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Key to solving many societally relevant problems in materials science, quantum chemistry, and nuclear
physics is understanding their fundamental microscopic quantum behavior. All of these problems can be
phrased as fermionic (e.g., electrons, quarks) and bosonic particles (e.g., lattice vibrations, photons)
interacting with each other. However, solving these systems of strongly interacting fermions and bosons is
out of reach for classical computers and also non-error-corrected qubit-only quantum computers. In this
paper, we introduce a hybrid qubit and bosonic-oscillator quantum-simulation framework, which is so
efficient that it could simulate some of these strongly correlated problems even without error correction.
Specifically, we leverage the available universal bosonic gate set with Oð1Þ operations per gate as a
function of the bosonic cutoff. This enables our framework to provide exact decompositions of higher-order
fermion-boson interactions, including notoriously challenging terms such as ð2þ 1ÞD gauge theories. We
show how to compile dynamics, ancilla-free partial error detection, nonlocal observable measurements, and
ground-state energy estimation using both qubit-boson variational quantum eigensolvers and quantum
signal processing. We introduce a “post-qubit quantum advantage” experiment which is out of reach for
both near-term qubit-only quantum computers and classical computers. We justify this proposal by
estimating bosonic gate fidelities through high–boson-occupation Lindblad simulation and by comparing
to qubit-only algorithms. For the latter, we develop a new qubit-based algorithm for simulating a beam
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splitter with a boson number cutoff Nmax, which scales as ÕðN1þoð1Þ
max Þ, asymptotically outperforming

previously known qubit methods. However, to reach the same circuit fidelity as qubit-boson hardware with
99.9% per-gate fidelity, a qubit quantum computer using the best-known method would still need fidelities
of at least 99.9999%, likely requiring substantial error correction. Our framework can be used in
superconducting hardware, which we focus on, as well as trapped-ion and neutral-atom hardware. This
work establishes digital hybrid qubit-boson quantum simulation as a promising and advantageous method
for solving the many challenging, strongly correlated, fermion-boson models of relevance to science and
technology.

DOI: 10.1103/s5bn-z4jq Subject Areas: Condensed Matter Physics,
Nuclear Physics, Quantum Information

I. INTRODUCTION

Underlying many mechanisms in the natural world is the
interaction between fermions and bosons, such as phonons
mediating electron attraction, leading to superconductivity
or the downconversion of light during photosynthesis.
Examples of fermionic particles include electrons, holes,
fermionic atoms, baryons, protons, neutrons, quarks, and
leptons; examples of bosonic particles include photons,
phonons, excitons, plasmons, Cooper pairs, bosonic atoms,
mesons, W bosons, Z bosons, Higgs bosons, and gluons.
When the interactions among these particles are strong,
analytical and numerical methods fail, leading to a large
range of open problems in high-energy physics, chemistry,
and condensed-matter physics. In particular, quantum
Monte Carlo simulations are effective only for static
equilibrium properties (or imaginary-time dynamics) and
only in special cases where there is no fermion sign
problem. Tensor network methods work well only for
systems with limited entanglement. Some of the hardest
examples to simulate can be found in the lattice gauge
theory (LGT) formulation of the standard model of particle
physics [1]. LGTs constitute an especially difficult problem
because, in addition to containing fermionic or bosonic
matter, they also contain gauge fields that require the
implementation of N-body interactions with N > 2, such
as gauge-invariant kinetic energy (N ¼ 3) and the plaquette
magnetic-field term (N ¼ 4).
Quantum simulators [2–4] offer an attractive alternative

to study these problems as they can naturally host
entangled states, which can be strongly correlated [5–7];
in addition, they can be used to study real-time equilibrium
[8–10] and nonequilibrium dynamics [11–14]. Analog
simulations of LGTs have been proposed [15–26] and
carried out using, for example, cold atom [27–31], trapped-
ion [32,33], and superconducting qubit platforms [34,35],
but analog quantum simulators are limited in terms of the
Hamiltonians that can be implemented and observables
that can be measured. In particular, the multibody inter-
actions appearing in LGTs make their analog simulation
challenging, but they have recently been made accessible
through inclusion of digital components [36]. Digital
simulators can, in principle, realize multiqubit gates either

by decomposition into two-qubit gates or directly using
multiqubit gates (see, e.g., Refs. [37,38]), and proof-of-
principle digital simulations of LGTs have been per-
formed. However, the overheads encountered in mapping
bosons and fermions to qubits make these problems
challenging to implement on qubit-based discrete-variable
(DV) hardware, where ion-trap and superconducting hard-
ware, in particular, have led the way [35,39–51]. While
digital qudit-based quantum processors offer a promising
approach toward efficiently encoding the large Hilbert
space of bosons and gauge fields [42,52–55], the qudit
dimensions explored thus far offer only a slight increase in
Hilbert space dimensions over qubits. More importantly,
neither qubit nor qudit systems natively implement the
bosonic operations necessary for creating bosonic
Hamiltonian terms—in particular, synthesis of the occu-
pation-dependent square-root factors needed for bosonic
raising and lowering operators in qubit-based encodings
leads to a large overhead for simulating bosonic models
[56,57]. Simulation of purely bosonic ð1þ 1ÞD theories
using continuous-variable hardware has been proposed
[58]—for example, using microwave cavities [59,60] or
photonic devices [61]—but such an approach does not
easily facilitate the study of models involving interactions
between bosons and fermionic matter.
The Z2 lattice gauge theory with bosonic matter is

reminiscent of the Higgs sector coupled to the non-
Abelian SUð2Þ electroweak gauge sector (Wand Z bosons)
of the ð3þ 1ÞD standard model of particle physics with the
two simplifications of a lower dimensionality and a Z2

gauge field instead of the non-Abelian SUð2Þ electroweak
gauge fields.
In this work, we investigate the promise of hybrid qubit-

boson quantum processors [57] for solving the above
challenges. In particular, we leverage this hardware to
realize a straightforward mapping between model and
computational degrees of freedom, as illustrated in
Fig. 1. By encoding both the bosonic matter and gauge
fields in native oscillator modes, we avoid the costly
overheads incurred by boson-to-qubit encodings. More
specifically, the primary goal of our approach is to explore
the advantage given by the native availability of bosonic
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gate sets, a crucial component for simulation of
Hamiltonians containing bosons yet costly to implement
in qubit-based hardware. While the universal control of
oscillator modes is challenging due to the equal level
spacing of linear oscillators, here this issue is resolved by
leveraging a hybrid qubit-boson architecture [62] with
nonlinearity provided by the qubits, leading to non-
Gaussian quantum states [63,64]. To that end, we build
on the universal qubit-boson gate sets recently developed in
a companion paper [57]. In particular, we focus on a circuit
quantum electrodynamics (cQED) architecture with high-Q
3D cavities, although many of the hybrid qubit-boson
operations and techniques we discuss can be implemented
in other platforms such as ion traps [57,65–70], where a
similar qubit-boson approach for gauge theories has been
proposed [71], or neutral atoms in tweezer arrays
[57,72,73] in which a coupling to digital error-corrected
fermionic modes has also been proposed [74].
We focus on the task of simulating dynamics, i.e.,

evolving an initial state under a time-dependent
Hamiltonian ĤðtÞ, using a digital approach in which we
compile evolution under that Hamiltonian into elementary,
native qubit-boson operations. Many quantum algorithms
can be formulated with (controlled) time evolution under
the Hamiltonian [75] as a fundamental subroutine, and we
adapt some of them to qubit-boson processors to determine
ground states and observables. The goal of our work is to
find these compilations for the most important models in
quantum many-body physics involving fermions, bosons,
and gauge fields and to show that this decomposition leads
to advantages compared to compilations using qubit-only
hardware.

A. Structure of the article

This work is structured as follows. We start by reviewing
elementary concepts (Sec. I). We then present our main
results on compilation strategies, which is divided into
fundamental primitives (Sec. II), methods for matter fields
(Sec. III), and gauge fields and their interactions with
matter (Sec. IV). We then perform an end-to-end resource

estimation of our methods and compare to all-qubit hard-
ware (Sec. V). Finally, we introduce methods to measure
observables, algorithms to perform dynamics simulation
and ground-state preparation, and numerical benchmarks
(Sec. VI). We conclude in Sec. VII.
As a guide to the reader, we provide more detail about

each of the seven sections of this paper, in sequence. In
Sec. I, i.e., the remainder of this introductory section, we
give context by broadly introducing LGTs (Sec. I E) and
the challenges associated with their simulation. We choose
paradigmatic models [27,76] as a case study, the Z2-Higgs
model and the Uð1Þ quantum link model, which we later
use in Sec. VI to benchmark qubit-boson algorithms. We
then introduce the superconducting hybrid qubit-bosonic
oscillator hardware comprising transmon qubits coupled to
high-Q microwave cavity resonators hosting bosonic oscil-
lator modes on which we base our study (Sec. I F). Finally,
we introduce Trotter algorithms (Sec. I G), which are the
basic subroutines used in our qubit-boson algorithms.
In Sec. II, we introduce a toolset of hybrid qubit-boson

compilation strategies used throughout this work. We
review previously introduced methods but also develop
exact methods for synthesizing bosonic parity-dependent
and density-density operations, as well as oscillator-medi-
ated qubit-qubit entangling gates that we extend to multi-
qubit gates.
In Sec. III, we leverage this toolset to develop compi-

lation strategies for implementing the time-evolution oper-
ator for common bosonic (Sec. III A) and fermionic
(Sec. III B) Hamiltonian terms, including single-site poten-
tials, nearest-neighbor and on-site interactions, and hop-
ping terms in hybrid superconducting hardware. We
consider both ð1þ 1ÞD and ð2þ 1ÞD. For bosonic matter
sites, we utilize the direct mapping to a single bosonic
oscillator mode of a microwave cavity resonator. For
fermionic matter, we leverage a Jordan-Wigner mapping
using either transmon qubits or dual-rail (DR) qubits in
microwave cavities.
In Sec. IV, we present compilation strategies for imple-

menting pure gauge and gauge-matter Hamiltonian terms,
specializing to the case of Z2 and Uð1Þ gauge fields
in ð2þ 1ÞD.
In Sec. V, we introduce explicit Trotter circuits for the

Z2-Higgs model and Uð1Þ quantum link model and
perform an analysis of the Trotter errors, allowing us to
derive the end-to-end asymptotic scaling of the number of
gates required for a dynamics simulation, including the
errors encountered in the compilation. We then perform an
explicit gate count comparison between our qubit-boson
and an all-qubit simulation of the bosonic hopping
Hamiltonian. For this purpose, we develop a qubit algo-
rithm in the Fock-binary encoding to simulate bosonic
hopping.
In Sec. VI, we adapt algorithms for ground-state prepa-

ration and dynamics to our qubit-boson approach, utilizing

FIG. 1. Digital hybrid qubit-boson circuits. Mapping a physical
fermion-boson problem to an all-qubit (discrete variable, DV)
circuit leads to large qubit and gate counts. Instead, we propose to
directly implement hybrid oscillator (continuous variable, CV)-
qubit circuits.
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the compilation methods from the previous sections. We
use the ð1þ 1ÞD Z2-Higgs model and Uð1Þ quantum link
model as example models for numerical benchmarks using
Bosonic Qiskit [77]. In particular, we develop a qubit-
boson variational quantum eigensolver (VQE) (Secs. VI C
and VI D) ansatz. Within the VQE approach and in the
context of theZ2-Higgs model, we investigate the effects of
hardware and shot noise on VQE ground-state preparation
(Sec. VI D) and demonstrate the utility of postselection
upon Gauss’s law in improving ground-state preparation.
Next, we show how to measure observables in these ground
states, in particular, nonlocal observables such as string-
order correlators and the superfluid stiffness (Sec. VI E).
Finally, we discuss ground-state preparation with quantum
signal processing (QSP) and compare the error in ground-
state preparation as a function of the time to solution
between QSP and the VQE (Sec. VI F).
In Sec. VII, we conclude with a summary of our main

results, a discussion of the prospects for a quantum
advantage using our approach, and an outlook on future
research directions.
Before continuing, we briefly comment on the vocabu-

lary and notation used throughout this work. We use the
term bosonic mode (or just mode) to refer to bosonic-
oscillator modes (qumodes); more broadly, we use the term
qubit-boson as a synonym for qubit-oscillator. We use the
term cavity to refer to experimental cavity resonators
containing bosonic oscillator modes. In general, we refer
to certain hybrid qubit-boson gates as being “controlled,”
meaning that the generator of the gate contains either a
qubit or a mode number operator; i.e., the phase is
proportional to the number of excitations in the state
(the gate does not affect j0i). We generally call gates
“conditioned” when they obtain a state-dependent phase,
i.e., when the generator contains a qubit Ẑ or mode Fock-
state-dependent phase, which could, for example be imple-
mented using a projector.

B. Key results

In this section, we provide the reader with key results
that can be found in this work (see Fig. 2). These results
relate to novel compilation tricks and the resulting quantum
advantage of our new method over classical and qubit
methods, new and improved qubit-only circuits for simu-
lating bosons, and preliminary results on dynamics,
ground-state generation, and observable measurement in
noisy hardware with the new method.
First, we show that ð2þ 1ÞD quantum link models can

be efficiently mapped onto the bosonic cavity-qubit archi-
tecture that is currently being built in the context of
quantum error correction (encoding qubits into bosonic
oscillator modes) (Fig. 4 and Sec. I F).
The results on qubit-boson compilation are as follows.
(i) Arbitrary bosonic operations acting on one mode,

controlled on the Fock space occupations of another
mode, can be compiled into O( logðNmaxÞ) qubit-
boson gates, where Nmax is a maximum level on
which the operator is chosen to act (Secs. II C and
II D). This feature, in particular, overcomes the
previous barrier to implementing mode-mode den-
sity-density interactions digitally in qubit-boson
hardware (Sec. III A 4).

(ii) A multiqubit gate can be implemented by mediation
via modes in a digital version of the Mølmer-
Sørensen construction (Sec. II F).

(iii) A dual-rail ZZ gate can be implemented in a reduced
time of 2ðπ þ θÞ=χ; here, χ is the dispersive inter-
action, which is shorter than the previous 4π=χ even
for the maximally entangling case θ ¼ π=2 (Sec. II H).

Next, we look at compiling simulation subroutines in
qubit-boson architectures. We note that these decomposi-
tions could also be useful for qubit-only architectures
by combining our results with qubit-only compilations
of the bosonic operations in Table II. Our findings are as
follows.

FIG. 2. Overview of the structure. See Sec. I B for an overview of the key results.

