of the Born rule: Gleason’s derivation and Busch’s
derivation.

We first introduce Gleason’s theorem. Proved in 1957,
Gleason’s theorem is one of the earliest results deriving the
Born rule [10], and it is often regarded as one of the most
important and reliable results in the field [18,20,29]. It re-
places the commonly criticized strong additivity assumption
in von Neumann’s first derivation [6] with a more reason-
able additivity assumption and derives the Born rule with a
rigorous mathematical framework. The main concerns about
Gleason’s theorem are that it does not have a very clear
physical intuition [7,18,30,31] and that it has an exception
for two-dimensional Hilbert spaces [10]. Although Gleason’s
original proof is often regarded as intricate [32], its structure
can be briefly reformulated as follows:

We begin by summarizing the postulates assumed by Glea-
son. The only nonprobabilistic quantum postulate used by
Gleason is the Observable postulate (QM3). He also uses the
Real Function postulate (M1). The function u that he defines
takes a single projection A; as its input, so the measurement
context can be left undetermined. The remaining postulates
used by Gleason are listed below.

(G1) Frame Function postulate (additivity and normaliza-
tion). Gleason assumes w to be a frame function:

Definition 8. A frame function u(]x)) of weight W is a
real-valued function defined on the set of unit vectors in a
separable real or complex Hilbert space H, such that if {|i)};

a combined assumption of additivity and normalization. The
normalization property is discussed separately below.

When dim H < Ry, the additivity of the frame function is
finite additivity; when dim H = Ry, it is countable additivity.

(G2) Non-negativity postulate: For V|x), u(|x)) = 0.

(G3) Normalization postulate: From Gleason’s additivity,
we can define u(I) = W.

At first glance, the normalization assumption may seem not
very useful. One might think that, given Gleason’s additivity
with ANC, n (1) is guaranteed to be a fixed value W and that
W can always be rescaled. However, from the definition of a
measure, it is possible that W = 4o00. This possibility may
lead to a failure in the proof of the continuity of . Therefore,
the normalization assumption and the non-negativity assump-
tion are both introduced to exclude the infinite outputs.

Less importantly, if we want to interpret p as a probability,
then we should assume normalization and rescale W to 1 at the
end to make the result physically meaningful and consistent
with the Born rule.

(G4) ONC postulate: u depends only on its input vector,
namely the single projective operator measured, and not on the
measurement context. That is, for any two different contexts
{x;}; and {x]};, as long as x; = x,, we have

mlx{xiti) = uld ).

The noncontextuality assumption is not stated clearly in Glea-
son’s original paper [10]. However, in modern discussions
of Gleason’s theorem, noncontextuality is often the first pos-
tulate to be mentioned and is regarded as very important
[18,20,22,26,31]. This emphasis may be influenced by the
early contextual counterexample given by Bell, which satisfies
Gleason’s additivity and other postulates except noncontextu-
ality, as well as by the connection of this counterexample with
hidden variable interpretations of quantum mechanics [29].

We also list two other definitions used in Gleason’s proof
to clarify some concepts in the discussion below. Note that
these are not assumptions.

Definition 9 (Ref. [10]). Given a frame function p on H,
we say it is regular if and only if there exists a Hermitian
operator p on H such that

u(lx)) = {x[plx).

Definition 10 (Ref. [10]). A completely real subspace K of
a Hilbert space H is a linear subspace of H such that for any
Ix), Iy) € K, {xly) € R.

It is easy to prove that a completely real subspace K is
always a real Hilbert space. However, H itself does not need
to be a real Hilbert space.

We now present the key ideas of Gleason’s proof [10]. Note
that the order here is not exactly the same as in Gleason’s
original paper but is rearranged for clarity.

First, it is easy to show that a frame function u on H
remains a frame function when its domain is restricted to
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any subspace of H. Moreover, if © > 0, then it remains non-
negative on any subspace.

Second, it is straightforward that any real or complex
Hilbert space H with dim’H > 3 always contains three-
dimensional completely real subspaces H' = R3.

It is also straightforward that every completely real two-
dimensional subspace of H is a linear subspace of some
completely real three-dimensional subspace H' = R3. Fur-
thermore, if a non-negative frame function j is regular on R3,
then it is also regular on any completely real two-dimensional
subspace of R3.

Third, Gleason proves that if a non-negative frame func-
tion w is regular on every completely real two-dimensional
subspace of H, then p is regular on the whole space H
(Lemma 3.3 and Lemma 3.4 in Ref. [10]).

Therefore, the crucial step is to prove that any non-negative
frame function p is regular on R3. Gleason achieves this
by first proving that any continuous frame function on R?
is regular (Theorem 2.3 in Ref. [10]) and then proving that
any non-negative frame function pu on R? is continuous
(Theorem 2.8 in Ref. [10]).

The additivity of the frame function is essential in both
steps. Clearly, a continuous function without additivity on R3
is not necessarily regular, and a non-negative function without
additivity on R? is not necessarily continuous.

Moreover, we cannot prove that an additive function on
R3 is continuous without the non-negativity assumption. The
additivity of the frame function only guarantees linearity for
rational coefficients, that is, u(gA) = qu(A) for all g € Q.
However, over the real coefficients there exist many patholog-
ical additive functions that are discontinuous and unbounded.
Gleason therefore introduces the non-negativity assumption to
exclude these discontinuous frame functions [10] (see more in
Appendix A S5).

Thus, both additivity and non-negativity are indispensable
in Gleason’s proof. Additivity plays the more important role
as the central postulate. Without it, the entire proof would fail.

B. Busch’s extension of Gleason’s theorem to POVMs

Busch extends Gleason’s result in a 2003 paper to more
general quantum measurements, represented by POVMs [11].
The advantage of Busch’s proof is that it is also valid for
the two-dimensional Hilbert space, where Gleason’s theo-
rem does not single out the Born rule as the only solution.
Busch’s proof is also simpler, clearer, and more intuitive. The
price, however, is an additivity assumption much stronger
than the one used by Gleason. Note that Busch’s additivity is
stronger because it concerns POVM effects. The probabilistic
result generated from assumptions about POVM effects can
be suspicious, since they do not correspond to physical values
of isolated systems as projective operators [33]. Neverthe-
less, the additivity applies only to compatible POVM effects,
so the criticism [29,34] of von Neumann’s strong additivity
assumption (which applies to any measurements, including
incompatible ones) does not apply to Busch’s additivity as-
sumption.

Both Gleason and Busch make explicit additivity assump-
tions in their proofs, so we focus on analyzing the role
of additivity in their proofs in the previous and current

subsections. In the other three derivations, the additivity as-
sumption is not always presented clearly in the original works.
We will analyze problems that this omission causes.

We first briefly introduce Busch’s postulates and the struc-
ture of his proof.

Busch assumes the POVM postulate (QM3’) and the Real
Function postulate (M1). For (M1), Busch actually assumes
1 to be a probability measure, but we separate the properties
of normalization and non-negativity. The remaining postulates
by Busch are listed below:

(G-B1) Countable additivity postulate for POVM: 1 satisfy
the additivity property

WA +B+---) = pu(A) + uB) + -

if [{A,B,...}] <8y and A+B+---<1, ie., the POVM
effects are compatible.

(G-B2) Non-negativity postulate: . > 0.

In Gleason’s proof, non-negativity is introduced to ensure
continuity. It plays the same role in Busch’s proof. Busch does
not prove this continuity in his original paper. We provide a
proof in Theorem A5 in Appendix A 5.

(G-B3) Normalization postulate: u(I) = 1.

As in Gleason’s proof, this assumption is useful for ruling
out infinite output values and for aligning the result with the
Born rule.