ELEANOR CRANE et al. PHYS. REV. X 16, 041008 (2026)

041008-4



(i) The bosonic on-site interaction can be implemented
via a single selective number-dependent arbitrary
phase (SNAP) gate at the cost of a single ancilla
(Sec. III A 3), and the ancilla can be removed when
simulating theZ2 lattice gauge theory (Appendix B).

(ii) A Jordan-Wigner fermion-to-qubit mapping can be
implemented in planar dual-rail architectures by
employing the ZZ gate introduced in Sec. II F.
We compare dual-rail qubit and transmon qubit
implementations for simulating fermions using cur-
rent fidelity estimates, finding that dual-rail qubits
achieve an order-of-magnitude-per-gate higher fidel-
ity at the cost of a shot overhead of a factor of around
10 for 100 gates (Sec. III B).

(iii) We show how to implement phonon-matter as well
as light-matter interactions using qubit-boson hard-
ware, with fermions encoded in either transmons or
dual-rail qubits (Secs. III C 1 and III C 2).

(iv) We find an explicit construction for how to imple-
ment the Z2 magnetic plaquette field term in dual-
rail qubits in constant depth (Sec. IVA 2).

(v) We recast the Uð1Þ electric-field term into a form
that can be implemented with two SNAP gates
(Sec. IV B 1).

(vi) One of our major results is a constant-in-cutoff
construction for the Uð1Þ magnetic-field term
(Sec. IV B 2) with scaling Oðt5=4g−5=2Þ, where t is
the Trotter step and g is the coupling strength. This
finding is opposed to the naive expectation that
because of its eight bosonic raising or lowering
mode operators, it should have a complexity of the
fourth power of the cutoff and is the first compilation
in any platform to achieve constant depth.

(vii) We show that all gauge-invariant hopping terms in
Z2 and Uð1Þ LGT can be implemented in constant
depth for bosonic and fermionic matter (Sec. IV D)
using square-lattice cavity-qubit arrays (Fig. 15),
utilizing both transmon qubits and dual-rail qubits to
encode fermions. In this context, we also introduce a
novel scheme using three-wave mixing (Appen-
dix C), which reduces the number of total gates
needed compared to two-wave mixing.

Our results for Trotter simulation end-to-end complexity
analysis are listed below.

(i) We introduce a general framework for analyzing
qubit-boson Trotter simulation errors based on
introducing a virtual cutoff (Sec. VA). To our
knowledge, the gate estimates below are the first
end-to-end estimates for simulating lattice gauge
theories in qubit-boson hardware.

(ii) Using this framework, we show that the number of
gates to simulate bosonicZ2 LGT up to time T, a 2D
L × L lattice, and error ϵ scale as OðL11T1.5=ϵ0.5Þ
for a second-order Trotter formula and constant
filling fraction (Sec. V B).

(iii) The number of second-order Trotter steps for
simulating 2D Uð1Þ LGT in the large cutoff limit
scales as OðS3L3T1.5=ϵ0.5Þ (Sec. V C). However, it
is important to note that the cutoff dependence of
the number of gates drops out in the asymptotic
limit of large L, T, and small ϵ because of the
interplay between Trotter and compilation errors
[cf. Eq. (145) in Sec. V D], even for a large
polynomial scaling of S ∝ Lα with α ≤ 7. Instead,
we find that the number of gates scales as
OðT5L10=ϵ4Þ with respect to these parameters.
To our knowledge, this finding is the first gate
estimate for simulating this model that is cutoff
independent in the asymptotic limit.

Next, we list the prospects for a quantum advantage, as
well as the advantage of qubit-boson hardware over qubit-
only hardware.

(i) In order to compare to an all-qubit architecture, we
compute the gate counts necessary for the simu-
lation of a beam splitter in all-qubit hardware
(Sec. V E). Previously known results required
O(N2

maxlog2ðNmaxÞ) CNOT gates to simulate a
beam splitter with a bosonic cutoff in Hilbert space
of Nmax [56]. We improve on these results in
Appendix D by developing two new algorithms
employing arithmetic circuits (for calculating
square roots on the fly) and look-up tables (for
avoiding on-the-fly square-root calculation at the
cost of asymptotically higher depth and gate count),
finding an algorithm for simulating a bosonic
beam splitter in all-qubit hardware that scales as

NðqubitÞ
gates ¼ O(N

1þ 1
2p

max log2ðNmaxÞ), where p is the
Trotter order.

(ii) We perform an end-to-end gate complexity analy-
sis and show that, using the currently best-avail-
able qubit-only methods for simulating bosons at
small cutoffs, the number of gates for a single
beam splitter with cutoff 10 is more than 3 orders
of magnitude higher using all-qubit hardware than
for oscillator qubit hardware (Fig. 17 in Sec. V E).
In other words, to reach the same circuit fidelity as
qubit-boson hardware with 99.9% per-gate fidel-
ity, a qubit quantum computer needs 99.9999%
fidelity, which likely requires substantial error
correction.

(iii) A key result is the demonstration of a crossover to
quantum advantage (Fig. 19 in Sec. V F). We show
that qubit-boson hardware can likely exceed the
reach of matrix-product-state TEBD simulations for
simulating time evolution of a 20-site, cutoff 20 Z2

model, starting in a high-occupation initial state.
Near-term conditional-parity fidelities of 99% could
yield quantum advantage, and longer-term fidelities
of 99.9% would do so at extremely short times. For
this purpose, we predict the cutoff dependence of
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qubit-boson gates using a Lindblad simulation of
conditional-parity and beam-splitter gates in the
presence of photon loss and qubit decay and dephas-
ing, and we apply those to predict the circuit fidelity
of these high-occupation Z2 model Trotter circuits
(Appendix H). As this is the most favorable regime
for matrix-product simulations (2D would be much
harder), these results show the prospect for quantum
advantage of this hardware even without error cor-
rection and for a small number of physical elements.

Qubit-boson quantum algorithms and numerical bench-
marking results are as follows.

(i) We show that current noisy hardware can simulate
Trotterized dynamics of the soft-core bosonic Z2

model on five sites up to 85 Trotter steps by numeri-
cally simulating the circuit in the presence of cur-
rently realistic hardware noise (Fig. 21 in Sec. VI B).
This result should be compared with current state-of-
the art analog simulators [94,95], which only realize
two sites and qubit digital simulations [96], only
simulating the hard-core-boson version.

(ii) We design a qubit-boson variational quantum ei-
gensolver ansatz for the Z2 model, which is able to
reach less than 10−3 relative error for two sites and
four bosons in four layers (Sec. VI C 1), and for the
Uð1Þmodel, which is able to reach a relative error of
10−7 for three sites and two gauge fields and two
layers and reproduce its first-order phase transition
(Fig. 23 in Sec. VI C 2).

(iii) We propose a method for measuring the expectation
value of the beam splitter [Eq. (161) in Sec. VI C 1],
which we use to propose an experimental method for
measuring the energy of the Z2 and Uð1Þ lattice
gauge theory for VQE training.

(iv) We simulate the VQE training of theZ2 model under
the influence of both shot noise and realistic hardware
noise in the most challenging regime of competing
Hamiltonian terms (Fig. 24 in Sec. VI D). To do so,
we design an iterative procedure, increasing shot
count as gradients flatten and using a carefully tuned
averaging procedure. Without hardware noise, we
reach a fidelity greater than 95% in 2500 iterations in
as few as 115,000 shots. In the presence of hardware
noise, an energy well below the first excited state is
reached in a similar number of iterations.

(v) We also find an ancilla-free circuit using midcircuit
measurement, which enables us to partially post-
select on Gauss’s law during the energy measure-
ment (Sec. VI D 5). We numerically show that this
halves the energy error in our noise model (Fig. 25).

(vi) We introduce compilation methods for measuring
many relevant correlation functions, including the
superfluid density that can be extracted from
ground-state energies under twisted boundary
conditions (Sec. VI E). Most importantly, we show

how to measure string-order correlators using a
perturbative scheme that has a trade-off between
measurement precision and number of shots, showing
that a value of 10,000 shots enables good resolution
on the string-order correlator on the numerically
prepared noisy VQE ground state (Fig. 27).

(vii) We use these methods to numerically show that the
VQE state obtained above reproduces the exact
correlation functions to high precision (Fig. 26).

(viii) We introduce qubit-boson quantum signal process-
ing a method with provable performance guarantees
to prepare ground states (Appendixes E and F). We
numerically show that the time-to-solution to pre-
pare the ground state of the Z2 model to a specified
precision is comparable to the VQE (Fig. 28), which
is surprising given that the VQE is heuristic and is
therefore naively expected to be faster. However,
because of the deep QSP circuits, it only becomes
competitive once qubit-boson gate infidelities are
reduced well below 10−4, favoring the shot trade-off
of the VQE in the near term, which can tolerate
lower fidelity gates.

(ix) We finally compare the influence of noise on qubit-
boson hardware and all-qubit hardware for simulat-
ing bosonic models (Sec. VII and Appendix G),
pointing out that in all-qubit hardware with binary
encoding, single-qubit bit-flip noise can lead to an
effective loss of 2n bosons, which could even pose
challenges for error-corrected all-qubit hardware.

Taken together, these results establish hybrid oscillator-
qubit processors as a scalable and experimentally viable
route to post-qubit quantum advantage for strongly corre-
lated lattice gauge theories and related fermion-boson
models.

C. Advantages over classical, analog,
and qubit approaches

We summarize the advantages of qubit-boson processors
in Fig. 3 and Table III, and we explain them below.

FIG. 3. Advantages of digital qubit-boson quantum simulation
over other approaches for the simulation of bosonic quantum
simulation problems.
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The basic classical difficulty of bosonic problems with
large local cutoff Nmax is that the number of amplitudes that
can fluctuate grows very quickly. Exact diagonalization
must store and evolve the amplitudes for every allowed
boson-occupation pattern, giving a Hilbert space that scales
as NL

max for L unrestricted bosonic sites. Sparse and fixed-
number methods reduce this basis, but when bosons bunch
or fluctuate strongly across sites, the remaining sector can
still be combinatorially large; for example, the fixed-
number sector used in Sec. V F already has dimension
ð32þ20−1

19
Þ ≈ 246. These sizes are useful for benchmarking,

but they quickly exceed the reach of brute-force dynamics
brute-force dynamics, with the largest comparable sparse
simulations reaching Hilbert spaces of order 240 [98].
Tensor-network methods reduce this cost by keeping

only the entanglement structure that is actually generated.
This approach is powerful for low-entanglement one-
dimensional states, but for bosons, the local physical index
itself is large: Optimized time-evolving block decimation
(TEBD) for short-range one-dimensional bosonic dynam-
ics scales as LN2

maxχ
3 [99], where the N2

max comes from
applying two-site gates on two local Hilbert spaces and χ is
the bond dimension. Standard singular-value-decomposi-
tion (SVD)-based implementations can scale more poorly
in Nmax, and χ must grow when real-time dynamics,
quenches, or scattering generate entanglement [100,101].
In higher dimensions, the bottleneck is even more brutal
because tensor contractions must sum over networks of
virtual bonds not just local physical indices; projected
entangled pair state (PEPS) algorithms therefore have steep
bond-dimension costs, up to Oðχ10Þ in common contrac-
tions [102–105].
Other classical methods are complementary but rely on

approximations that are stressed by the same physics.
Quantum Monte Carlo (QMC) methods are efficient for
some equilibrium and sign-problem-free systems; however,
real-time amplitudes are oscillatory rather than positive
probabilities, and fermions or frustration lead to cancella-
tions. Density-functional theory (DFT), density-functional
perturbation theory (DFPT), Migdal-Eliashberg theory, and
configuration-coordinate approaches are practical because
they reduce the many-body problem to effective single-
particle, perturbative, or reaction-coordinate descriptions;
however, strong anharmonicity, polarons, defects, and
correlated electrons can undermine these reductions
[82–84,106]. Keldysh, nonequilibrium mean-field, and
variational methods can treat driven systems, but they
require truncating correlations or choosing restricted ansatz
classes; nonlinear phonons and long time evolution can
generate correlations outside those closures [85,86].
Likewise, hierarchical equations of motion (HEOM), multi-
configuration time-dependent Hartree (MCTDH), surface-
hopping, and related nonadiabatic molecular methods are
effective for selected modes or bath structures, but many
active modes, long bath memory, low temperature, and

branching nuclear wave packets rapidly multiply the
required hierarchy elements, configurations, or trajectories
[79,81,107,108]. Qubit-boson hardware is therefore tar-
geted at regimes where several of these bottlenecks
coincide: large Nmax, strong anharmonicity, real-time
dynamics, fermions, and high entanglement.
There are many advantages of a digital qubit-boson

approach over analog bosonic quantum simulation. First
and foremost, it is possible to rely on the extensive work
that enables error correction for qubits, and there have been
proposals toward error suppression for the bosonic modes
[109–119]. We note that Gaussian resources alone cannot
correct Gaussian errors, as established by the no-go
theorem of Ref. [120]; the proposals above circumvent
this issue by employing non-Gaussian elements, as in the
oscillator-into-oscillators encoding of Ref. [114]. A digital
approach enables a flexible implementation and study of
different Hamiltonians, as well as measurement of long-
range observables such as the string-order correlator. We
can also adapt existing quantum simulation algorithms to
the qubit-boson platform (Trotter, phase estimation, varia-
tional quantum eigensolver, quantum signal processing,
etc.). A straightforward generalization to higher-dimen-
sional systems is also possible. A particular advance of our
study is to show how to simulate the plaquette term in 2D
with a gate complexity independent of the boson cutoff
Nmax, which had been an open challenge in the field.
We note that it would also be possible to implement these

methods in different physical platforms. While we have
focussed on superconducting hardware, our approach can
be directly implemented in trapped ions and neutral atoms
as well, which have seen rapid progress in the coherent
manipulation of bosonic modes (see, e.g., Ref. [73]).
Finally, to simulate bosonic problems on a qubit device,

the bosonic modes need to be mapped to qubits. We make
comparisons and discuss this issue in Sec. V. The mappings
that are often used are the unary or one-hot encodings,
which require OðNmaxÞ qubits; the binary or Gray encod-
ings, which only require log2ðNmaxÞ qubits; or the Jordan-
Lee-Preskill encoding for which a discretization must be
chosen in phase space that renders it approximate.
More important than the overhead in terms of computa-

tional elements is the problem of implementing natively
bosonic operations. In particular, this case requires the
calculation of square roots from the action of the creation or
annihilation operators, e.g., ajni ¼ ffiffiffi

n
p jn − 1i. In all-qubit

hardware, they are best calculated using Newton iterations
[121] (see Sec. V), which are costly and approximate. As
we discuss in Sec. V E and Appendix D, the algorithm we
introduce for simulating a single bosonic unitary has the
best-known asymptotic gate cost, scaling at least linearly
with respect to Nmax. For a bosonic quantum computer,
only a single natively available operation is required.
Therefore, it is also easier and more straightforward to
use qubit-boson processors for the quantum simulation of
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qubit-boson quantum simulation problems as the question
of mapping the bosons to qubits does not arise.
Furthermore, it is possible to use a native implementation
of the Schwinger-boson mapping for the simulation of large
spins. In the same way as for qubit devices, qubit-boson
processors can benefit from digital algorithms such as
Trotter, VQE, QSP, midcircuit-measurement, and feed-
forward, etc. It would be possible to use error correction
to improve the qubit lifetimes, which are the limiting factor
in qubit-boson processors. There have also been proposals
for boson-to-boson error suppression [109–118]; however,
more work needs to be done in this direction.

D. Open fermion-boson problems

Qubit-boson devices of the sort proposed in this work
would be particularly suited for the simulation of systems
that involve large boson fluctuations. This is because for
both classical numerical simulations and quantum simu-
lations using qubit quantum computers, simulations of
systems with small fluctuations are easy: They require
only a small number of discrete states per site to be
represented and, correspondingly, only a small number
of operations. While we make these statements more
precise in Appendixes D and G, here we discuss several
important challenges in quantum simulation, which involve
large boson fluctuations and would benefit from qubit-
boson devices. The general difficulty of simulating large
bosonic cutoffs and anharmonicity with classical, analog,
and qubit-based methods is discussed in Sec. I C. In this
section, we sometimes mention which classical method has
been used to tackle aspects of the respective problem.
Chemistry and biology. A crucial area is the class of

quantum chemistry problems in which the interactions of
the vibrations of the ion cores with the electronic wave
function play an important role, i.e., situations in which the
Born-Oppenheimer approximation breaks down [122]. For
example, understanding how energy transfer can occur with
such high efficiency (around 99%) in photosynthetic
systems—given they are disordered, liquid, open systems
—could inform future energy-transfer technology design
for biological medium [123]. Aspects of toy models have
been solved using HEOM and related vibronic models
[79,124,125]; however, challenging large cutoffs appear
because many vibronic modes in the protein environment
can jointly participate in ultrafast energy transport, and
effective anharmonicity is generated by qubitlike excitonic
degrees of freedom strongly coupled to bosonic modes.
Similarly, an open chemistry problem that could raise the

efficiency of solar cells above the Shockley-Queisser limit
(around 33%) is to quantitatively predict which materials
undergo efficient singlet fission and separate the resulting
triplet excitons [126–128], which would enable one high-
energy photon to generate two electronic excitations
instead of one. Aspects of this problem have been studied
with MCTDH and quantum-chemistry screening methods

[80,107,129–133]; however, many phase-space points
appear because triplet-pair formation, separation, and
charge transfer depend on strongly coupled molecular
vibrations, and anharmonicity appears through elec-
tronic-state-dependent vibrational potentials.
In photodynamic therapy, it is not yet possible to predict

which photosensitizers simultaneously optimize absorp-
tion, intersystem crossing, photostability, and reactive
oxygen generation; solving this issue would accelerate
the discovery of targeted light-activated cancer treatments
[134]. Aspects of this problem have been approached with
medical-physics models, quantum chemistry, and nonadia-
batic dynamics [81,135–137], but many phase-space points
are needed because triplet-yield dynamics depend on
coupled vibrational and spin-vibronic coordinates, with
anharmonicity arising from excited-state molecular
distortions.
More broadly, vibronic effects are central to nonradiative

relaxation and ultrafast energy-transfer processes
[138,139], nonadiabatic charge dynamics in photovoltaic
materials and organic conjugated systems [140,141],
conical intersections [142,143] (see, e.g., small-scale
qubit-boson demonstrations in trapped ions [69] and super-
conducting qubits [144]), Jahn-Teller and pseudo-
Jahn-Teller interactions [145], molecular photomagnets
[146–150], thermally activated delayed fluorescence mate-
rials for OLEDs [151–154], sunscreen molecules
[155–158], and DNA photostability and repair [159–161].
Materials science. It is not yet possible to microscopi-

cally predict nonradiative recombination and defect-
assisted carrier capture in perovskite halides; solving this
issue would guide the design of cheaper, more stable, and
more efficient solar cells. Aspects of this problem have
been treated with DFT, DFPT, spectroscopy-guided
polaron models, and nonadiabatic carrier-capture calcula-
tions [82], but large phonon cutoffs appear because soft
polar and anharmonic lattice modes can be strongly
displaced during carrier relaxation and defect-assisted
recombination.
Similarly, it is not yet possible to quantitatively predict

defect-mediated carrier capture and persistent photocon-
ductivity in semiconductors; solving this issue would
improve photodetectors, optoelectronic devices, and
defect-engineered materials. Aspects of this problem have
been studied using configuration-coordinate and first-prin-
ciples defect calculations [83,84], but strong anharmonicity
and large cutoffs arise from large lattice relaxations around
defects.
In cavity-coupled materials, it is not yet possible to

predict nonequilibrium phase diagrams and fluctuation-
engineered phases; solving this issue would turn structured
electromagnetic environments into a design tool for super-
conducting, magnetic, moiré, and topological matter.
Aspects of this problem have been treated with nonequili-
brium mean-field, Keldysh, and material-specific
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nonlinear-response calculations [85], but bosonic occupa-
tion can range from vacuum fluctuations to intense coher-
ent drives, while the effective anharmonicity depends on
the driven phonon or polariton mode.
More broadly, it is not yet clear how much phonons

control conventional, high-temperature, and light-
induced superconductivity at the microscopic level;
solving this issue would clarify how to design better
superconductors and transient superconducting phases
[162]. Aspects of equilibrium electron-phonon models
such as the Holstein-Hubbard model have been studied
with determinant quantum Monte Carlo and tensor-net-
work methods [163–165], while driven superconductivity
has been modeled with nonequilibrium variational and
Keldysh methods [86]; however, strong effective anhar-
monicities appear because phonon fluctuations, squeez-
ing, and nonlinear driven phonon coordinates can couple
strongly to fermionic electrons even when the mean
occupation is small.
High-energy and nuclear physics. It is not yet possible to

compute generic real-time dynamics of lattice gauge
theories in regimes relevant to scattering, early-universe
dynamics, heavy-ion collisions, and dense nuclear
matter; solving this issue would connect quantum sim-
ulation directly to otherwise inaccessible questions in
nuclear and high-energy physics [43]. In this setting, the
field theory of the strong force is discretized into lattice
gauge theories in order to predict, for example, the
properties of nuclei [166]. Aspects of these theories
have been studied using Euclidean lattice gauge theory,
quantum Monte Carlo, tensor-network methods,

and quantum-simulation resource estimates; however,
the bosonic cutoff appears when continuous gauge
fields are truncated to finite-dimensional link Hilbert
spaces, and relevant gauge-field occupations can grow
in real-time scattering and strong-field regimes [87,88].
As lattice gauge theories are strongly interacting
models of fermions and bosons, they represent one of
the most natural applications of qubit-boson quantum
computers.

E. Lattice gauge theories

In the following, we briefly introduce the LGTs we
will use as paradigmatic examples, a Z2-Higgs model and
a Uð1Þ quantum link model; we show how to compile
them onto qubit-boson hardware in the rest of the study.
Here, we explain why we choose these models and
introduce the Hamiltonians in order to prepare our
discussion on how to implement them. In Sec. VI A,
we introduce the physics in the context of our numerical
experiments, especially emphasizing past work. Note
that these models only serve as examples; because of the
digital nature of our methods, our study enables the
simulation of a wide range of models involving bosons,
fermions, and gauge fields.
In lattice gauge theories, matter fields reside on sites and

gauge fields reside between sites, usually (for the case of
2þ 1D) in a square lattice geometry. We choose a model
with bosonic matter similar to the Higgs model, called the
Z2-Higgs model, and a model with fermionic matter, the
Uð1Þ quantum link model.

TABLE I. Overview of areas of application for qubit-boson quantum simulation. The boson-cutoff column indicates representative
bosonic Hilbert-space truncation cutoffs or phase-space requirements derived from theoretical or numerical treatments of the
corresponding systems.

Area
Boson cutoff n or

phase-space points K Anharmonicity
Open computational
question (examples)

Photosynthetic energy transfer n > 100 [79] Weak Nonequilibrium vibronic transport with multiple
phonon modes, disorder, and multi-excitation
effects

Singlet fission solar cells K ∼ 16 [80] Strong Triplet-pair formation, separation, and harvesting
Photodynamic therapy K ∼ 10–100 [81] Weak–moderate Prediction of absorption, intersystem crossing,

spin-vibronic effects, and triplet yield
Perovskite halides n > 300 [82] Strong Microscopic prediction of nonradiative

recombination and defect-assisted carrier capture
Photoconductivity in
semiconductors

n > 50 [83,84] Strong Quantitative defect-mediated carrier capture and
persistent photoconductivity

Cavity quantum materials n ∼ 1–1011 [85] Weak–strong Prediction of nonequilibrium phase diagrams and
fluctuation-engineered phases

Light-induced
superconductivity

n < 1 [86] Strong due to drive Microscopic prediction of transient
superconductivity from driven nonlinear
phonons, including electron heating, phonon
squeezing, and material-specific nonlinear
couplings

Lattice gauge theories n ∼ 10–100 [87,88] Strong Real-time dynamics, e.g., scattering
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TheZ2-Higgs model lattice gauge theory was introduced
by Wegner [167] as a simple model showing signatures of
confinement and deconfinement at the critical point [168],
making it an ideal test bed for early testing of novel
methods for LGT simulations. In two spatial dimensions in
the absence of an electric field, its ground state encodes a
spin-1=2 degree of freedom and can therefore be used for
quantum error correction [169,170]. Note that Z2 lattice
gauge theory with bosonic matter is reminiscent of the
Higgs sector coupled to the non-Abelian SUð2Þ electro-
weak gauge sector (W and Z bosons) of the ð3þ 1ÞD
standard model of particle physics with the two simplifi-
cations of a lower dimensionality and a Z2 gauge field
instead of the non-Abelian SUð2Þ electroweak gauge fields.
The Uð1Þ quantum link model can be connected to a

continuum field theory by introducing a lattice spacing a by
J → J=a and g → g

ffiffiffi
a

p
and taking the limit a → 0. In

ð1þ 1ÞD, this model shares many properties with quantum
chromodynamics in ð3þ 1ÞD: chiral symmetry breaking,
confinement, a Uð1ÞA quantum anomaly, and a topological
τ-term, which gives rise to a nontrivial topological vacuum
structure [171,172].
The Z2-Higgs model. In this model, the gauge fields are

spin-1=2 degrees of freedom. The Hamiltonian is written as
follows [167,173]:

ĤZ2
¼ −g

X
hi;ji

X̂i;j − B
X

i;j;k;l∈□

Ẑi;jẐj;kẐk;lẐl;i

− J
X
hi;ji

ðm̂†
i Ẑi;jm̂j þ H:c:Þ þ U

X
i

n̂2i ; ð1Þ

where i, j indicates the link between lattice site i and j on a
square lattice,

P
hi;ji indicates a sum over all combinations

of i, j such that i and j are nearest neighbors, and □ is a
plaquette of four sites [see Fig. 4(a)]. The annihilation
operator at matter site i is given by m̂i and the density or
occupation by n̂i ¼ m̂†

i m̂i. The matter can be either bosonic
(m̂ ¼ â) or fermionic (m̂ ¼ ĉ), with corresponding com-
mutation and anticommutation relations ½âi; â†j � ¼ δij and

fĉi; ĉ†jg ¼ δij. Note that X̂i;j and Ẑi;j are Pauli operators
that act on the gauge field at the link between sites i and j.
The first, second, and third terms in Eq. (1) represent the
electric-field (coupling g), magnetic-field (coupling B), and
gauge-invariant hopping (coupling J), respectively. The last
term is an on-site interaction of strength U, which is the
simplest possible interaction term for bosonic matter;
however, it does not contribute as an interaction term for
(spinless) fermions since n̂2 ¼ n̂, due to the Pauli exclusion
principle.

(a) (b) (c)

(d)

FIG. 4. Mapping lattice gauge theory models to qubit and oscillator degrees of freedom in circuit QED. (a) Lattice gauge theories.
Components (matter sites and gauge field), Hamiltonian terms (gauge-invariant hopping, electric field, magnetic field), and constraints
(Gauss’s law) of lattice gauge theory models. (b) Top diagram: 3D cavity architecture. Transmon qubits couple to the lowest-energy
mode of the cavity by overlapping with the mode. SNAILs couple two cavities to each other. The cavities are approximately 50 mm long
[78], with a diameter of approximately 10 mm. Bottom diagram: corresponding schematic of an array of 3D cavities. Concentric circles
represent cavities, implementing oscillators; crosses represent transmon qubits, implementing qubits; lines denote SNAILs, which are
used to implement beam-splitter operations between cavities. Examples of models mapped to this architecture are shown in panels (c)
and (d). (c) Z2-Higgs model. The gauge fields are mapped to the transmon qubit degrees of freedom, and there is one bosonic matter site
per cavity, represented by one of the bosonic microwave modes in that cavity. (d)Uð1Þ quantum link model. Using the Schwinger-boson
encoding, the gauge fields are mapped to a pair of modes in two adjacent cavities, and the fermionic matter is mapped to transmon
qubits. In ð2þ 1ÞD, there are twice as many gauge-field links as there are matter sites, which can be seen on the illustration. High-
fidelity SWAP operations between cavity modes enable the requested connectivity for this model.
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The defining feature of gauge theories is invariance
under local gauge transformations. This feature leads to the
presence of Gauss’s law dividing the Hilbert space of the
theory into sectors that are not coupled by the Hamiltonian.
This constraint is in analogy to the relation between the
integral of the electric-field flux through a surface and the
charge enclosed by the surface in classical electrodynamics,
with a product of field operators replacing the integral. Note
that ð−1Þni takes the role of the charge. In quantum
mechanics, Gauss’s law is formulated as a constraint on
the eigenstates jΨi; for all i, Ĝijψi ¼ qijψi, where qi ∈Z
and