(G-B4) ONC postulate: For any POVM effect A, u(A)
depends only on A and not on other compatible measurements
performed simultaneously.

We present another definition of linear functional here to
clarify Busch’s proof. This is not an assumption.

Definition 11 (Ref. [35]). For a vector space V over the
field K, f :V — K is called a linear functional if for any
i, v € V and any scalar ¢ € K,

(W) f+7) = f@) + ()

(ii) f(cii) = cf (@)

Busch’s proof is structured as follows [11]. It is a proven
result that any linear functional t(A) can be written as u(A) =
Tr[pA] [6]. Since Busch assumes countable additivity for
POVM effects at the outset, what remains is to derive homo-
geneity, i.e., u(rA) = ru(A) for r € R. The proof for r € Q
is straightforward. Then continuity is needed to extend homo-
geneity to real 's.

Although Busch’s additivity assumption is much stronger
than Gleason’s, establishing the required continuity (which
differs from the continuity discussed in Gleason’s proof; see
Remark A3 in Appendix A5 for details) still relies on the
normalization and non-negativity assumptions. Nevertheless,
additivity for POVM effects substantially simplifies the proof
and also plays a central role at each step of Busch’s derivation.
This completes our proof of Observation 1.

C. Deutsch’s derivation with decision theory

In this and the following subsections, we justify the follow-
ing observation:

Observation 2. The countable additivity assumption
must be introduced, either explicitly or implicitly, in
Deutsch-type derivations of the Born rule: Deutsch’s and
Zurek’s derivations. Moreover, it cannot be derived from the
weaker additivity assumption suggested by Zurek. Replacing
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countable additivity with Zurek’s weak additivity leads to
the problem that the Born rule does not apply to all quantum
states.

We first introduce Deutsch’s derivation of the Born rule.
Deutsch presented his proof in 1999 [12]. This is a significant
result in the field. It aims to derive the probabilistic Born
rule from nonprobabilistic postulates of quantum mechanics
and decision theory, which Deutsch describes as “Deriving a
‘tends to’ from a ‘does.”” [12] His method was later refined by
Wallace and is therefore also called the Deutsch-Wallace theo-
rem [36]. Discussions of whether this method can successfully
achieve its goal have continued [13,37—40].

For our purposes, we mainly discuss two problems in
Deutsch’s derivation: the continuity problem pointed out by
Barnum [41] and the dimensionality problem pointed out by
Caves [42]. Note that both criticisms were originally raised in
the context of Zurek’s derivation (see Sec. IV D) but also ap-
ply to Deutsch’s derivation. Both problems are closely related
to the additivity assumption. In short, although Deutsch’s ad-
ditivity assumption appears at first sight to be very different
from countable additivity, countable additivity can in fact be
derived from Deutsch’s postulates. Together with another hid-
den non-negativity assumption in Deutsch’s derivation, this
guarantees the continuity of the function w, so continuity is
not a genuine problem. However, since Deutsch’s hidden ad-
ditivity concerns only the complete set of projective operators,
it does not imply the ANC property. Moreover, he uses a
hidden ONC assumption not from the beginning of the proof
but only at a later step for states with unequal amplitudes. This
leaves room for contextual non-Born-rule counterexamples in
low-dimensional Hilbert spaces. To analyze these problems
more clearly, we first briefly review Deutsch’s postulates and
proof.

Deutsch starts his proof from a value function V[|{), X1,
where X is an observable, and proves that this value function
yields the expectation value calculated by the Born rule, if we
regard quantum measurement as a game played by a rational
player following certain decision theory rules. In this game,
the reward of each game is equal to the measurement outcome,
i.e., a certain eigenvalue. In this work, for consistency of
comparison, we can set the eigenvalue of each eigenstate |x;)
to be 1. Then the expectation value for any outcome is simply
the probability, and we can write u[|y), X] = V[|¢¥), X].

Although the rationality used by Deutsch has been repeat-
edly questioned in the literature [38,40], the rules that the
player must follow in this quantum measurement game are
given clearly. We summarize all of Deutsch’s assumptions as
follows.

The nonprobabilistic quantum postulates used by Deutsch
are the State postulate (QM1), the Observable postulate
(QM3), and the Eigenstate postulate (QM4). The Real Func-
tion postulate (M1) is also assumed in the value function
setup. The remainder of his explicit and implicit postulates
are listed below:

(D1) Deutsch’s additivity postulate: The player is indiffer-
ent between receiving a single reward (a + b) in one game and
receiving separate rewards a and b in two games.

This additivity assumption seems trivial and reasonable.
However, Deutsch actually uses it to justify another important

additivity, or strong normalization,

D o n(y), e = 1. ()

The original value function V proposed by Deutsch does not
take a single projective operator |x;)(xx| as input. However,
we can easily define it by considering a game in which we
only receive the reward x; when the corresponding eigenstate
is measured, and all other x/s are discarded.

It is from this additivity assumption that the whole proof
starts. It can be obtained from Deutsch’s additivity postulate
if we consider the situation of a game in real life—it is trivial
that, in a game, the sum of probabilities of all possible events
should be 1. However, here Deutsch already introduces a
probabilistic assumption. We will discuss in detail below how
Eq. (1) is implicitly introduced and used.

(D2) Non-negativity postulate: (|¥), |x;){(x;|) = 0.

This assumption is not stated explicitly by Deutsch. How-
ever, when he discusses the result for real probabilities, he
effectively invokes it by claiming that if the eigenvalue for a
certain eigenstate is increased while the remaining eigenval-
ues are unchanged, the player will prefer the new game to the
old one. Although Deutsch’s proof for the result for any real
probability is problematic, this assumption does guarantee the
continuity of the function w and thus the Born rule for real
probabilities. This is because it implies the non-negativity of
the probability: If the probability p of obtaining a particular
eigenstate were negative, then the player should not want the
corresponding eigenvalue to be larger.

(D3) Transitivity postulate: If the player prefers reward a >
b and b > c, then he or she also prefers a > c.

(D4) Substitutability postulate: In a composite game, the
player is indifferent if any subgame is replaced by another
game with the same value.

This assumption is not very useful, although it appears es-
sential at the step where the result for unequal probabilities is
proven. However, the real key point is to determine when two
games have the same value. This is precisely where Deutsch’s
hidden noncontextuality assumption enters.

(D5) Zero-Sum Rule postulate: If the player always receives
opposite rewards (x and —x) for two games, then the values
of the two games sum to 0.

(D6) State noncontextuality and ONC postulate:
w(|¥), 1x;)(x;|) only depends on the state |[¢) and the
projective operator |x;) (x;|.

This hidden ONC assumption is pointed out by Logiurato
and Smerzi [18]. It is only essential at the step of prov-
ing the result for unequal probabilities, where compatible
measurements on an ancillary system are used. However,
that step also requires infinite dimensionality. Therefore, for
finite-dimensional Hilbert spaces, there is no ONC assump-
tion in Deutsch’s proof, and contextual counterexamples exist
[see more below, especially Eq. (4)].