Ĝi ¼
Y
hi;ji

X̂i;jð−1Þn̂i ; ð2Þ

in ð2þ 1ÞD, where the product is over the four links hi; ji
that connect to site i [see Figs. 4(a) and 4(c)]. We choose
qi ¼ 1 throughout this work. For open boundary condi-
tions, terminated by matter sites, the Gauss law constraints
on the boundary are fixed by imagining virtual qubit sites
around the system and fixing them in a X̂ product state. We
set X̂ ¼ 1 for these qubits when necessary.
The Uð1Þ quantum link model. The Uð1Þ LGT, which is

equivalent to quantum electrodynamics in the limit of
vanishing lattice spacing, hosts continuous gauge fields.
The quantum link formalism [174,175] replaces the
gauge fields with discrete spin-S degrees of freedom
with commutation relations ½Ŝzi ; Ŝþj � ¼ δijŜ

þ
i and ðŜzi Þ2 þ

1
2
ðŜþi Ŝ−i þ Ŝ−i Ŝ

þ
i Þ ¼ SðSþ 1Þ [176–179], where S is the

spin length leading to a Hilbert space cutoff of 2Sþ 1. The
physics of continuous Uð1Þ gauge fields are recovered for
S → ∞ [180]. Choosing (large) finite S, this encoding
approximately preserves the bosonic algebra. The
Hamiltonian in this formalism reads [175]

ĤUð1Þ ¼
g2

2

X
hi;ji

�
Ŝzi;j þ

τ

2π

�
2

−
1

4g2(SðSþ 1Þ)2
X

i;j;k;l∈□

ðŜþi;jŜþj;kŜ−k;lŜ−l;i þ H:c:Þ

þ J

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp X

hi;ji
ðm̂†

i Ŝ
þ
i;jm̂j þ H:c:Þ

þM
X
i

ð−1Þin̂i; ð3Þ

where the first term is the electric-field term, the second term
is the magnetic-field term, and the third is the gauge-
invariant hopping. Note that g is the gauge-matter coupling
strength, and J is the hopping strength. In one spatial
dimension, the constant background electric field τ corre-
sponds to a topological term [172,181–183]. The last term is
the staggeredmass termwithmassM, which comes from the

mapping of the continuous Dirac fermion fields onto the
lattice and is therefore only necessary for fermions [184].We
set the lattice spacing to unity here. Also note that, in order to
take the above Hamtiltonian to the continuum limit of QED,
the phases in the hopping and staggered mass terms need to
be slightly altered, cf. [180]. This process does not introduce
any additional challenges in our implementation, so we
choose the above convention for simplicity.
In addition, the physical states of the Hamiltonian, i.e.,

the gauge-invariant ones, have to fulfill Gauss’s law: For all
i, Ĝijψi ¼ qijψi, where qi ∈Z and

Ĝi ¼ Ŝzi−ex þ Ŝzi−ey − Ŝziþex
− Ŝziþey

− Q̂i: ð4Þ

To clarify the spatial structure of Gauss’s law, we specify
the lattice site as a two-dimensional vector i in this
paragraph only. Here, ex=y is a unit vector in the x=y
direction of the lattice, respectively. In the above expres-
sion, Q̂i ¼ m̂†

i m̂i − ð1 − ð−1ÞriÞ=2 is the staggered charge
operator, where ri is the Manhattan distance of the site i
from the arbitrarily chosen origin. The fixed values qi
correspond to a choice of static background charge con-
figuration, and for the rest of the paper, we restrict
ourselves to the sector of vanishing static charges, i.e., qi ¼
0 for all i.
In order to encode the spin S degrees of freedom

representing Uð1Þ gauge fields in the Uð1Þ quantum link
model into bosonic modes, we use the Schwinger boson
mapping [15,76]. It consists of two bosonic modes, labeled
a and b, which fulfill the constraint n̂ai;j þ n̂bi;j ¼ 2S. The
electric-field operator in this encoding is represented by

Ŝzi;j ¼
n̂ai;j − n̂bi;j

2
; ð5Þ

and the electric-field raising operator Sþi;j becomes

Ŝþi;j ¼ â†i;jb̂i;j; ð6Þ

Ŝ−i;j ¼ âi;jb̂
†
i;j: ð7Þ

Compared to an encoding in just a single oscillator [185],
our encoding allows for a smaller occupation of the modes
to represent electric field zero, reducing the impact of
mode decay.
We show a possible encoding of this model in our

architecture in Fig. 4(d).

F. Circuit QED platform

We now outline the main features of the platform we
consider in the rest of the study—a lattice of microwave
cavities coupled to superconducting transmon qubits [see
Fig. 4(b)]. In particular, we discuss the native Hamiltonian
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of this platform and the gates that can be implemented via
microwave pulses.
Within the circuit QED framework, long-lived bosonic

modes can be realized in three-dimensional superconduct-
ing microwave cavities with typical lifetimes on the order
of one to ten milliseconds (ms) in aluminum [78,186]
[Fig. 4(b)]. Recently, niobium cavities have been used to
improve coherence times, with observed single-photon
lifetimes of 34 ms [187] to over 2 s [188]. The cavity-
mode decay rate increases linearly with photon number;
i.e., if j1i has decay time of 1 ms, j20i has a decay time of
50 μs. Separately, planar microwave cavity resonators have
been attracting attention as they may be more scalable due
to their smaller size and fabrication advantages [189], and
recent work has demonstrated the ability to reach 1-ms
single-photon lifetimes [190]. In this platform, it is
common to utilize one mode per cavity, although recent
work has demonstrated that multimode cavities are also
feasible [191].
Superconducting transmon qubits are routinely coupled

to on-chip microwave cavity resonators for control and
readout [192]. The relaxation T1 and dephasing times T2 of
transmons when coupled to microwave cavities are typi-
cally on the order of 250 μs [193–195], with some recent
coherence times in tantalum-based transmons reaching
500 μs [196]. When simulating the operation in hardware
in Sec. VI, we take into account the dominant source of
hardware error, qubit decay, and dephasing, adopting a
conservative value of T1 ¼ T2 ¼ 200 μs if not stated
otherwise.
The Superconducting Nonlinear Asymmetric Inductive

eLement (SNAIL) [91] is an attractive choice for realizing a
programmable coupling between cavities. The SNAIL
consists of three large junctions shunted by one small
junction. When biased with a nonzero dc magnetic flux, the
SNAIL (or SNAIL array) generates a three-wave mixing
Hamiltonian that enables a parametrized beam-splitter
interaction of strength gðtÞ between the cavities while
minimizing unwanted nonlinear static interactions, such
as the cross-Kerr interaction [91,197–199].
Our proposed architecture is an array of “qubit-bosonic

oscillator pairs,” each comprising a high-Q mode of a
cavity dispersively coupled to a transmon qubit [see
Fig. 4(b), top panel]. These units are arranged into a 2D
square lattice, where adjacent cavities are connected via a
SNAIL, which can be used to implement a beam splitter
[see Fig. 4(b), bottom panel]. In the remainder of this
work, we represent cavities (qubits) by circles (crosses).
This symbolic representation will later prove useful for
denoting the various possibilities for mapping systems
of fermions, bosons, and gauge fields onto this 2D
hardware layout.
While this architecture is physically large in size (each

cavity is about 50 mm long [78]) and might therefore
exhibit scaling limitations, planar cavity resonators, while

at present exhibiting shorter coherence times compared to
3D cavity resonators, are smaller and therefore more
scalable. Thus, the proposed architecture in Fig. 4(b) can
also be implemented with planar cavity resonators, and all
results presented herein extend to this case (with the caveat
that Hamiltonian parameters, loss rates, and gate speeds are
informed by recent experiments in 3D cavities and would
need to be adjusted to appropriately reflect the planar case).
In this architecture, each transmon-cavity pair in the

array is in the strong-dispersive coupling regime [192]. In
the rotating-wave approximation, the effective Hamiltonian
of the 2D array can be written as

Ĥ ¼ Ĥ0 þ Ĥ1; ð8Þ

Ĥ0 ¼
XN
i¼1

χi
2
Ẑin̂i þ

XN
i¼1

(εiðtÞâ†i þ ΩiðtÞσ̂þi þ H:c:) ð9Þ

þ
X
hi;ji

(gi;jðtÞâ†i âj þ H:c:); ð10Þ

Ĥ1 ¼
XN
i¼1

Kin̂2i þ
X
hi;ji

χi;jn̂in̂j: ð11Þ

Here, âi (â
†
i ) is the annihilation (creation) operator for the

ith cavity mode, n̂i ¼ â†i âi is the corresponding number
operator, and σ̂−i (σ̂þi ) is the lowering (raising) operator for
the transmon coupled to the ith mode. Note that Ĥ0

includes the dispersive shift (χi), cavity drives [εiðtÞ],
transmon Rabi drives [ΩiðtÞ], and tunable beam-splitter
couplings [gi;jðtÞ] implemented via SNAILs. The time
dependence in all parameters can be used to engineer
different couplings. Here, Ĥ1 includes additional unwanted
static couplings such as self-Kerr (Ki) and cross-Kerr (χi;j)
couplings. These nonlinear couplings incur contributions
from the hybridization of each cavity mode with the
transmon and SNAIL couplers. With careful engineering,
it is possible to design the components such that the Kerr
contributions from transmon and SNAIL cancel or nearly
cancel, and χi;iþ1 ≈ 0, Ki ≈ 0 could be achieved at a single
flux point, with small residual couplings not likely to
contribute to the principal results of this work [91]. When
the beam-splitter interaction is not activated (gi;j ¼ 0), each
qubit-bosonic oscillator pair can be independently con-
trolled. We calculate the fidelity of the conditional-parity
and the beam-splitter gates as a function of Fock state in
Appendix H. The gates available in the proposed super-
conducting hybrid qubit-boson platform are also discussed
in Ref. [57], where the requirements for universal instruc-
tion set architectures are explained. The native gates arising
directly from the Hamiltonian of the system are collected in
Table II. Note that, in some parameter regimes, certain
transmon-conditioned bosonic operations, such as the
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conditional displacement (sometimes referred to as “con-
trolled displacement”) [89], can be implemented natively.
All phase-space rotations RiðθÞ can be realized “in

software” by absorbing them into the phases of the
subsequent microwave pulses because all operations are
carried out in the rotating frame of the free evolution of the
cavity oscillator mode ωâ†â (each transmon is only ever
connected to a single cavity). Therefore, a phase-space
rotation can be applied by changing the phase of the
subsequent microwave drive carrying out a gate (such as a
beam splitter or displacement) on the corresponding mode.
Arbitrary qubit Z rotation gates can similarly be carried out
in software.

Arbitrary initial states for each cavity can be prepared
using optimal control [89,200]: Both the qubit and the
cavity are initialized to the ground state; the qubit prepares
the cavity in the required Fock state and is then measured to
validate this preparation [201]. In particular, Fock states jni
with low photon number can be prepared with typical state-
of-the-art Fock preparation infidelities of 10−2 [201–203].
The native Hamiltonian parameter χ representing the

dispersive coupling of the transmon qubit and the cavity
mode can vary over orders of magnitude, from kHz to
tens of MHz [204]. The magnitude of χ is primarily
determined by the qubit-cavity coupling g and detuning
Δ via χ ≈ g2=Δ (neglecting higher-level corrections) [205].
In the weak dispersive regime, χ=2π is typically on the
order of 10–100 kHz [89,195]. For transmon qubits in the
strong dispersive regime, χ=2π has been experimentally
demonstrated in this platform to reach 1–4 MHz
[90,204,206,207]. Dynamical control of qubit-boson inter-
actions with squeezing have also been demonstrated [208].
Recent experiments with “dynamical-χ (LINC)” couplers
use a three-wave mixing element to couple the cavity to the
qubit on demand. They can modulate the dispersive shift by
4 orders of magnitude (0.3 KHz to 2.5 MHz) in about
20 ns [90]. However, χ cannot be made arbitrarily large
without violating the dispersive approximation (g ≪ Δ) or
introducing unwanted nonlinearities. Leaving this native
interaction on for a duration of t ¼ π=χ leads to the
implementation of a conditional-parity gate, which leads
to conditional-parity gate durations ranging from 1 μs at
χ ¼ 2π × 500 kHz [209] (which is taken in the rest of the
text as a lower bound for χ) down to 200 ns at the
demonstrated χ ¼ 2π × 2.5 MHz [90].
Because mode decay increases linearly with Fock state,

the fidelity of operations also varies with mode occupation.
We implemented a Lindblad calculation of the fidelity of a
conditional parity, which includes photon jump operators
such as decay and dephasing for the transmon qubit, and
decay (dephasing has been shown to be negligible) for the
cavity modes. The results of these calculations are given in
Appendix H.
As mentioned above, it is possible to effectively turn off

the “always on” dispersive interaction using dynamical
decoupling. Specifically, the transmons can be driven with
Rabi rate Ωi ≫ χihâ†i âii during a time T ¼ 2πk=Ωi, where
k is an integer, to decouple the cavity mode from the
transmon and leave the transmons in their initial state.
Thus, the beam-splitter gate BSi;jðφ; θÞ is performed by
simultaneously driving transmons i and j and driving the
SNAIL coupler linking modes i and j such that gi;j > 0.
Alternative schemes based on transmon echoing can also be
used to decouple and perform transmon-state-independent
beam splitting [210].
In addition to unitary control, the transmons can be

leveraged for measurements of the cavity modes. In
particular, it is possible to measure the boson occupation

TABLE II. Native transmon-mode gates. Note that transmon-
mode gates are only native if i ¼ j, i.e., if both indices correspond
to a directly coupled cavity-transmon pair. The case i ≠ j can be
synthesized by combining native gates in sequence. Similarly, the
beam splitter is native if i and j are nearest neighbors, i.e., if the
modes are directly coupled by a SNAIL, otherwise additional
SWAP operations must be used. Note that CRi;iðχitÞ corresponds
to the “always on” dispersive interaction between the ith cavity
and transmon (though it can be effectively “turned off” by
echoing away its effects via dynamical decoupling—see dis-
cussion below). For the SNAP and SQR gates, jni denotes the
Fock state with occupation number n, fulfilling n̂jni ¼ njni,
while θn and φn are the entries of the vectors θ⃗ ¼ fθ0; θ1;…g,
φ⃗ ¼ fφ0;φ1;…g. CDðαÞ is a conditional displacement gate [89].
The parameter α is complex, while θ is real for all gates. Duration
refers to demonstrated gate times, where each gate was demon-
strated in an architecture with parameters optimized for that gate.
We calculate the fidelity of the conditional-parity and the beam-
splitter gates as a function of Fock state in Appendix H.