The structure of Deutsch’s proof is as follows [12]. He first
proves that for the simplest two-dimensional symmetric pure
state |y) = 5 (lx1) + [x2)), u(|¥), x:) (xil) must be equal to
the modulus square of the amplitude of the eigenstate |x;).
He then extends this result to the general equal-amplitude
pure state |) = Jli(|x1) + |x2) + - - - + |x,)) for any positive
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integer n. Next, for pure states with unequal amplitudes,
Deutsch starts from states with rational amplitudes,

m n—m
) =,/ —Ix1) + [x2).
Vn n

Using his additivity (D1), Deutsch proves that the value for
this game is equal to another game V[|{xy), X ® Y], where

1 . 1
WXY):Z\/;MHX;‘H‘ > \/;|x2>|y_,-> )
j=1

j=m+1

and

Yo=Y Iy)=0.
j=1

j=m+1

The result then follows from the equal-amplitude case. It
is then straightforward to extend the result to any |y) =
Z ﬁ|xi) with qi € Q

The extension to real probabilities proposed by Deutsch
is problematic. He claims that we can always find unitary
transformations U that transform each |x;) into an eigenstate
with a higher eigenvalue and that the player will prefer this
new game to the old one. Deutsch also notes that transforming
the eigenvalue is not relevant to the amplitude. He therefore
introduces a more complicated operation that transforms each
|x;) into a superposition of itself and other eigenstates, all
with higher eigenvalues. He claims that it is possible to find
a U, such that the state after the transformation, U|yr), has
amplitude ¢; with |g;|> € Q for each eigenstate of X. Then the
value of this new game becomes an upper bound for the initial
game. Since rational numbers are dense in the reals, he argues
that we can prove the result for any amplitude ,/7; (r; € R) by
squeezing it between upper and lower bounds obtained from
limits of the /g;'s.

However, even if this complex operation is possible, ob-
taining upper or lower bounds for each amplitude A; in the
original state |¢) means making each amplitude A; smaller or
larger, which contradicts normalization condition for a quan-
tum state.

Nevertheless, this step of the proof can still be made to
work if we can prove that y is continuous with respect to the
amplitudes, as we will show below.

Deutsch then extends the result to the case where 4; is any
complex number by arguing that applying unitary transforma-
tions that change only certain partial phase before and after the
measurement will give the player equal rewards. This ends his
proof [12].

We now analyze the problem of continuity raised by Bar-
num [41]. We have shown that Deutsch’s proof of continuity
does not work. However, since countable additivity and non-
negativity are both implicitly present in Deutsch’s derivation,
the continuity of u is in fact guaranteed by Gleason’s theorem.
We first show where Deutsch introduces the hidden assump-
tion of countable additivity.

Deutsch claims that the following equation follows from
Deutsch’s additivity:

V[in|xl-+k>} =k+v[2xi|xi>}. 3)

The idea is simply that if we add k to each reward, then the
final expected reward also increases by k. From our definition
of n(|¥), |xi)(xil), we have

V[Zx,-m)} = > py), ) (i,
and Eq. (3) is only valid when
> u(y). ) = 1.

This is the truly important additivity assumption in Deutsch’s
proof, and it is exactly Gleason’s additivity, or strong normal-
ization, except without ANC.

Although we could conclude that function p must be
continuous from Gleason’s theorem, we cannot say that this
continuity can be proved in the same way as in Gleason’s
proof. Gleason’s notion of continuity concerns eigenvectors
rotating by a small angle [10] rather than small changes in
amplitudes. These differences between the various forms of
continuity are easy to confuse and can lead to misunderstand-
ings (see more in Appendix A 5, especially Remark A3).

At last, we expand the discussion by Caves concerning
dimensionality [42]. This issue is similar to the exception for
dim (H) = 2 in Gleason’s theorem, but Deutsch’s derivation
leaves space for more exceptions.

Taking a closer look at the proof, we notice that only
the first step is valid for a genuine two-dimensional Hilbert
space—this means that the two-dimensional space is not a
subspace contained in a larger Hilbert space. The second
step, for [¢) = Lz(|x1) + |x2) + -+ + |x,)), uses induction,
and for odd n we need to derive the result from an (n + 1)-
dimensional space. This means, for example, that we need
a four-dimensional space to prove the Born rule for |) =
\/Li(lxl ) + [x2) + |x3)). To derive the Born rule for any rational
m/n, we need an auxiliary system of arbitrary integer dimen-
sion. This can only be guaranteed when the auxiliary system
has countably infinite dimension, which indicates dim(#) =
Rp. A Rp-dimensional space is sufficient for the rest of the
proof. Thus, Deutsch’s proof actually shows that, for a state
in any subspace of a 8y-dimensional Hilbert space, the Born
rule is the only solution for the value function V.

We present a counterexample for d = 2 here:

(Wit
S gl

This counterexample satisfies all of Deutsch’s postulates,
but it apparently generates results different from the Born
rule. Notice that when we have a two-dimensional sym-
metric pure state, this p function gives the same result
as the Born rule—namely u(ﬁﬂxl) + |x2)), [x1){x1]) =

,u(%ﬁﬂxl) =+ |x2)), [x2){x2]) = 1/2. This is the only result that
can be derived for a two-dimensional space from Deutsch’s
proof. For d > 2, counterexamples of the same form are not
valid counterexamples to Deutsch’s proof, because higher di-
mensionality imposes more constraints. However, as long as
d < Ry, there could be states |y) for which w(]y), X) do not
obeys the Born rule, and other counterexamples can still be
constructed.

n(¥), 1xi) (xil) = “4)

042208-9



JIAXUAN ZHANG

PHYSICAL REVIEW A 114, 042208 (2026)

Note that this counterexample still satisfies both Deutsch’s
additivity postulate and strong normalization without ANC,
but it does not satisfy noncontextuality. This is reasonable,
because Deutsch introduces an ONC postulate only implicitly
when proving the result for unequal amplitudes [18]. If ONC
does not hold, we can have

m n—m
V(\/;IX1)+‘/ ;. IXz>,X)¢V(Iny),X®Y),

where |Y)xy is as in Eq. (2). In that case, the proof does not
work. The ONC assumption is introduced only at this step, but
the infinite dimensionality of the auxiliary system Y is also
introduced at the same step. Therefore, counterexamples exist
for any finite-dimensional Hilbert space.

D. Zurek’s derivation with envariance

People are unsatisfied with Gleason’s theorem because
of its lack of physical intuition [7,18,30,31], and Deutsch’s
appeal to decision theory and rationality also seems sus-
picious to many [13,37-40]. By contrast, Zurek aims to
provide a more physically motivated derivation of the Born
rule [7,13,43]. The structure of Zurek’s proof is actually
very similar to Deutsch’s, except for the first few steps.
Zurek proves the Born rule for the equal-amplitude qubit
state using a property he calls envariance, which was first
abbreviated as “environment-assisted invariance” in his 2003
paper [43] but was later updated to the more appropriate term
“entanglement-assisted invariance” [7]. This grounds Zurek’s
proof in the physically meaningful property of quantum en-
tanglement.

Zurek gives special attention to the additivity assumption
in his works. He claims that Gleason’s additivity can be de-
rived from a “weak” additivity assumption [13]. However, the
consequence is that Zurek’s additivity is in fact weaker than
Gleason’s additivity or Deutsch’s implicit countable additivity
and thus cannot guarantee the continuity of the measure-
ment function . Due to the similarity between Zurek’s and
Deutsch’s derivations, it also suffers from the same problem
of dimensionality. We will first briefly introduce Zurek’s proof
and postulates and then explain these two problems.

There is a very interesting innovation in Zurek’s assump-
tions. He does not assume the orthogonality of eigenstates
or the expression of observables from the Observable postu-
late (QM3) but instead derives them from the State postulate
(QM1), the Evolution postulate (QM2), and the Eigenstate
postulate (QM4) [7]. In order not to distract from our main
focus, we rephrase this proof in Appendix A 3. Nevertheless,
this is a very inspiring result worth noting. Zurek also uses
another not-so-common nonprobabilistic quantum postulate:
The representation of a composite state is a vector in the
tensor product space of the components’ Hilbert spaces [7].
The term “probability” is used directly by Zurek to describe
the measurement result, so we can conclude that the Real
Function postulate (M1) is also assumed. Since the observable
X or the Schmidt decomposition of the state is given at the
beginning, we can also represent the measurement function
used by Zurek as w(|y), X). However, we do not need to
assume all properties of a probability measure here, because

the additivity and normalization are assumed independently
by Zurek, and the non-negativity is not useful in the proof.
The additional postulates beyond nonprobabilistic quan-
tum mechanics used by Zurek are as follows:
(E1) Zurek’s weak additivity and normalization postulate:
For two mutually exclusive events « and «*,

pkc Ukt =1= pnk) + pmlb).

This means that the event « either occurs or does not occur.
We also use measurement outcomes x; to represent events for
simplification.

Zurek proves that the usual countable additivity can be
derived from this weak additivity [13]. However, it actually
ensures additivity only for states with rational probabilities
for all outcomes (see detailed proof in Appendix A 4). That
is, if outcome events {x;}; are mutually disjoint, and each
w(lxi)(xi]) € Q, then

n ( Z x;) (xi|) = Z w(lx) (xi]).

i

Therefore, Zurek’s additivity is not equivalent to Gleason’s
additivity or Deutsch’s hidden countable additivity but is
weaker than both. The continuity of x cannot be guaranteed
even with non-negativity.

(E2) Zurek’s locality postulate: The state of system S can-
not be affected by any operation on the environment E alone
and vice versa.

(E3) State noncontextuality postulate: For any observable,
the measurement results fully depend on the quantum state
[¥). Moreover, if the measured system is a subsystem of a
larger composite system, then the composite state determines
the state of the subsystem.

This corresponds to “fact 2”” and “fact 3” in Zurek’s paper
[7]. Note that this assumption appears to be a form of non-
contextuality, but it is not the same as the usual ONC and
cannot play the role of ONC. We refer to this assumption
as state noncontextuality. Deutsch also adopts this state non-
contextuality postulate [12]. The main use of this postulate
is to rule out any possible influence from hidden variables.
Gleason’s and Busch’s approaches do not include this type
of noncontextuality, because they do not assume the State
postulate (QM1) at the beginning [10,11].

(E4) ONC postulate: For any |v), w(|r), |x;) {x;|) depends
only on the projective operator |x;) (x;|, regardless of the whole
observable.

The proof for states with unequal amplitudes given by
Zurek is exactly the same as that of Deutsch. Thus, both of
them implicitly introduce the ONC postulate at that step.

The most important concept in Zurek’s derivation, en-
variance, is not a postulate but a symmetry property of an
entangled state under certain unitary transformations.

Definition 12 (Ref. [13]). We call a state |Wgg) envariant
under a unitary transformation Uy if

(I ® Up)(Us ® D[¥se) = |Wsk).

This means that a unitary transformation Uy acting only on the
measured system can be undone by another unitary transfor-
mation acting only on the environment.
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Zurek’s proof then follows this structure [13]: First, he
proves the Born rule for equal-amplitude states using the
envariance property. Consider an equal-amplitude state

L
V2

We can swap the eigenstates of the measured system using the
unitary operator

Us @ I = (Ix1)(x2] + [x2) (1)) @ 1.

Let the initial probabilities for outcomes x; and x, be p; and
p>. Before the swap, when the environment is in eigenstate
|E1), the corresponding eigenstate for the system is |x;); after
the swap, it becomes |x;). Thus, for the state after the first
swap, we have wu(x;) = u(Ez) = p> and u(x) = u(Ey) =
p1- We then perform another swap acting only on the envi-
ronment,

Wse) = —=(Ix1)|E1) + [x2)|E2)).

I Q@ Up =1® (IE1)(E2| + |E2)(ELD.

The final composite state is then the same as the initial one
and p(x;) = p; and u(x;) = p, for the final state after the two
swaps. However, from Zurek’s locality postulate, an operation
on the environment E alone should not change the probability
distribution of the system S. Therefore, we must conclude that
w(x1) = pa = p;. From Zurek’s weak additivity and normal-
ization postulate, it follows that p; = p, = 1/2.

This result can be extended to any equal-amplitude state
with n outcomes, yielding p(x;) = 1/n, by performing the
swap multiple times.

The remainder of Zurek’s proof parallels that of Deutsch
[7,13]. Similarly, extending the result to real probabilities
requires continuity of p. However, unlike in Deutsch’s proof,
this continuity cannot be guaranteed by Zurek’s postulates.
We analyze this problem below.

Zurek discusses the continuity problem explicitly in his
paper [13]. His proof is as follows: If event x| C k», then
the probability must satisfy wu(x;) < p(x2). Then the real
probability of event « can be approached by events «5s with
rational probabilities from above. Continuity then follows by
taking limits.

This statement is very confusing. In quantum mea-
surements, events correspond to measurement outcomes or
eigenvalues of an observable. It is unclear what an inclusion
relation between two different eigenvalues or eigenspaces
would mean. We could possibly let x, correspond to more
than one eigenstate, including the one corresponding to .
However, in that case the notion of “approaching” is not very
meaningful. For example, let the quantum state be

V) = Vpilx1) + Vp2lxa) + -+,

where p; ¢ Q and p; 4+ p, € Q. Let u(x;) = u(x;) and
u(k2) = u(x; V xz). Approaching (k) = p; by decreasing
p> cannot prove the continuity of u with respect to coefficient
of |x;). Zurek’s mistake is similar to that of Deutsch. Deutsch
attempts to take limits by increasing eigenvalues, while Zurek
attempts to take limits by expanding the eigenspace. Neither
approach satisfies our objective of proving continuity with
respect to the amplitude or the probability.

Unlike Deutsch’s proof, the continuity of p becomes a
genuine problem here. This issue has been pointed out in the

literature [41], but we present a clearer explanation of why
continuity cannot be derived from Zurek’s assumptions and
proof.

Although Zurek uses the term probability several times
in his proof, and probabilities are generally expected to be
non-negative, non-negativity is not required at any step of his
proof. Moreover, even if non-negativity is assumed, Zurek’s
additivity is still too weak to guarantee continuity. For exam-
ple, we can let u(x;) follow the Born rule when the square
of the amplitude |A;]> € Q, and let u(x;) = V2 (or any irra-
tional number) when |A;|?> ¢ Q. This counterexample satisfies
Zurek’s additivity and non-negativity, but not the usual count-
able additivity (see more in Appendix A4), and is clearly
discontinuous. This completes our proof of Observation 2.

Zurek’s proof also lacks the ONC postulate until the step
dealing with unequal amplitudes, since all eigenstates of the
observable are fixed at the beginning when the entangled state
is specified. Therefore, it suffers from the same dimensional-
ity problem as Deutsch’s proof, namely that the result is only
valid for R(-dimensional Hilbert spaces.

E. Hartle’s frequentist derivation

In this subsection, we justify the following observation:

Observation 3. The lack of an additivity assumption in the
Finkelstein-Hartle theorem causes an inconsistency in the core
frequentist interpretation on which the proof is based: pure
states and mixed states are not treated consistently within the
method. As a result, there are two reasonable results when a
mixed state is measured: One is the Born rule, and the other is
an excrescent result.

We first introduce Finkelstein-Hartle theorem: Another
early and important derivation of the Born rule was given
by Hartle in 1967 using a frequentist method based on the
infinite ensemble [14]. The same method was independently
proposed earlier by Finkelstein in 1963 [15], and it is there-
fore also known as the Finkelstein-Hartle theorem [8]. This
derivation is rather controversial due to its use of infinity
[8,17,18,28,44]. More seriously, it contains some mathe-
matical self-incoherence: The infinite ensemble state | )&%
appears to be both an eigenstate of the frequency operator
f* and orthogonal to all initial eigenstates of f* [8,44]. We
will point out a new incoherence, which can be resolved by
adding an additivity assumption that is lacking in the original
derivation. To begin with, we review the postulates and the
proof given by Hartle [14].