Gate name Operation Duration

Mode gates
RiðθÞ exp ð−iθn̂iÞ “in software”
DiðαÞ exp ðαâ†i − α�âiÞ ∼10 ns [89]

BSi;jðφ; θÞ exp ( − iθðeiφâ†i âj þ e−iφâiâ
†
jÞ) 9 ns [90]

−100 ns [91]

Transmon gates
Rz
i ðθÞ exp ð−i θ

2
ẐiÞ ∼10 ns [89,92]

Rφ
i ðθÞ

exp ð−i θ
2
σ̂φi Þ ∼10 ns

σ̂φi ¼ X̂i cosφþ Ŷi sinφ [89,92]

Transmon-mode gates

CRi;jðθÞ exp ð−i θ
2
Ẑin̂jÞ ≤ 200 ns [90]

−15 μs [89]

CΠi;j
exp ð−i π

2
Ẑin̂jÞ 200 ns [90]

15 μs [89]
CDi;jðαÞ exp (Ẑiðαâ†j − α�âjÞ) 1 μs [89]

SNAPi;jðθ⃗Þ exp ð−iẐi
P

n θnjnihnjjÞ 500 ns [93]
−50 μs [89]

SQRi;jðθ⃗; φ⃗Þ
P

n R
φn
i ðθnÞ ⊗ jnihnjj 500 ns [93]

−50 μs [89]
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in the mode in a total duration that is logarithmic in the
maximum Fock state. This process is completed by reading
out the photon number bit by bit in its binary representa-
tion. Each bit is mapped onto the transmon qubit dis-
persively coupled to the cavity, which is measured and then
reset [144,211].

G. Trotter simulations

In this work, we focus on a Trotter decomposition of
dynamics as our basic simulation algorithm. In such
simulations, the time-evolution operator exp ð−iĤTÞ until
time T with Hamiltonian Ĥ ¼ PΓ

γ¼1 Ĥγ is divided into r

time steps of duration t ¼ T=r, i.e., exp ð−iĤTÞ ¼
( exp ð−iĤtÞ)r. If t is chosen sufficiently small, a product
formula approximation to exp ð−iĤtÞ can then be
employed to decompose the Hamiltonian into unitaries
that only act on a few qubits and oscillator modes. For
example, a ð2pÞth-order Trotter formula, in general, can be
written as a sequence of Nexp exponentials of Hamiltonian
terms Ĥγi drawn from fĤ1;…; ĤΓg and a sequence of
times ti with jtij ≤ t, which satisfies

exp ð−iĤtÞ ¼ e−iĤγ1
t1 � � � e−iĤγNexp

tNexp þOðt2pþ1Þ: ð12Þ

There is great freedom in the choice of this decomposition;
however, certain orderings can be cheaper, more accurate,
or more natural. We choose our decomposition to be given
by the local terms inside the sums over lattice sites in many-
body Hamiltonians, cf. Eqs. (1) and (3). For example, the
first-order Trotter decomposition of theZ2-Higgs model for
U ¼ 0 in one spatial dimension, where B ¼ 0, is given by

e−iĤZ2
t ¼

Y
hi;ji

eigtX̂i;j

Y
hi;ji

eiJtðm̂
†
i Ẑi;jm̂jþH:c:Þ þOðt2Þ: ð13Þ

One of the main goals of this paper is to show how to
compile unitaries acting on two or more sites, such as the
gauge-invariant hopping exp ½iJtðm̂†

i Ẑi;jm̂j þ H:c:Þ�, into
the native operations available in circuit QED hardware or
other hardware with equivalent instruction set architectures.
In Sec. V, we discuss the errors incurred from the Trotter

approximation and their interplay with compilation errors.

II. IMPLEMENTATION PRIMITIVES

In this section, we introduce the key compilation
strategies we use to synthesize bosonic oscillator–bosonic
oscillator, qubit-qubit, and qubit-bosonic oscillator gates
from native operations. Throughout, we use the word
“qubit” to refer either to a transmon qubit or a dual-rail
qubit encoded in two cavities [201,210,212–216], and we
only distinguish between the two possibilities when clari-
fication is necessary. A summary of the gates we obtain
through these compilation strategies is provided in

Table III. These primitives will then be used in Secs. III
and IV to compile Hamiltonian terms comprising fermions,
bosons, and gauge fields to native operations.
Specifically, in Sec. II A, we discuss the bosonic SWAP

gate, a particularly useful primitive that enables the
synthesis of entangling gates between non-neighboring
modes. In Sec. II B, we demonstrate how one can synthe-
size qubit-conditioned bosonic operations using condi-
tional-parity gates, and, in Secs. II C and II D, we
develop strategies to realize bosonic operations conditioned
or controlled on the Fock-space occupancy of another
mode. Building upon these “Fock-projector-conditioned”
and “Fock-projector-controlled” operations, we then dis-
cuss how one can apply them in sequence to implement
more complex density-controlled gates in Sec. II E. Next,
we discuss a technique for implementing oscillator-medi-
ated, multiqubit gates in Sec. II F, which we follow with a
discussion on approximate methods for synthesizing multi-
mode gates in Sec. II G. Finally, we discuss the dual-rail
encoding in Sec. II H as an alternative scheme for realizing
qubits in the proposed hybrid qubit-boson architecture.

A. Bosonic SWAP

Our architecture in Fig. 4 is not all-to-all connecting, and
hence it is useful to be able to implement SWAP operations
between the bosonic sites. In particular, bosonic SWAP
gates enable quantum communication and entangling
operations between remote bosonic modes and additionally
allow for entangling operations between qubits using the
bosonic modes as a quantum bus [57].
To that end, a bosonic SWAP gate can be realized using a

beam splitter and a pair of phase-space rotations,

SWAPi;j ¼ Ri

�
−
π

2

�
Rj

�
−
π

2

�
BSi;j

�
0;
π

2

�
; ð14Þ

with BSi;jðφ; θÞ and RjðθÞ defined in Table II. Here, the
role of the phase-space rotations is to cancel the spurious
phase obtained from the action of the beam splitter,
BSi;j½0; ðπ=2Þ�jΨi;Ψji ¼ e−i

π
2
½n̂iþn̂j�jΨj;Ψii. As mentioned

previously, all such phase-space rotations RiðθÞ can be
realized in software by absorbing them into the phases of
the subsequent microwave drives. In the proposed archi-
tecture with SNAILs linking adjacent cavities, SWAP
operations have been demonstrated with a duration of
around 100 ns and a fidelity of around 0.999 [91,217],
and recent work has demonstrated SWAP operations with a
duration of 9 ns [90].
As discussed in Sec. I F, our proposed architecture

assumes native entangling gates between each qubit-boson
pair, and beam splitters are only available between adjacent
sites. However, as discussed in Ref. [57], it is possible to
use a beam-splitter network (i.e., a sequence of bosonic
SWAPs) to synthesize non-native bosonic oscillator–
bosonic oscillator and qubit-bosonic oscillator gates,
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e.g., BSi;jðφ; θÞ for any modes i ≠ j, and CRi;jðθÞ for any
transmon i and mode j. Thus, we will henceforth assume
access to such non-native gates, abstracting away the
underlying bosonic SWAPs.

B. Qubit-conditioned bosonic operations

Certain bosonic operations, such as beam splitters or
displacements, can be conditioned on qubits by conjugating
them with conditional-parity gates, CΠi;j [57]. The intu-
ition for this approach is provided by the relation

CΠi;jâjCΠ
†
i;j ¼ iẐiâj; ð15Þ

where we used the Baker-Campbell-Hausdorff formula

eÂB̂e−Â ¼ B̂þ ½Â; B̂� þ 1

2!
½Â; ½Â; B̂�� þ…; ð16Þ

and CΠi;j is the conditional-parity gate defined in
Table II, experimentally realized by evolving under the
dispersive interaction for a time T ¼ π=χ [see Eq. (9)],
where χ is expressed as an angular frequency such as χ ¼
2π × 1.24 MHz [209].
It is possible to implement the Hermitian adjoint CΠ†

i;j

by simply appending a bosonic phase-space rotation,

CΠ†
i;j ¼ Rjð−πÞCΠi;j ¼ CΠi;jRjð−πÞ; ð17Þ

because CΠ†
i;j¼ei

π
2
Ẑin̂j¼eiπẐin̂je−i

π
2
Ẑin̂j and eiπẐin̂j ¼

cosðπn̂Þ1þ i sinðπn̂ÞẐ ¼ cosðπn̂Þ ¼ eiπn̂j . In effect, apply-
ing a CΠ†

i;j gate requires the application of CΠi;j and a
phase-space rotation Rjð−πÞ ¼ RjðπÞ, which, as explained
in Sec. I F, can be implemented in software via modification
of the phases of the subsequent microwave drives.
The relation in Eq. (15) allows us to “convert” the

generator of certain bosonic operations into one that
depends upon the state of a qubit. For example, the
conditional displacement gate can be synthesized from
an unconditional displacement and a pair of conditional-
parity gates via

CDi;jðαÞ ¼ eẐiðαâ†j−α�âjÞ

¼ e−i
π
2
Ẑin̂jeiðαâ

†
jþα�âjÞeiπ2Ẑin̂j

¼ CΠi;jDiðiαÞCΠ†
i;j; ð18Þ

where α∈C. Note the modified phase in the unconditional
displacement, which is due to the factor of i inherited from
the transformation in Eq. (15). Furthermore, we emphasize
that while this sequence produces exactly the conditional
displacement gate as defined in Table II, this gate can be

TABLE III. Non-native primitives used in this study and section references where their synthesis is explained. Row CUZ
i;j is a qubit-

conditional variant of the unitary Û ¼ expðΘ̂â†j − Θ̂†âjÞ, where Θ̂ is any operator that commutes with âj and Ẑj. For example, Θ̂ → α

corresponds to a conditional displacement [see Eq. (18)], while Θ̂ → θeiφâk yields a conditional beam splitter [see Eq. (19)]. In the third
row, we give an ancilla-mediated variant of the unitary Û ¼ expð−iÔjÞ on mode j that is conditioned by an operator P̂i on mode i. Here,

P̂i can be any operator that is diagonal in Fock space with eigenvalues �1. The angles θ⃗P are chosen according to Eq. (32). The fourth
row shows an ancilla-mediated variant of Û ¼ expð−iÔjÞ conditioned on the photon number n̂i of mode i. This example leverages an
iterative sequence of the primitive CUP

i;j with the kth iteration conditioning on the kth bit of n̂i, requiring K ¼ log2ðnmax þ 1Þd e total
iterations, where nmax is the maximum photon-number cutoff for mode i. The fifth row shows a useful instance of CUn̂

i;j, where

Ôj → θn̂j. Here, π⃗k is defined in Eq. (41). The sixth row is an example of an oscillator-mediated entangling gate between two
transmons. In the seventh and eighth rows, we give the approximate methods (see relevant sections for discussions and Ref. [97] for the
BCH method). The superscripts X and Y in CU denote the qubit axis on which the operator Û is conditioned. This axis can be controlled
by conjugating CUZ by single-qubit rotations. Here, I⃗ and J⃗ indicate support on a vector of mode indices.

Gate Definition Gate decomposition Reference

SWAPi;j
P

n;m jmihnji ⊗ jnihmjj Rið− π
2
ÞRjð− π

2
ÞBSi;jð0; π2Þ Sec. II A

CUZ
i;j exp ðẐiðΘ̂â†j − Θ̂†âjÞÞ CΠi;je

iðΘ̂â†jþΘ̂†âjÞCΠ†
i;j

Fig. 5, Sec. II B

CUP
i;j exp ð−iẐancP̂iÔjÞ SQRanc;iðθ⃗P; 0⃗Þe−iẐancÔjSQRanc;ið−θ⃗P; 0⃗Þ Sec. II C

CUn̂
i;j exp ð−iẐancn̂iÔjÞ Q

K−1
k¼0 SQRanc;iðπ⃗k; 0⃗Þe−i2k−1Ôjei2

k−1ẐancÔjSQRanc;ið−π⃗k; 0⃗Þ Fig. 6, Sec. II E

RRi;jðθÞ exp ð−iθẐancn̂in̂jÞ Q
K−1
k¼0 SQRanc;iðπ⃗k; 0⃗ÞRjð2kθ2 ÞCR†

i;jð2
kθ
2
ÞSQRanc;ið−π⃗k; 0⃗Þ Sec. II E

ZZi;jðθÞ exp ð−i θ
2
ẐiẐjÞ CDi;jð−i

ffiffiffi
θ

p
=2ÞCDi;ið

ffiffiffi
θ

p
=2ÞCDi;jðþi

ffiffiffi
θ

p
=2ÞCDi;ið−

ffiffiffi
θ

p
=2Þ Fig. 7, Sec. II F

BCH exp ð−2iẐÔI⃗ÔJ⃗θ
2Þ CUX

k;I⃗
ðθÞCUY

k;J⃗
ðθÞCUX

k;I⃗
ð−θÞCUY

k;J⃗
ð−θÞ þOðθ3Þ Fig. 8, Sec. II G

Trotter exp ð−iẐðÔI⃗ þ ÔJ⃗ÞθÞ CUZ
i;I⃗
ðθÞCUZ

j;J⃗
ðθÞ þOðθ2Þ Fig. 8, Sec. II G
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more efficiently realized natively using the techniques
developed in Ref. [89]. In the native implementation, this
gate has been demonstrated to take 1 μs [89]. This
compiled approach would require a duration corresponding
to two conditional-parity operations that can each be as fast
as 200 ns at χ ¼ 2π × 2.5 MHz [90], and one displacement
that takes 10 ns [89], leading to a total implementation time
of 410 ns.
As another example, we can exactly compile the condi-

tional beam-splitter gate as follows:

CBSi;j;kðφ; θÞ ¼ e−iθẐiðeiφâ†j âkþe−iφâjâ
†
kÞ

¼ e−i
π
2
Ẑin̂jeθðe

iφâ†j âk−e
−iφâjâ

†
kÞeiπ2Ẑin̂j

¼ CΠi;jBSj;kðφþ π=2; θÞCΠ†
i;j; ð19Þ

where fφ; θg∈R. This gate will play an instrumental role
in Sec. IV for the compilation of interaction terms between
matter and gauge fields. Its duration is experimentally
limited by the speed of each conditional-parity gate,
requiring roughly 1 μs each. As such, the conditional
beam-splitter gate requires about 2.1 μs, including the
worst-case scenario, around 100 ns, required for a full
SWAP beam splitter [217].
More generally, as shown in Fig. 5(a), we can employ

this strategy to realize a conditional unitary CUZ
i;j from its

unconditional counterpart:

CUZ
i;j ¼ eẐiðΘ̂â†j−Θ̂†âjÞ

¼ CΠi;je
iðΘ̂â†jþΘ̂†âjÞCΠ†

i;j: ð20Þ

This decomposition holds for any choice of operator Θ̂ that
satisfies ½Θ̂; âj� ¼ ½Θ̂; Ẑi� ¼ 0. For instance, Θ̂ → α corre-
sponds to the conditional displacement in Eq. (18) while
Θ̂ → θeiφâk yields the condition beam splitter in Eq. (19).
This strategy can be iterated to realize bosonic gates

conditioned on multiple qubits. For example, one can
realize a doubly conditioned gate of the form

CUZZ
i;j;k ¼ eẐiẐjðΘ̂â†k−Θ̂†âkÞ ð21Þ

for any operator Θ̂ that commutes with Ẑi, Ẑj, and âk. In
this case, conditional-parity gates are implemented on
mode k for qubits j and i in sequence with the aid of
SWAP gates. Alternatively, one can apply conditional-
parity gates acting on different qubit-boson pairs in parallel
as shown in Fig. 5(b).
We note that, in the above, we use “qubit-conditional”

and “qubit-controlled” interchangeably to refer to a gate
that enacts a bosonic operation that depends upon the Z
basis state of a qubit. In particular, distinct nontrivial
operations are enacted for both qubit states j0i and j1i.
However, in certain contexts, it is useful to synthesize a

“1-controlled” bosonic operation, i.e., one that acts only if
the qubit is in j1i. In this work, we will refer to this as an
n-controlled gate, referring to the operator that appears as a
multiplicative factor in the generator. For example, for an n-
controlled mode rotation, we have

e−iθn̂qubitn̂mode ¼ Ri

�
−
θ

2

�
CRi;iðθÞ; ð22Þ

where n̂qubit ¼ ð1 − ẐÞ=2. More generally, we have

eiθn̂qubitÔi ¼ ei
θ
2
Ôie−i

θ
2
ẐiÔi ; ð23Þ

for any Ôi that commutes with operations on the qubit.