Hartle assumes only a small number of postulates. He
adopts the State postulate (QM1) and the Observable postu-
late (QM3) from nonprobabilistic quantum mechanics. The
Eigenstate postulate (QM4), however, is not assumed, because
|)®% is generally not one of the initial eigenstates of f.
Hartle describes the measurement result as a frequency, so
we can think of the Real Function postulate (M1) as be-
ing assumed as well. We can denote the frequency function
as w(|¥), |xe) (xx|). Normalization and non-negativity can be
deduced trivially from Hartle’s description, but they are not
useful for the proof. Apart from these, Hartle uses only one
additional noncontextuality postulate:

(F1) State noncontextuality and ONC postulate: The fre-
quency of obtaining outcome x; in a quantum measurement
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depends only on the measured state |ir) and the projective
operator |x;) (x;|.

The structure of Hartle’s proof is as follows [14]. He aims
to show that the frequency of obtaining an outcome x; in
infinitely many measurements of the pure state |v) is equal to
the probability given by the Born rule, |(1/|x;)|*. He defines a
frequency operator f%, which measures the number of times
the outcome x; occurs in N measurements:

N
fv= Z Z Z (11\/ ngia> iy Y1 i v (i [ e (X 1
a=1

11 112 1 lN—
o)

This operator fy is a composition of projections onto N
eigenspaces with degenerate eigenvalues ranging from 1/N to
1 [8,14]. Hartle then shows that, in the limit N — R,

1Ay ) N — [l y) Py &™) = 0.

Certainly, some special treatment is required to define f* as
the limit of £& when N — Ro. We omit the discussion of this
step here, since it is not directly relevant to our focus. Hartle’s
treatment can be found in Ref. [14], and criticisms by others
can be found in Refs. [8,28].

We want to point out a new self-incoherence in Hartle’s
proof that has not been discussed in the literature: Hartle bases
his proof on the conjecture that the infinite ensemble |)®™0 of
any pure state |Y) is an eigenstate of the frequency operator
f*, and he proves this conjecture at the end [14]. If this is
true, then it seems trivial to conclude that the infinite ensemble
0% of any mixed state p should also be an eigenstate of f¥—
strictly speaking, p®™ is the projector onto an eigenstate. We
refer to it simply as an eigenstate for simplicity.

We now check whether this can be true. Let a mixed state
be

p =Y PVl
J

In his proof, Hartle sets f¥|S) =0 if |S) ¢ J, where J =

Span{|y)®™ | |/) € H, (¥ |¥) = 1} [14]. This indicates that
he intentionally avoids discussing mixed states. From this
definition, we have

=P +0+0+ -
J

frp®No

Therefore, fk,o®R° = 0 unless 3p; = 1, which means that p
is a pure state. On the contrary, if we calculate the result for
a mixed state by applying the result for pure states, then we
obtain

P P D =3 pjla ) P (v e,
J J

Thus, these two calculations, both consistent with Hartle’s key
idea, lead to different results.

As mentioned above, Hartle avoids discussing mixed states
in his proof. From his analysis, we can conclude that he
does not regard p®™ as an eigenstate of f*. However, this
is inconsistent with the frequentist conjecture of the proof.
Moreover, the reason why the infinite state corresponding
to p should be 3 pi(1¥;)(¥;1)® rather than p®™ is not

explained. Clearly, these two infinite states describe different
experimental setups.

We can resolve this problem by adding a countable addi-
tivity postulate to Hartle’s proof.

(F2°) Additivity postulate for states: The frequency function
w satisfies the following countable additivity property:

(Zp,w, ICZINEAT m) Zp,mw, ). 1) il )

for any p; > 0 and disjoint pure states |1/;)’s

Although additivity is usually assumed for compatible ob-
servables, it can also be applied to disjoint states, since the
roles of the two are interchangeable in experiments. We can al-
ways regard the experiment as measuring some property of the
measurement device using a given quantum state rather than
measuring the state with the device. We can therefore retain
Hartle’s proof for pure states while assuming this additivity
property. In that case, infinite ensembles of mixed states need
not be eigenstates of f k and the contradiction is removed.
This proves Observation 3.

V. CONCLUSION

In this work, we demonstrate the significance of additivity
as an additional assumption in deriving the Born rule. In
Sec. III, we have proved that additivity cannot be derived
from the other two additional assumptions, noncontextuality
and normalization. In Sec. IV, we have shown its crucial role
in five important existing derivations of the Born rule. In
Gleason’s theorem and Busch’s extended Gleason theorem, it
is the core postulate. In Deutsch’s derivation, it is implicitly
assumed and also plays a central role. In Zurek’s derivation,
an attempt is made to weaken the additivity assumption, but
this leads to the problem of continuity. In Hartle’s derivation,
the lack of an additivity assumption causes incoherence in his
main idea when mixed states are considered. To summarize,
we not only prove the necessity of the additivity assumption
in these five derivations but also show that none of the
proposed equivalent assumptions in these works can serve as
a substitute for it.

Additivity is an assumption with a clear probabilistic
nature, whereas noncontextuality and normalization are not.
Our results not only facilitate the goal of determining the
minimal set of additional postulates required to derive the
Born rule but also help to better understand the origin of
probability in quantum mechanics. In the existing literature,
some authors argue that additional assumptions beyond the
postulates of standard quantum mechanics are essential for
deriving the Born rule [17], and some even believe that these
additional assumptions must themselves have probabilistic
properties [17,20]. Our analysis of the five seminal derivations
supports both viewpoints: The Born rule cannot be derived
solely from the nonprobabilistic postulates of quantum
mechanics, and all attempts to avoid using the probabilistic
assumption of additivity fail in the derivations we examine.
This suggests that we may need to reconsider the hope of
deriving the probabilistic quantum postulate of the Born rule
solely from deterministic principles.
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We have also given an organized set of quantum mechanics
postulates in Sec. II. It clearly shows which assumptions are
regarded as additional. It is also worth noting that different
derivations can use different postulates from nonprobabilistic
quantum mechanics. For example, the State postulate (QM1)
is not used in Gleason’s or Busch’s proofs but is used in the
other three; the Observable postulate (QM3) or the POVM
postulate (QM3’) is used in all other four derivations except
Zurek’s, and as a compensation, Zurek’s derivation is also the
only one that assumes the Evolution postulate (QM2). This
difference is interesting and deserves further exploration.

In Sec. II and Appendix A5, we also give clear and
distinguishable definitions for various types of additivity, non-
contextuality, normalization, and continuity. In the literature
we discuss, ambiguity in these concepts can easily cause
confusion, leading people to incorrectly conclude that two
assumptions are equivalent or that one method can be applied
to prove a property in another situation. Our clarification helps
to eliminate these confusions. This fills a gap in the literature
and is beneficial for related research in the field.

Our analyses of the five derivations are mostly based on
the first version of each method. This is because we include
many different methods of deriving the Born rule, and it is
impossible to examine every version of every method in a
single paper. Although these initial versions may contain loop-
holes that are better addressed in later work, they represent
the origins of the method chains with the clearest physical
intuitions. Discussion of these versions is the most important
first step in further investigating each method. In the future,
we plan to discuss Wallace’s proof of the Deutsch-Wallace
theorem [36], and the improved version of Finkelstein-Hartle
theorem by Farhi, Goldstone, and Gutmann [28]. We also plan
to discuss derivations of the Born rule proposed by supporters
of Bohmian mechanics [45] and QBism [23].