C. Fock-projector-conditioned bosonic operations

An important primitive in the hybrid qubit-boson archi-
tecture of Fig. 4 is the synthesis of nontrivial two-mode
entangling gates. In this section, we develop a technique to
realize bosonic operators that are conditioned on the Fock-
space information of a second mode:

CUP̄
i;j ¼ e−iẐancP̄iÔj ; ð24Þ

where P̄i is an operator with eigenvalues �1 defined below
(hence the name “conditioned”), “anc” refers to an ancillary
transmon qubit, and Ôj is an arbitrary (Hermitian) oper-
ation acting on mode j. For an arbitrary subspace P of the
oscillator, P̄i gives states inside P a phase of −1 and states
outside P a phase of 1. Mathematically,

FIG. 5. Qubit-conditional bosonic gates. Circuit diagrams
containing qubits (thin line) and modes (thick lines), with time
going from left to right. All conditional gates represent unitaries
conditional on Ẑ. (a) Qubit-conditional gate of the form CUZ

i;j

defined in Eq. (20). Here, Ũ denotes the unconditional variant of
CUZ. The tilde indicates that the phase is modified by π=2—see,
e.g., Eq. (18). Gates in a dashed box can be implemented in
software as explained in Sec. I F. (b) Multicontrolled bosonic
operations, implemented by repeating the primitive in panel
(a) [see Eq. (21)].
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P̄i ¼
X
n∉P

jnihnji −
X
n∈P

jnihnji; ð25Þ

where each projector acts on mode i. Note that we define
the operator P̄i without a hat for simplicity of notation.
Because P̄i has eigenvalues �1, the core idea is to map

this information to an ancillary qubit, which is then used to
mediate this information to a second mode via a hybrid
qubit-boson gate. This approach effectively realizes the
Fock-projector-conditioned bosonic gate in Eq. (24) and
requires the ancillary qubit to be initialized to an eigenstate
of Ẑanc. This ancillary qubit can correspond to the transmon
qubit dispersively coupled to mode i or j, or any other qubit
via the appropriate use of bosonic SWAP gates.
To further explain, we begin with the particular example

of a parity-conditioned gate, defined as

CUΠ̄
i;j ¼ e−iẐancΠ̄iÔj ; ð26Þ

where

Π̄i ¼ eiπn̂i ð27Þ

is the parity operator acting on mode iwith eigenvalues�1.
Therefore, for an ancilla initialized to j0ianc, CUΠ̄

i;j applies

the unitary e−iÔj (eiÔj) to mode j if mode i has even (odd)
parity. To realize this gate, it is helpful to first note that

SQRanc;iðπ⃗0; 0⃗Þ ¼ e−i
π
2
X̂anc

P
n odd

jnihnji ; ð28Þ

where π⃗0 ¼ f0; π; 0; π;…g and 0⃗ ¼ f0; 0; 0;…g, and Π̂i

(as opposed to Π̄i) is the projector over odd Fock states. In
other words, an SQR gate is simply a Fock-projector-
controlled qubit rotation. By leveraging the Baker-
Campbell-Hausdorff formula in Eq. (16), it can be shown
that

SQRanc;iðπ⃗0; 0⃗ÞẐancSQR
†
anc;iðπ⃗0; 0⃗Þ ¼ ẐancΠ̄i: ð29Þ

Thus, in direct analogy to the strategy for synthesizing
qubit-conditional bosonic operations in Sec. II B, we can
leverage a pair of SQR gates to condition a bosonic
operation on the parity of a second mode:

CUΠ̄
i;j ¼ SQRanc;iðπ⃗0; 0⃗Þe−iẐancÔjSQRanc;ið−π⃗0; 0⃗Þ; ð30Þ

where we have used the fact that SQR†
anc;iðθ⃗; φ⃗Þ ¼

SQRanc;ið−θ⃗; φ⃗Þ. This method requires the realization of
the intermediary qubit-boson gate expð−iẐancÔjÞ, either
natively or, e.g., using the technique in Sec. II B.
Returning to the general form in Eq. (24), it is possible to

generalize this technique by substituting Π̄i with P̄i, which
allows for any arbitrary set of Fock states P by choosing

appropriate angles for the SQR gate in Eq. (30). In
particular, Eq. (29) generalizes as

SQRanc;iðθ⃗P; 0⃗ÞẐancSQR
†
anc;iðθ⃗P; 0⃗Þ ¼ ẐancP̄i; ð31Þ

where θ⃗P ¼ fθ0; θ1;…; θn…g and

θn ¼
�
π if jni∈P

0 otherwise:
ð32Þ

Akin to Eq. (28), this approach leverages the fact that
SQRanc;iðθ⃗P; 0⃗Þ realizes a projector-controlled qubit
rotation:

SQRanc;iðθ⃗P; 0⃗Þ ¼ e−i
π
2
X̂anc

P
n∈P

jnihnji : ð33Þ

Thus, one can realize the generalized Fock-projector-condi-
tional gate,

CUP̄
i;j ¼ e−iẐancP̄iÔj

¼ SQRanc;iðθ⃗P; 0⃗Þe−iẐancÔjSQRanc;ið−θ⃗P; 0⃗Þ: ð34Þ

This sequence is illustrated in Fig. 6(a).

D. Fock-projector-controlled bosonic operations

In this section, we build on the technique developed in
the previous section in order to realize bosonic operators
that are controlled on the Fock-space information of
another mode,

CUP̂
i;j ¼ e−iẐancP̂iÔj ; ð35Þ

where P̂i is a Fock-space projector onto the subspace P,

P̂i ¼
X
n∈P

jnihnji ð36Þ

¼ ð1 − P̄iÞ=2: ð37Þ

The second equality reminds us that the projector
and its reflection operator about the orthogonal comple-
ment P̄i are reminiscent of n̂qubit and Ẑ for qubits, where

n̂qubit ¼ ð1 − ẐÞ=2. It follows that while CUP̄
i;j applies a

distinct, nontrivial operation for each value of the mode
i∈P, the gate CUP̂

i;j acts with Ôj only if mode i∈P (hence
the “controlled” nomenclature).
In fact, using Eq. (37), we can easily construct the target

gate (35), similar to the construction in Eq. (23):

CUP̂
i;j ¼ e−iẐancðð1i−P̄iÞ=2ÞÔj

¼ e−iẐancÔj=2eiẐancP̄iÔj=2: ð38Þ
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E. Boson density-controlled operations

A powerful use case of the generalized controlled gate in
Eq. (38) is to apply many of them in sequence to synthesize
complex entangling gates between two modes, mediated by
an ancillary qubit in a known eigenstate of Ẑanc. In this
section, we leverage this technique to exactly compile a
bosonic density-controlled operation:

CUn̂
i;j ¼ e−iẐancn̂iÔj : ð39Þ

To obtain this gate, we follow the iterative procedure
illustrated in Fig. 6(c). The core idea is to sequentially
condition the qubit-boson gate U ¼ expð−iẐancÔjÞ on
each bit of the binary representation of n̂i. With each
iteration, an appropriate rotation angle is chosen such that
the sequence altogether produces the desired operation
CUn̂

i;j. This strategy is reminiscent of binary photon number
readout [144,211], and it requires a circuit depth that is
logarithmic in the boson number cutoff nmax.
Specifically, as a particular instance of Eq. (34), we

define the operator generated by Ôj and conditioned on the
kth superparity of mode i,

CUΠ̄k
i;j ðθÞ¼e−iθẐancΠ̄kiÔj

¼SQRanc;iðπ⃗k; 0⃗Þe−iθẐancÔjSQRanc;ið−π⃗k; 0⃗Þ; ð40Þ

where we have made the variable angle θ explicit for
reasons that will become clear shortly. Similarly, we define

CUΠ̂k
i;j ðθÞ in analogy to Eq. (38) [see Fig. 6(b)]. Here, Π̂k is

the projection operator that returns the kth bit of n̂i (and Π̄k
its corresponding reflection operator, returning �1), and

π⃗k ¼ fθ0; θ1; θ2;…g, with

θn ¼
�
π if bn=2kc mod 2 ¼ 1

0 otherwise:
ð41Þ

For example, π⃗0 ¼ f0; π; 0; π;…g is equivalent to the
parity vector defined below Eq. (28), converting the
SQR gate into a qubit rotation controlled on the least-
significant (zeroth) bit of n̂i. We note that Π̄0 ≡ Π̄, where
the latter is defined in Eq. (27). Likewise, the choice π⃗1 ¼
f0; 0; π; π;…g corresponds to qubit rotation controlled on
the first bit of n̂i. In general,

SQRanc;iðπ⃗k; 0⃗Þ ¼ e−i
π
2
X̂ancΠ̂ki ; ð42Þ

and the choice π⃗k enables a qubit rotation controlled on the
kth bit of n̂i.
Applying successive operations controlled on each bit of

n̂i in sequence then yields the general form

CUfðΠ̂0;Π̂1;Π̂2;…Þ
i;j ¼

YK−1
k¼0

CUΠ̂k
i;j ðθkÞ

¼ exp

�
−iZanc

XK−1
k¼0

θkΠ̂kiÔj

�
; ð43Þ

requiring K ¼ log2ðnmax þ 1Þd e iterations of (super)-parity
controlled gates and where fðΠ̂0; Π̂1; Π̂2;…Þ is any linear
function in the bit operators Π̂k. Returning to the initial goal
of synthesizing CUn̂

i;j in Eq. (39), we note that

(a)

(b)

(c)

FIG. 6. Mode-conditioned and controlled unitaries. (a) Bosonic Fock-projector-conditioned unitary, see Eq. (34). (b) Bosonic parity-
controlled unitary. (c) Compilation of a bosonic controlled or occupation-controlled unitary by binary phase acquisition [cf. Eq. (39)].
The upper mode denoted by “mode(s)”may contain any set of modes or qubits for which e−iÔ commutes with the lower qubit and modes
on which SQR operates.
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n̂i ¼
XK−1
k¼0

2kΠ̂ki: ð44Þ

Consequently, choosing θk ¼ 2k realizes the desired gate.
This sequence is shown in Fig. 6(c).
As a particular example of this gate that will prove useful

in Sec. III A 4 for implementing density-density inter-
actions, one can choose Ôj → θn̂j to realize the phase-
space rotation of one mode controlled on the density of a
second,

RRi;jðθÞ ¼ e−iθẐancn̂in̂j : ð45Þ

For a SQR gate duration of 500 ns [93] and a conditional
rotation duration less than or equal to 200 ns with χ ¼
2π × 2.5 MHz [90], one iteration towards the RRðθÞ gate
would take 1.2 μs.
Finally, we emphasize that while our focus has been on

synthesizing the density-controlled operator CUn̂
i;j, the

general form CUfðΠ̂0;Π̂1;Π̂2;…Þ
i;j enables further possibilities

beyond this particular choice. Specifically, it allows for
operations conditioned on any function fðΠ̂0; Π̂1; Π̂2;…Þ
that is linear in the bit operators Π̂ki. Moreover, we note that

an arbitrary function fðn̂iÞ can be realized by iterating the
primitive CUP̂

ij a number of times linear in nmax. This
possibility is discussed in our companion work, Ref. [57].

F. Oscillator-mediated multiqubit gates

As the architecture illustrated in Fig. 4 does not include
direct couplings between transmons, their utility for encod-
ing fermionic and gauge-field degrees of freedom relies on
the ability to synthesize transmon-transmon entangling
gates using native gates. Here, we adopt an oscillator-
mediated approach proposed in our companion work,
Ref. [57], to realize such entangling gates that bear close
similarity to Mølmer-Sørensen gates in trapped-ion plat-
forms [218,219], and also some parallels to mediated gates
in silicon [220–222]. Crucially, this approach allows for the
exact analytical compilation of multiqubit gates, indepen-
dent of (and without altering) the initial state of the
mediating oscillators in the absence of noise. The core idea
is to use a sequence of conditional oscillator displacements
that form a closed phase-space path that depends upon the
state of the qubits [see, for example, Fig. 7(a)]. Upon
completion, this closed path leaves the oscillator unchanged
yet imparts a geometric phase on the system that depends
upon the state of the qubits, thus enacting the target gate.