Readers may have noticed the importance of noncontex-
tuality in the derivations we discussed. We do not provide a
more complete discussion of the role of noncontextuality in
this work, but this point will also be addressed in subsequent
works.
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APPENDIX

1. Tables for important concepts

In this work, we discuss several different definitions of
three important properties of a measurement function w: addi-

tivity, noncontextuality, and continuity. Although all of these
definitions are presented clearly in the paper, we believe that
providing tables comparing their differences can be helpful to
readers. Therefore, we summarize the notations used through-
out this paper in Table I. We also summarize the various
definitions of additivity, noncontextuality, and continuity in
Tables II, 111, and IV, respectively.

2. Equivalence between Gleason’s additivity assumption
and strong normalization

We prove that, for projective operators, the additivity as-
sumption (or the frame function assumption) used by Gleason
[10] is equivalent to strong normalization when W = 1.

The definition of a frame function p of weight W can
be written in the following equivalent form: if a countable
set {|i)}; forms an orthonormal basis of H—the definition of
a separable Hilbert space guarantees the existence of such
bases—then

D ndiil) =W,

where W is a fixed real value for a given u and H.
To prove our result, we first introduce two lemmas.
Lemma Al. We can decompose any orthogonal projection
A on a separable real or complex Hilbert space into a sum of
disjoint rank-one orthogonal projections [i)(i], i.e.,

A=Y liil.

i€IA

Proof. An orthogonal projection A always has eigenvalues
equal to O or 1. Therefore, it can be transformed into a diago-
nal matrix, where the diagonal entries with value 1 correspond
to the |i)(i|’s. |

Lemma A2 (Ref. [10]). If we have a frame function © on
‘H with weight W, then it is also a (sub-)frame function when
restricted to any closed subspace of H. The weight of the
subframe function is usually different from W.

Proof. We can fix one |i;). Then

DU =W = (i),

iy
The right-hand side of the equation is constant for all choices
of {li)}izi,» which form bases of the closed subspace. By
induction, we can prove this result for any subspace of any
dimension. |

Lemma A3. A function p on projective operators is a
frame function with weight W = 1 if and only if it is strongly
normalized.

Proof. If u is strongly normalized, then by definition it
is a frame function. Conversely, if @ is a frame function, to
test whether p is strongly normalized, then we need to define
1 (A) for arbitrary projective operator A. Using the additivity
property of the frame function and Lemma A2, it is natural to
define

pA)=Wa =W = > u( )i = i)

JETa i€Zy

Since W = 1, u is strongly normalized. ]
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TABLE I. Notations used in this paper and appendixes.

Notations Explanation

MWI Many worlds interpretation

POVM {A;} Positive operator valued measure (see Definition 1)

POVM effect A; One operator A; in POVM {A;} (see Definition 1)

Measurement function p

Frame function u

Deutsch’s value function V[|), X]

A real-valued function assumed to represent the result of a quantum measurement

(see Postulate (M1))

A measurement function © assumed by Gleason satisfying strong normalization

(see Definition 8)

The expectation value of the reward obtained by a rational player in a quantum measurement
game, where the measurement outcome is the reward

gou Composite function: (go p)(x) = g(u(x))

ONC Observable noncontextuality (see Definition 4)

ANC Additivity noncontextuality (see Definition 5)
Normalization wu(l) =1 (see Definition 6)

Strong normalization > im(A) = 1if Y°; A; = I (see Definition 7)

sup Supremum

inf Infimum

Span Closed linear span

R The set of the real numbers

Q The set of the rational numbers

N The set of the natural numbers

Ro Cardinality of the set of the natural numbers, i.e., 8y = |N|
|Z,,| for set Z,, Cardinality of set Z,,

(¥ |x;) Inner product of |y) and |x;)

[{yr|x:) | Absolute value of (v |x;)

Event « A subset of the sample space of an experiment, or a possible outcome of the experiment, usually

Event x; C k»
Event x; V x,
XQ®Y
)@

Frequency operator f&

Frequency operator f*

assigned a probability
Inclusion of events, meaning that if x; occurs, then «, certainly occurs
Union of events, meaning that event x; occurs or event x, occurs
Tensor product of operators X and Y
[)® = 19) @ Y)®Y) ® - ® |)
Ro
The operator acting on a quantum state that measures the number of times the outcome x; occurs
in N repeated measurements on the state [see Eq. (5)]
The operator acting on a quantum state that measures the number of times the outcome x; occurs
in R, repeated measurements on the state

Remark Al. Although ANC is often assumed together
with additivity, both Gleason’s additivity and strong normal-
ization admit versions that do not require ANC.

3. Zurek’s proof for the observable postulate

Zurek does not assume the observable postulate (QM3).
Instead, he derives it from the state postulate (QM1), the Evo-
lution postulate (QM2), and the eigenstate postulate (QM4).
We rephrase his proof as follows [7].

Suppose the only two possible eigenstates of a quantum
state |y) measured by an observable X are |x;) and |x,). From
the MWI and (QM2), the measurement process is described
by an entangling unitary evolution Uy . Then, by the Eigenstate
postulate (QM4),

Ux|x1)|Eo) = |x1)|E1)
Ux |x2) |Eo) = |x2)|E2),

where |Ej) denotes the initial state of the measurement device
and |E;) and |E,) denote the states corresponding to |x;) and

|x2), respectively. Then,
(Eo| (x1|Uy Ux [x2) |[Eo) = (E1]{x1]x2) | E2),
which implies
(x1lx2)(1 = (Ey|E2)) = 0.

Zurek then concludes that if we do not want (E{|E,) =1,
which would mean that the outcomes are indistinguishable,
we must have (x;|x;) = 0, namely the eigenstates are orthog-
onal. This argument applies to any two distinct eigenstates
in any dimension. Thus, the orthogonality of eigenstates is
established [7].

If we further assume that the eigenvalues are real values,
then the Observable postulate (QM3) follows. This assump-
tion is natural, since all readings on a measurement device are
real values.

4. Zurek’s weak additivity assumption
and the usual countable additivity

Zurek shows how his weak additivity (E1) leads to our
familiar countable additivity as follows [13].
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TABLE II. Comparison of different additivity assumptions and properties. We list their positions of definition in the paper, the objects to
which they apply, and whether the ONC property can be derived from them. The phrase “Usually Yes” means that the corresponding additivity
is often implicitly assumed to contain the ANC property (and therefore the ONC property), although in our analysis we list the ONC postulate
separately. The strengths of these additivity assumptions are compared in Fig. 1.

Position of definition Additivity for Include ONC?

Countable additivity (CA) Definition 2 Disjoint projections or Usually Yes

compatible POVM effects
Finite additivity (FA) Definition 3 Disjoint projections or Usually Yes

compatible POVM effects
Strong normalization (SN) Definition 7 Disjoint projections or Usually Yes

compatible POVM effects
Gleason’s frame function (GA) Definition 8 Disjoint projections Usually Yes
Busch’s additivity (BA) Postulate (G-B1) Compatible POVM effects Usually Yes

Detusch’s additivity (DA)
Detusch’s hidden additivity (DHA)
Zurek’s weak additivity (ZA)

Additivity added

Postulate (D1)
In Postulate (D1)
Postulate (E1)

Postulate (F2’)

Rewards of games

Disjoint |x;) {x;|'s corresponding
to eigenstates of an observable X
Any two mutually exclusive
events x and «t

Disjoint pure states

Yes (at the step of proving the
result for unequal probabilities)
No

No

(This additivity is not for

for Finkelstein-Hartle
theorem (FHA)

observables)

In the situations of interest, events are described by mea-
surement outcomes. For equal-amplitude states, if there are n
eigenstates, then we know from Zurek’s preceding proof that
u(x;) = 1/n for any outcome x;.

By Zurek’s weak additivity (E1),

wlxy + - x-1) + plx) =1
1
pxr+ -4 x) =1— -

Zurek then claims that the conditional probability satisfies

1
plx ki b ) = 1
We clarify the reasoning here: since the envariant swaps still
apply to the outcomes xi,...,x,—; when x, is ruled out,
we can still conclude that p(x;) = u(xn) = -+ = wx,_1) =
n—il. Then,

1 1 n—2
p A xe) = (1—= ) (1= S
n n—1 n

We can permute x/s arbitrarily and repeat this multiplication
multiple times. This yields

M<ij>=§,

JE€Ln

where m = |Z,,]|.

Thus, we obtain the additivity property for states with equal
amplitudes [13]. We can easily extend this additivity to states
with unequal but rational probabilities for the outcomes using
the auxiliary system method. That is, if the outcome events
{x;}; are mutually disjoint and each u(x;) € Q, then

(2] -2

However, there is no way to extend this additivity to states
with real probabilities using this method. Therefore, Zurek’s
additivity is weaker than Gleason’s additivity or the hidden
countable additivity in Deutsch’s proof. We cannot guarantee
the continuity of u from Zurek’s weak additivity assumption,
even when combined with non-negativity (a counterexample
is presented in Sec. IV D).

5. Measure, additive function, and continuity

We discuss the continuity issue in this section. This clar-
ifies why questions about continuity frequently appear in
derivations of the Born rule. First, we introduce the defini-
tion and some important properties of measures and additive
functions from mathematics. Second, we distinguish between
five different notions of continuity that appear in the literature
(Remark A3): Although Gleason’s theorem starts from a mea-
sure, the notion of continuity used in its proof is not the same

TABLE III. Comparison of different noncontextuality assumptions and properties. We list their positions of definition in the paper, the
objects to which they apply, and whether the ONC property can be derived from them.

Position of definition Noncontextuality for Include ONC?
ONC Definition 4 Operator A for p(A) Yes
ANC Definition 5 Some additivity property of u Yes
State noncontextuality Postulate (E3) State p for u(p) No
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TABLE IV. Comparison of different continuity properties. We list their positions of definition in the paper and the objects to which they

apply.

Position of definition

Continuity for

Continuity for an additive function u : RY — R
Continuity for Busch’s derivation

Continuity required in Deutsch’s and Zurek’s derivations
Gleason’s continuity for a frame function

Continuity of measure concerning inclusion of sets

Remark A3

variable x € RY

From rational to real coefficients for a POVM effect A
From rational to real amplitudes for an eigenstate |x;)
A unit vector x rotating by a small angle

SetsA; C A, C ...

as the usual continuity discussed in measure theory [10,19].
These two are also very different from the continuity used
in Busch’s derivation [11]. Continuity for Busch’s deriva-
tion, together with the continuity required in Deutsch’s [12]
and Zurek’s proofs [13], are closer to each other and to the
continuity for additive functions [46], but they are still not
identical. This clarification is useful because it is easy to
confuse these different notions of continuity and mistakenly
assume that a proof for one kind of continuity will work for
another. Third, we explain why an additive function can be
discontinuous. The conditions for an additive function to be
continuous are given in Theorem A3 and Theorem A4—this
helps explain why Gleason introduces the non-negativity as-
sumption to ensure continuity [10]. Finally, in Theorem A5
we show how Busch’s additivity implies his continuity (a step
that is not explicit in his original paper) [11]. Our proof makes
clear how the flexibility of scaling POVM effects makes a
simple proof for continuity possible. This flexibility is absent
for additivity restricted to projective operators, as used in
Gleason’s, Deutsch’s, and Zurek’s derivations.

Definition Al (Ref. [19]). Let X be a setand ¥ a o algebra
on X. A measure u on X is a function u : ¥ — R U {+o00}
such that

(1) If {A;} is a sequence of disjoint sets in X, then
n(U2, A = 32, u(A;) (countable additivity)

(ii) u(¥) =0

(i) u > 0

Definition A2 ([46]). An additive function is a function f :
RY — R that satisfies

FAx) +1y)) = f(x) + f(y)

for any |x), |y) € R¥. We will also write these vectors as x, y
for simplicity. This equation is called the Cauchy functional
equation.

Remark A2. We should note a subtle but important dif-
ference in the definitions of measure and additive function:
The codomain of a measure may include +oo, while the
codomain of an additive function does not. Therefore, proper-
ties of additive functions do not always apply to measures. In
Gleason’s [10] and Busch’s [11] derivations, which are based
on measures or probability measures, the normalization and
non-negativity assumptions are essential to rule out the output
value +00.

Also, for our purposes, we cannot always directly use
results for additive functions, since our function p takes an
operator A as input rather than a vector |x). In the end, we
will find that p is linear with respect to any |x)(x| rather
than with respect to |x). We analyze this in more detail in
Remark AS below.

We now list some important properties of additive func-
tions.

Lemma A4. If p is an additive function, then w satisfies
finite additivity but not necessarily countable additivity.

Proof. Tt is immediate from the definition that an additive
function satisfies finite additivity. For countable additivity,
there is a well-known counterexample. Let A be a subset of
the natural numbers N. Define w(A) = 0 if |A] is finite and
W(A) = 1if |A] is infinite. This function w is finitely additive
but not countably additive [47]. |

Lemma A5 (Ref. [46]). For an additive function f,

fgx) = qf(x)

forany ¢ € Q and x € RY.

Proof. From finite additivity, we have f(my) = mf(y) for
me Nandy e RV,

Lety = x/n for n € N. Then

f(m;—i) =mf<;—i> = %f(x)(m,n eN,x,y e RY)

ﬂwﬁwﬂm@=%e@JeRﬂ.

]
Notice Lemma A5 shows that an additive function is linear
for any rational coefficient, but it is not always linear for real
coefficients and thus is not always a linear function.

We will show how an additive function can be nonlinear
and discontinuous in Lemma A6. To do that, we first distin-
guish between five different continuities.

Remark A3. There exist different definitions of continuity
in the literature which indicate very different properties. It is
therefore easy to confuse them. We list five different notions
of continuity closely related to our topic below:

(1) Continuity for an additive function: An additive function
u: RY — R is continuous if

lim f(x) = /() = 0.

Here the equal sign indicates the (e-§) definition of limit. We
omit an explanation of this elementary definition.

(2) Continuity for Busch’s derivation [11] from rational to
real coefficients: A real-valued function p(A) (where A is a
POVM effect) is continuous if for any g € Q and r € R,

lim u(gA) — u(rA) = 0.
q—r

Certainly, for genuine continuity we should consider arbitrary
q, r € R. However, for the purpose of extending the linearity
of u from rational to real coefficients in front of A, the notion
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of continuity discussed here is enough. A proof of continuity
for Busch’s derivation from his postulates is given below in
Theorem AS.

(3) Continuity required in Deutsch’s [12] and Zurek’s [13]
derivations: The value function u is continuous if, for two
different quantum states |v;) and |v,), in which a common
eigenstate |x;) has amplitudes ¢ € Q and r € R in the two
states, respectively, we always have

;EM(W/I)’ xi) (xil) — p(l2), |xi) (xil) = 0.

These three continuities for additive functions, Busch’s
derivation, and Deutsch’s and Zurek’s proofs, are related but
distinct. Note that in Busch’s notion the coefficients g, r mul-
tiply a POVM effect A, while in Deutsch’s and Zurek’s notion
the coefficients ¢, r are amplitudes in front of an eigenstate
;).