(a)

(c) (d)

(b)

FIG. 7. Oscillator-mediated multiqubit gates. Multiqubit gates can be implemented in the proposed architecture via a sequence of
conditional displacement gates on an oscillator, such that the total enclosed area A corresponds to a geometric phase e2iA imparted on the
oscillator. (a) Phase-space trajectories arising from the sequence of conditional displacements in Eq. (47), enclosing an area A ¼
�α2ZiZj and enacting the gate ZZi;j ¼ exp½−iðθ=2ÞẐiẐj�, where α ¼ ffiffiffi

θ
p

=2. The green circle indicates the starting point. Crucially, the
implementation of the gate does not depend upon or alter the initial state of the mode, as all points in phase space undergo translations of
the trajectory shown. (b) Circuit diagram corresponding to panel (a). Importantly, the implementation of the gate does not depend on or
alter the initial state of the modes. (c) Phase-space trajectories that implement the four-qubit gate Z□ via the sequence in Eq. (50). In
contrast to panel (a), all displacements are conditioned on pairs of qubits by leveraging the primitives discussed in Sec. II B. (d) Circuit
diagram to realize e−i

θ
2
ẐiẐjẐkẐl requiring four doubly conditional displacements in sequence.
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To realize these oscillator-mediated multiqubit gates, we
require the ability to enact displacements of the jth
oscillator conditioned on the ith transmon,

CDi;jðαÞ ¼ eẐiðαâ†j−α�âjÞ: ð46Þ

For i ¼ j, such conditional displacements can be realized
either natively [89] or compiled using conditional-parity
gates and unconditional displacements, as shown in
Eq. (18); furthermore, as discussed in Ref. [57] and
summarized in Sec. II A, it is possible to synthesize
conditional displacements for arbitrary i and j by addi-
tionally leveraging a beam-splitter network that links the
two sites.
As a particular example, the two-qubit entangling

gate ZZi;jðθÞ ¼ exp½−iðθ=2ÞẐiẐj� can be realized via a
sequence of four conditional displacements,

ZZi;jðθÞ¼CDi;jð−iαÞCDi;iðαÞCDi;jðþiαÞCDi;ið−αÞ: ð47Þ

The corresponding phase-space trajectories and circuit
diagram are shown in Figs. 7(a) and 7(b), respectively.
Four conditional displacements each taking 1 μs [89]
would amount to a total sequence duration of 4 μs. As
explained in Ref. [57], this sequence can be further
optimized by leveraging conditional displacements on both
modes i and j such that each accumulates a geometric
phase in parallel, leading to a reduction in gate duration by
a factor of

ffiffiffi
2

p
compared to the above single-mode

approach, while also reducing the potential impact of
nonidealities such as self-Kerr interactions (anharmonic-
ities). See Ref. [57] for more details.
This strategy can be extended to realize oscillator-

mediated N-qubit gates that are useful for studying lattice
gauge theories. For example, as will be discussed in
Sec. IVA 2, the four-qubit gate

e−i
θ
2
ẐiẐjẐkẐl ð48Þ

is useful for implementing a magnetic-field term in the Z2

LGT introduced in Eq. (1). To realize this gate, we modify
the sequence in Eq. (47) such that each displacement is
conditioned on the joint state of pairs of qubits, e.g., ẐiẐj

or ẐkẐl, as shown in Fig. 7(c). To that end, we define the
doubly conditional displacement as

CDZZ
i;j;rðαÞ ¼ eẐiẐjðαâ†r−α�ârÞ: ð49Þ

This gate can be implemented via the technique described
in Sec. II B. As illustrated in Fig. 7(d), the four-qubit term
can be exactly realized by sequencing four such doubly
conditional displacements:

e−i
θ
2
ẐiẐjẐkẐl ¼ CCDi;j;rð−iαÞCCDk;l;rðαÞ

× CCDi;j;rðþiαÞCCDk;l;rð−αÞ; ð50Þ

with α ¼ ffiffiffi
θ

p
=2.

Similar to the implementation of ZZi;jðθÞ, it is beneficial
to use multiple modes in parallel to accumulate the
necessary geometric phase and reduce the displacement
parameter α. Moreover, this strategy can be extended to
realize arbitrary operations of the form e−iθŴ , where Ŵ is
an arbitrary-weight Pauli operator. See Ref. [57] for a more
complete discussion.
Finally, we note that a similar strategy for oscillator-

mediatedN-body entangling gates has been proposed [223]
and demonstrated [37] in trapped-ion platforms. There,
spin-dependent squeezing operations are used in place of
conditional displacement operators, but the overall frame-
work bears similarity to the strategy described here for the
superconducting architecture described in Fig. 4.

G. Approximate synthesis of multimode gates

To approximately implement arbitrary multimode oper-
ations that fall outside of the form in Secs. II C and II E, we
use the method introduced in Ref. [97]. It relies on a variant
of the Baker-Campbell-Hausdorff (BCH) formula,

eÂteB̂te−Âte−B̂t ¼ e½Â;B̂�t2þOðt3Þ: ð51Þ

The key insight is to choose the operators Â and B̂ such that
they enact commuting bosonic operations Ô1 and Ô2

(possibly acting on distinct sets of different modes) but
conditioned on the same qubit with respect to noncommut-
ing Pauli operators, e.g., using the method described in
Sec. II B. For example, we can leverage this idea as follows:

Γ1;2 ¼ eiX̂Ô1teiŶÔ2te−iX̂Ô1te−iŶÔ2t

¼ e½X̂Ô1;ŶÔ2�ð−itÞ2þOðt3Þ

¼ e−2iẐÔ1Ô2t2þOðt3Þ: ð52Þ

See also Fig. 8(a) for the circuit diagram. In this way, one
can implement operator multiplication betweenO1 andO2.
Combining this case with the Trotter formula to implement
addition, following Ref. [97] and Fig. 8(b), we can imple-
ment exponentials of nonlinear functions in the creation
and annihilation operators.
When the commutator obtained through the above BCH

formula contains both desired and undesired high-order
mode terms, we can cancel the latter by applying Eq. (52) a
second time with a different choice of operators. Via the
Trotter formula, we then obtain
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Δ1;2 ¼ e−2iẐÔ1Ô2t2e−2iẐ Ô0
1
Ô0

2t
2 þOðt3Þ

¼ e−2iẐðÔ1Ô2þÔ0
1Ô

0
2Þt2 þOðt3Þ; ð53Þ

where the error term will be different between the two lines
and we rewrote the error as an additive error by Taylor
expanding the exponential. Here, each term is conditioned
on the same qubit, either natively or via SWAP operations
between the qubits or the modes.
In Fig. 8(c), we use this technique to approximately

synthesize the four-mode operator,

e−iẐðâ†b̂ĉ†d̂þH:c:Þð2θÞ2 ; ð54Þ

which will later be used in Sec. IV B 2 to realize the
plaquette term in the Uð1Þ quantum link model.

H. Dual-rail qubits

While so far we have discussed primitives for mapping
the model to the hardware with transmons being used as
data or ancillary qubits and the modes being used to encode
bosonic degrees of freedom, another possibility is to use the
modes to encode qubits. In this section, we discuss such an
encoding: the dual-rail qubit. The core idea is to encode a
single qubit using a pair of cavity modes that share a single
photon. The location of the photon then represents the qubit
state [201,214,216]

j0iDR ¼ j0; 1i; ð55Þ

j1iDR ¼ j1; 0i: ð56Þ

Denoting the cavity photon numbers as jna; nbi, we see that

the Pauli Z operator has various equivalent representations,

ẐDR ¼ n̂b − n̂a ð57Þ

¼ 1 − 2n̂a ¼ 2n̂b − 1 ð58Þ

¼ eiπn̂
a ¼ −eiπn̂b ; ð59Þ

where we have used the fact that n̂a þ n̂b ¼ 1. The
remaining Pauli operators are given by

X ¼ a†bþ ab†; ð60Þ

Y ¼ i½a†b − ab†�: ð61Þ

Note that this is simply the Schwinger boson representation
of a spin 1=2.
The primary advantage of the dual-rail encoding is that

photon loss in either the left or right cavity results in an
erasure error that is detectable via joint-parity measure-
ments [201,214,216]. Furthermore, single-qubit operations
are straightforward: rotations about any axis in the azimu-
thal plane can be carried out with a beam splitter, and
rotations about the Z axis correspond to a phase-space
rotation of one of the modes (up to a global phase).
Furthermore, it has been shown that one can construct a
universal gate set that enables detection of ancillary trans-
mon dephasing and relaxation errors, the latter made
possible by leveraging three levels of the transmon qubit
[210]. Consequently, for models that require many qubit-
qubit gates (such as 2D fermionic problems that necessitate
fermionic SWAP networks), the dual-rail encoding is
potentially advantageous for mitigating errors with post-
selection in near-term experiments.

(a) (b)

(c)

FIG. 8. Arbitrary higher-order operator compilation. (a) Operator multiplication using the Baker-Campbell-Hausdorff formula.
(b) Operator addition using the Trotter formula. (c) Example: compilation of qubit-conditional quartic term. Note that these methods are
only exact if ½Ô1; Ô2� ¼ 0. The variable parameter θ is omitted from the beam splitters BS for ease of notation as it is the same parameter
for all of them. Ancilla-conditional operations can be synthesized using the method described in Sec. II B.
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The *ZZDR
i;j ðθÞ case. As an example of an entangling

gate between dual-rail qubits, we consider the compilation

of ZZDR
i;j ðθÞ ¼ e−iðθ=2ÞẐ

DR
i ẐDR

j . Using the fact that ẐDR
i ¼

1 − 2n̂ai , this gate can be expressed as

ZZDR
i;j ðθÞ ¼ e−i

θ
2e−i2θn̂

a
i n̂

a
j eiθn̂

a
i eiθn̂

a
j

¼ e−i
θ
2ðh0janc ⊗ 1ÞRRi;jð2θÞðj0ianc ⊗ 1Þ

× Rið−θÞRjð−θÞ; ð62Þ

where, for simplicity of notation, we have dropped the
superscript a. Therefore, this gate can be realized by
combining a pair of phase-space rotations with the tech-
nique introduced in Sec. II E to realize RRð2θÞ—
see Eq. (45).
However, note that in the dual-rail encoding, the boson

number of mode i is restricted to either 0 or 1, which means
that the SQR gate used to implement Eq. (45) of Sec. II E
can be reduced to a conditional phase-space rotation up to
single-qubit operations. For the choice of θ⃗ ¼ π⃗0, this
conditional rotation in the fj0i; j1ig subspace corresponds
to a conditional-parity gate:

SQRi;jðπ⃗0; 0⃗Þ ⇒ HiCΠi;jHi ¼ CΠX
i;j; ð63Þ

where Hi is a Hadamard gate on qubit i and we have
defined the shorthand CΠX

i;j to denote the X-conditional-
parity gate. Therefore, we can rewrite the decomposition of
ZZDR

i;j ðθÞ as

ZZDR
i;j ðθÞ¼ e−i

θ
2ðh0janc ⊗ 1ÞCΠX

anc;iCRanc;jð−2θÞCΠX
anc;i

× ðj0ianc ⊗ 1ÞRiðπÞRjðθÞRið−θÞRjð−θÞ; ð64Þ

where the top line, up to the global phase, corresponds to
RRð2θÞ in the truncated dual-rail subspace. The complete
circuit (with single-qubit rotations simplified) is presented
in Fig. 9(a). We note that sequential ancilla-conditional
gates using the same transmon (but distinct modes) require
implicit SWAP operations not shown.
While exact, the circuit in Fig. 9(a) does not enable the

detection of transmon dephasing errors. To that end, a
scheme to synthesize error-detectable entangling gates was
presented in Ref. [210]. It leverages an “exponentiation
circuit” that interleaves ancilla-controlled unitaries (con-
trolled-P̂) with ancilla rotations to construct any unitary
P̂ðθÞ ¼ exp ½−iðθ=2ÞP̂�, provided P̂2 ¼ 1̂. Returning to the
case of ZZDR

i;j ðθÞ, this gate can be constructed following

the prescription in the previous paragraph, choosing P̂ ¼
Ẑ ⊗ Ẑ and implementing controlled-P̂ using a pair of
conditional-parity gates. We illustrate the full implementa-
tion in terms of our discrete gate set in Fig. 9(b). Notably,
this latter circuit can be understood as a further decom-
position of its counterpart in Fig. 9(a), where the middle

CRð−2θÞ gate is broken into conditional-parity gates and
single-qubit operations using the identities in Sec. II C.
While both circuits are mathematically equivalent, the

structure of Fig. 9(b) enables partial error detection of some
of the dominant errors, including transmon dephasing.
However, it comes at the cost of requiring four condi-
tional-parity gates, each with a duration TCΠ ¼ π=χ. Thus,
ignoring the cost of SWAPs and single-qubit and mode
operations, the minimum duration of ZZDR

i;j ðθÞ using the
method in Fig. 9(b) is Tb;min ¼ 4π=χ, independent of θ. In
contrast, the method in Fig. 9(a) requires Ta;min ¼
2ðπ þ θÞ=χ, a reduction for even the maximal entangling
case θ ¼ π=2. Thus, there is a trade-off in error detectability
and gate duration, and the approach in Fig. 9(a) may
therefore be beneficial in certain contexts, particularly for
repeated applications of ZZDR

i;j ðθÞ for small θ (e.g., for
Trotterized circuits).

III. IMPLEMENTATION OF MATTER FIELDS

In this section, we leverage the compilation strategies of
the previous section to realize the unitary time-evolution
operator e−iĤt for a range of common Hamiltonian terms
involving bosonic and fermionic matter. For the purely
bosonic matter terms, in Sec. III A, we show that some of
the common dynamics terms correspond to native gates and
others to terms that can be realized using the compilation
techniques in the previous section. For the purely fermionic

(a)

(b)

FIG. 9. Dual-rail entangling gate. Both panels show compilation
methods for ZZðθÞ ¼ exp½−iðθ=2ÞẐiẐj�. The gray andcwires
correspond to the location of the boson when the dual-rail qubit
is in state j0i or j1i, respectively. In both methods, the ancilla
transmon must start out in j0i. (a) Circuit as compiled using the
methods shown in Sec. II C. Note that R1 ¼ Rðπ − θÞ and
R2 ¼ Rð−2θÞ. The measurement is optional—it can help detect
amplitude damping errors. (b) Method presented in Ref. [210] for
implementing ZZðθÞ. Note that R3 ¼ RðπÞ. The Z-conditional
rotation gates refer to CRðθÞ. The measurement will help detect
amplitude damping errors as well as phase errors [210].
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matter terms, in Sec. III B, we demonstrate how to encode
fermionic SWAP networks into various qubit encodings
possible in hybrid qubit-boson hardware. For the fermion-
boson interaction terms, in Sec. III C, we present novel
compilation strategies specific to hybrid qubit-boson hard-
ware. We summarize these results in Tables IV and V. All
terms involving gauge fields will be treated in Sec. IV.

A. Bosonic matter

In this section, we discuss the most common
Hamiltonian terms for bosonic matter fields (which typi-
cally involve small powers of the creation and annihilation
operators). The results are summarized in Table IV. We first
discuss hopping as this is the most elementary term
coupling bosonic modes. We then discuss terms related
to powers and products of number operators n̂: the on-site
potential (linear in n̂), the on-site interaction (quadratic in
n̂), and the intersite interaction (bilinear, n̂in̂j). We map the
bosonic matter fields to the native bosonic modes supported
in the hybrid qubit-boson hardware in Fig. 4.