(4) Gleason’s continuity for a frame function: Let u be a
frame function. p is continuous if for any x we can find a
neighborhood W of x such that [10]

sup{f(y)ly € W} —inf{f(y)ly e W} < €

In Gleason’s paper [10] he actually mentions two different
continuity notions. The first one appears at the beginning of
the paper when he discusses the existence of discontinuous
additive functions. The second one is the notion we show here,
which he uses as a crucial step of the proof: Any continuous
frame function on R? is regular (Theorem 2.3 in Ref. [10]).

(5) Continuity of measure concerning inclusion of sets: In
measure theory, a measure p is continuous from below if, for
sets Ay C A, C ---, we have [19]

w(UZr 4) = lim p(A)).

(e > 0).

The definition for continuity from above is analogous.

There is a classical result in measure theory that if p is
countably additive, then it is also continuous in this sense [19].
However, this continuity is very different from continuities for
Gleason’s or Busch’s derivation, which are the types used to
derive the Born rule. Gleason’s continuity concerns how u
changes when we slightly rotate |x), while the continuity of
measure concerns how p changes when we enlarge the set
A = |x)(x|.

We can now show how an additive function can be discon-
tinuous. The following theorems are important results from
the theory of additive functions.

Theorem Al (Ref. [48]). RY is a vector space over the field
Q. Its basis is called a Hamel basis, which has cardinality
R and cannot be written down explicitly. There are many
different Hamel bases, as long as the basis vectors are linearly
independent.

Theorem A2. (Ref. [46]). If H is a Hamel basis of RY,
then for any function g : H — R there exists a unique additive
function f : R¥ — R such that

Sf(hi) = g(hph; € H.

f is continuous if and only if for every h; € H, we have %}') =

Cy, where C is a constant. ’
Proof. The proof is omitted here and can be found in

Ref. [46]. ]
Lemma A6. An additive function is not always continuous.

Proof. From Theorem Al and Theorem A2, we can con-
struct a Hamel basis for RY which contains two basis vectors
hi, hy such that Ay — h,. They are guaranteed to be Hamel
basis vectors as long as Z—; ¢ Q. Define

g(hy) =Cih

g(hy) = Goho,

where C;, C; € R. We can let C; < C,, for example, C; = 1,
C, = 10000. Then we can construct the additive function f
based on g. For this f one has

butf(h) = hy K f(hy) = 10000h;.

So additive function f is not continuous. |

Remark A4. The measure function p used by Gleason
takes operators as inputs, not vectors. This is why Gleason
introduces another additive function g: R — R and claims
that go p is still a frame function and can be wildly dis-
continuous [10]. All such pathological frame functions are
unbounded (see Theorem A3 below). Gleason then introduces
the non-negativity assumption to guarantee boundedness and
thus continuity.

We now present the conditions for an additive function to
be a linear functional.

Theorem A3 (Ref. [46]).
RY — R has the form

hl — hz,

An additive function f:

N
FUx)) = (eh) =) e
i=1
if it satisfies any of the conditions below:

(a) f is continuous.

(b) f is continuous at some point x.

(¢) f is bounded below or above on some interval.

(d) f =20o0r f <O0forall x.

Proof. (a) If N = 1, since we already know f(gx) = qf(x)
when ¢ € Q from Lemma AS, continuity implies f(rx) =
rf(x) for all » € R. Let ¢ = f(1); then f(x) =xf(1) =cx
for any x € R [46].

If N > 1, because of additivity we can write f(|x)) =
f(x1)+ -+ f(xy). From the one-dimensional result, each
FGi) = eixi 50 £(1x) = (clx) = Y, cix; [46].

(b) Continuity at a single point extends to the whole do-
main (see Theorem A4 below). The result follows from (a).

(c) The full proof is omitted here. The key idea is that any
additive function is a convex function, which satisfies

f<x +y) < fOHO)
2 2

for all x, y € RY [46]. It can be shown that a convex function
that is bounded above or below at any point is bounded above
or below everywhere and that a bounded convex function is
continuous. Readers can see Ref. [49] for more details. The
result then follows from (a).
(d) The result follows directly from (c). [ |
Theorem A4. If an additive function f is continuous at
some x € RY, then it is continuous on the whole domain.
Proof. From Lemma A5, f(0) = 0. If f is continuous at a
point x, then by additivity
lim f(x+0)=f(x)+ lirr:_)f(cr).

o—0
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Hence lim_ 5 f(0) =0, so f is continuous at 0. It is then
trivial to prove f is continuous at any point. ]

Remark AS5. If f(|x)) = {(c|x), then f is a linear functional.
However, we cannot directly apply this result to derive the
Born rule. We would like to point out two important differ-
ences between the additive function f and our real-valued
function p here: First, f takes |x) as input, and not all opera-
tors A in the domain of u can be written as A = |x) (x|. Only
projective operators have such property. Second, by definition,
an additive function f takes |x) € RV as input, whereas the
eigenstates of A may contain complex entries.

Thus, for our purpose, we can do the following mod-
ifications: Any POVM effect A can be written as A =
> i nilx) (x| (n; > 0). Because of additivity assumed sepa-
rately, we have

w@A) =D i) ().

From Theorem A3, it is easy to show that if an additive
function f takes |x)(x| as input and satisfies conditions such
as continuity, then

J(x){x]) = (XI(Z)»,'IC,')(C,'I)IX)(M 2 0).
i

This is also true when we extend the domain of |x) to CV.
Clearly, (Zj Ajlej){cjl) = 0. We can let p = (Zj Ajlej) (D
and rescale it to obtain a trace-one operator. Combining the
two equations above yields the usual Born rule,

u(p,A) = Tr[pA].

Note that this is not a rigorous proof. We only intend to
explain the idea of how one can obtain the function p for
the Born rule from an additive function f when their domains
differ. A rigorous proof is just Busch’s derivation [11].

We now show how continuity for Busch’s derivation can
be derived from Busch’s postulates: countable additivity, nor-
malization, and non-negativity [11]. Note that this proof does
not work for Gleason’s derivation [10], because Gleason’s
countable additivity degenerates to finite additivity when the
Hilbert space is finite dimensional.

Theorem A5. If real-valued function (£ (A) (A is any POVM
effect) satisfies the following conditions:

() Ifeffects A+ B+---<I, u(A+B+---)=ulA) +
w(B)+---.

(i) u() = 1.

(iii) For any A > 0, u(A) > 0.

Then p satisfies the continuity for Busch’s derivation, i.e.,
forany ¢ € Q and r € R,

lim u(gA) — u(rA) = 0.
q—)r

Proof. We first prove lim,_,¢ t(cA) = 0 for any POVM
effect A. From countable additivity, we have

w(A) = M(Z%) = Zu(%)
i=1 i=1

Since u(A) € R, the series on the right-hand side must con-
verge. This guarantees that

li 4 =0
Jml5) =

lirr%) u(cA) =0.

and hence

Notice this is not true for p that is only finitely additive. In
that case lim,_.o (o0 A) can be nonzero because there is no
infinite terms in the sum.

We can now prove the continuity of ©. To prove that w is
continuous at 7A (r € R), we need to show

(i) p(rA) exists for any r € R.

(ii) p(rA) = lim,_,, p(qA), where g € Q.

The first step (i) is trivial since rA is an effect. For (ii), if ¢
approaches r from below, then we write rA = gA + 0 A with
o > 0. By additivity,

p(rA) = p(gA + oA) = p(qA) + p(dA).
Thus,
lim p(qA) = p(rA) — lin%) p(cA) = p(rA).
q—r o—

A similar proof applies if g approaches r from above. There-
fore w is continuous in the stated notion. |
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