1. Hopping

The time-evolution operator e−iĤt for the hopping
interaction Ĥ ¼ P

hi;ji Ji;jðâ†i âj þ H:c:Þ between bosonic

matter sites can be implemented via Trotterization using a
sequence of beam-splitter gates BSi;jðφ; θÞ (defined in
Table II) by choosing θ ¼ Jt. Furthermore, a static gauge
field (vector potential) appears as a complex phase in the
hopping J → Jeiφ [224], and it is important to simulate
models of the fractional quantum Hall effect [225]. To
implement this term, one can simply adjust the phase φ of
the beam splitter on each link such that a net phase is
accumulated in moving around each plaquette.

2. On-site potential

The on-site potential is Ĥ ¼ P
i μin̂i, with

n̂i ¼ â†i âiμi ∈R. The time evolution of this term can be
implemented on each site separately using a phase-space
rotation gate (defined in Table II) as is shown in Table IV.
As mentioned previously in Sec. I F, it is possible to

absorb phase-space rotations into operators that include
creation or annihilation operators such as beam splitters. In
particular, a constant site energy shift can be created with a
fixed frequency detuning of the microwave tones that
activate the beam splitters.

3. On-site interaction

The bosonic on-site interaction is
P

i Uin̂2i , with Ui ∈R.
To implement the time-evolution operator for this term, one
can use the SNAP gate [200]. As defined in Table II,
SNAPiðθ⃗Þ operates in the strong-dispersive coupling
regime where the qubit frequencies depend on the mode
occupation such that the SNAP gate effectively imparts an
independently chosen phase to the system comprising the
qubit and mode, for each value of the mode occupation.
Choosing θk ¼ Uik2t, where k is the photon number
corresponding to a particular Fock state, implements the
on-site interaction n̂2i on the ith mode. This procedure
additionally requires an ancillary qubit initialized to the
state j0i.

TABLE IV. Bosonic Hamiltonian terms and the implementa-
tion of e−iĤt in the proposed architecture. Note that for the on-site
interaction, an ancillary qubit is required—see Appendix B for an
ancilla-free implementation that leverages the Gauss law con-
straint in a Z2 lattice gauge theory.

Ĥ e−iĤt gates DetailsP
hi;ji Ji;jðeiφâ†i âj þ H:c:Þ BSi;jðφ; θÞ Table I F, Sec. III A 1P
i μi n̂i RiðθÞ Table I F, Sec. III A 2P
i Uin̂2i SNAPiðθ⃗Þ Table I F, Sec. III A 3P
hi;ji Vi;jn̂in̂j RRi;jðθÞ Fig. 6, Sec. III A 4

TABLE V. Fermionic Hamiltonian terms. We list native gates required for the implementation of essential Hamiltonian terms in the
proposed architecture. Here, λ is proportional to time and the Hamiltonian parameter. The fourth column only lists the necessary gates; it
does not provide the complete circuits—these are described in the relevant sections listed in the last column of the table. The on-site termP

i Uin̂i;γ n̂i;δ contains terms that depend on γ and δ, which refer to the fermion spin. Mapping these two spin species to two different
fermionic sites i and j casts this term into the same form as the nearest-neighbor term in the bottom row of the table.

Ĥ Intermediary step Implementation e−iĤt gates DetailsP
hi;ji Ji;jðĉ†i ĉj þ H:c:Þ (1) FSWAP

ð2Þ iSWAPðλÞ
Dual rail ð1Þ SWAPi;j, CΠi;j, Rφ

iðθÞ, RiðθÞ
ð2Þ BSi;jðφ; θÞ, CΠi;j, Rφ

iðθÞ
Fig. 10, Appendix A 1

Transmon ð1Þ SWAPi;j;CDi;jðθÞ;RZ
i ðθÞ

ð2Þ CDi;jðθÞ, Rφ
i ðθÞ

Fig. 7, Sec. II F

P
i μin̂i exp ð−iλẐiÞ Dual rail RiðθÞ Table I F, Appendix A 3

Transmon Rz
i ðθÞ Table I FP

hi;ji Vi;jn̂in̂j exp ð−i λ
2
ẐiẐjÞ Dual rail CΠi;j, R

φ
i ðθÞ Appendix A 3

Transmon CDi;jðθÞ;CΠi;j Fig. 7, Sec. II F
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4. Intersite interaction

The time evolution of a nearest-neighbor density-density
interaction Ĥ ¼ P

hi;ji Ji;jn̂in̂j between two modes in
separate cavities, which is useful, for example, in simu-
lation of the extended Hubbard model or dipolar interacting
systems, can be implemented with the method proposed in
Sec. II E via the RRðθÞ gate defined in Eq. (45):

e−iJi;jn̂in̂jt ¼ ðh0janc ⊗ 1ÞRRi;jðJi;jtÞðj0ianc ⊗ 1Þ: ð65Þ

Here, we have used an ancillary qubit that begins and
(deterministically) ends in the state j0ianc. As discussed in
Sec. II E and shown in Table III, this gate requires a native
gate count that is logarithmic in the bosonic cutoff nmax.
Long-range interactions between sites i and j can be
implemented at the cost of a bosonic SWAP gate count
that is linear in the Manhattan-metric distance between
the sites.

B. Fermionic matter

In this section, we show that it is possible to treat purely
fermionic terms within our proposed hybrid qubit-boson
architecture. Although we do not expect this area to have an
explicit advantage over qubit-only hardware, we show that
no significant cost is added compared to existing qubit
platforms. Note that many of the compilation strategies in
this work are hardware agnostic and could be used in
concatenation with digital fermionic modes [74]. In the
following, however, we focus on using qubit degrees of
freedom to represent the fermionic modes.
We treat fermionic matter by mapping the fermions to

qubits and rely on FSWAP networks [226] of Jordan-
Wigner (JW) strings for a low-depth implementation (a
logarithmic depth implementation was proposed here [74]).
For an overview of the set of operations required to
implement e−iĤt for a 2D fermionic Hamiltonian Ĥ in
qubit-based hardware, see Appendix A. In summary, the
two-dimensional lattice is virtually mapped to a one-
dimensional chain. Nearest-neighbor hoppings in the 2D
lattice become either nearest-neighbor hoppings in the 1D
JW chain (which we call “JW adjacent”) or long-range
hoppings (which we call “non-JW adjacent”). The former
hoppings only require iSWAP operations, whereas the latter
also require FSWAP operations. Gates that involve the
fermionic number density are mapped to gates involving
the Ẑ operator and do not add any overhead associated with
the Jordan-Wigner encoding.
We first summarize the possibilities for encoding fer-

mions (i.e., implementing iSWAP and FSWAP operations)
either in transmons (Sec. III B 1) or in cavity dual-rail
qubits (Sec. III B 2). While the former is more hardware
efficient, the latter enables error detection and, as a result, is
a particularly promising avenue for near-term simulations
on noisy hardware. The high-level results for both

encodings are summarized in Table V. In Sec. III B 3,
we discuss the fidelity of gates that underly the simulation
of fermions in the dual-rail encoding.

1. Transmon qubits

In the proposed 3D post-cavity circuit QED setup,
encoding the fermion into the transmon enables the use
of the cavities for a separate purpose, such as for represent-
ing the phonon modes in the Hubbard-Holstein model or
for encoding bosonic gauge fields, as will be demonstrated
in the context of a Z2 lattice gauge theory later in this work.
As the architecture illustrated in Fig. 4 does not include

direct couplings between transmons, we rely on the
oscillator-mediated compilation strategy discussed in
Sec. II F to realize entangling gates, ZZi;jðθÞ, in particular.
We reemphasize that this approach does not require that the
mediating oscillators are in a known, particular state. Thus,
they can simultaneously be used to encode matter or gauge
degrees of freedom.

2. Dual-rail qubits

We now discuss the separate possibility to map fermions
to dual-rail qubits. As discussed in Sec. II H, dual-rail
qubits present a number of advantages, including the
possibility to detect photon loss and ancilla relaxation
and dephasing errors [210].
FSWAP operation. For the non-JW-adjacent hopping

terms, a full SWAPi;j operation is required between the
dual-rail qubits as part of the FSWAP operation. This
operation can be implemented by separately applying a
SWAPi;j operation between the cavities representing the
j1i and j0i states, as shown in Fig. 10. As described in
Appendix A 1, the FSWAP also requires a CZi;jðθÞ gate
that is equivalent to the ZZi;jðθÞ gate up to single-qubit
phase gates. As discussed in Sec. II H (cf. Appendix A 1),
these single-qubit phase gates correspond to phase-space
rotations on the mode that hosts the boson when the dual-
rail qubit is in state j1i. The corresponding circuit is shown
in Fig. 10(a).
The iSWAPðθÞ gate. For the JW-adjacent hopping terms,

following Eq. (A3), we only need to implement a variable-
angle iSWAP gate defined in Fig. 10(b), which requires
only ZZi;jðθÞ gates and H and S single-qubit rotations. An
error-detectable implementation of ZZi;jðθÞ between dual-
rail qubits was presented in Ref. [210] and is summarized
here in Sec. II H. We show the circuit for implementing
eiθðX̂iX̂iþ1þŶiŶiþ1Þ at the level of the modes supporting the
dual-rail qubits in Fig. 10(b).

3. Comparing advantages of different platforms for
encoding fermions

We note that different platforms have different advan-
tages for implementing non-JW-adjacent hopping.
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In a planar transmon qubit array with tunable couplers,
FSWAP operations can be implemented using the FSIM
gate using FSIM½θ ¼ ðπ=2Þ;ϕ ¼ 0� with high fidelity
(approximately 0.9930) [227]. The eiθðX̂ X̂þŶ ŶÞ operations
can be implemented using FSIMðθ;ϕ ¼ 0Þ, also with high
fidelity (at present, approximately 0.9962) [227].
In the ion-trap QCCD architecture [228,229], FSWAP

operations can be implemented using a SWAP operation
and a ZZðπ=2Þ. Because the ions can be physically moved
around the circuit to achieve all-to-all connectivity, the
fidelity of the FSWAP operation reduces to the fidelity of
ZZðπ=2Þ, which is currently 0.9980 [228,229], yielding a
fidelity advantage compared to the planar transmon imple-
mentation. Furthermore, eiθðX̂ X̂þŶ ŶÞ can be implemented
with two ZZðθÞ, which currently has a fidelity of approx-
imately 0.9960 [228].
In the circuit QED setup using dual-rail qubits, as

discussed, we can use the ZZðθÞ gates to implement
fermionic SWAP networks similar to ion-trap QCCD
architectures. Beam-splitter operations in the high-Q
cavity setup required for a SWAP operation between
dual-rail qubits have a very high fidelity of 0.9992
[91,217] (comparable to single-qubit gates on trans-
mons). Importantly, we can use the error-detection
capability to increase the fidelity of the operations with
postselection, as discussed in Refs. [210,214]. This
process results in ZZðπ=2Þ gates with a theoretically
calculated fidelity in the presence of noise and postse-
lection of approximately 0.9999 [210], for a pure dephas-
ing channel with time Tϕ ¼ 200μs. The error detection
comes at the price of a postselection requirement, leading
to a shot overhead. For the above value of Tϕ, it was
estimated that an error would be detected in 2%[210] of
shots. While this percentage increases exponentially with
circuit depth, even for 100 ZZi;iþ1ðθÞ gates, only 1 − ð1 −
0.02Þ100 ≈ 86.7% of shots would have to be discarded due

to a detected error, which leads to a shot overhead of a
factor of 1=ð1 − 86.7%Þ ≈ 7.5.

C. Fermion-boson interactions

Here, we compile the unitary time-evolution operator for
two paradigmatic fermion-boson models: phonon-electron
interactions in solids and the coupling of strong light fields
with electrons. Employing the techniques of the previous
sections, we discuss the use of either transmons or dual-rail
qubits to encode the fermionic matter, and we employ
modes to represent the bosonic matter.

1. Phonon-matter interactions

The Holstein model [230] describes (dispersionless)
optical phonons in the solid state coupled to the density
of electrons. It consists of a kinetic energy term for the
electrons (cf. first row in Table V), an on-site potential term
for the phonons (cf. Sec. III A 2), and an electron-phonon
interaction term

Ĥ ¼
X
i

giĉ
†
i ĉiðâ†i þ âiÞ: ð66Þ

To implement the latter, note that in the Jordan-Wigner
encoding, independent of the dimension, this Hamiltonian
term becomes equivalent to the spin-Holstein coupling
[231,232],

Ĥ ¼
X
i

gi
2
ðẐi þ 1Þðâ†i þ âiÞ: ð67Þ

Time evolution under this Hamiltonian can be easily
implemented since all terms in the sum commute and each
has a simple implementation; the term proportional to Ẑi
generates a conditional displacement gate, and the remain-
ing term can be eliminated by a simple coordinate frame
shift for each oscillator (resulting in a constant chemical
potential shift for the fermions).
Transmon qubits. If the qubits are mapped to transmon

qubits, conditional displacements can be compiled using
conditional parities CΠi;j (Table II) and a displacement
Diðgit=2Þ. This control was discussed in Sec. II B and is
illustrated in Fig. 5(a).
Dual-rail qubits. In the case of dual-rail qubits,

ẐDR
i ¼ eiπn̂i;1 , where the subscripts i; 1 indicates the mode

that hosts the boson when the dual-rail qubit is in state j1i.
Thus, the required dual-rail qubit-conditional displacement

will take the form e−iθe
iπn̂i;1 ðâ†jþâjÞ, where θ ¼ git=2. This

displacement is conditioned on the parity of another mode
fi; 1g and can be realized by CUΠ̄

i;j, whose compilation is
presented in Sec. II C. The full operation illustrated in
Fig. 11 is as follows:

(a) (b)

FIG. 10. Fermionic SWAP network operations in dual-rail
qubits. (a) FSWAP gate. (b) Arbitrary-angle iSWAP gate for
implementing the hopping on Jordan-Wigner adjacent sites. The
vertical lines connecting the crosses are SWAP gates between the
bosonic modes (with the pair together realizing a SWAP gate
between dual-rail qubits), R is shorthand for a phase-space
rotation gate Rðπ=4Þ, BS denotes a beam splitter BSðφ; θ̃Þ
defined in Table II, and the ZZðθÞ gate acting on the dual-rail
qubits is defined in Sec. II H. The gray and black mode wires
correspond to the location of the boson when the dual-rail qubit is
in state j0i or j1i, respectively.
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e−iθẐ
DR
i ðâ†jþâjÞ ¼ h0jancCΠX

anc;iCDanc;jðiθÞCΠX
anc;iRiðπÞj0ianc;

ð68Þ

where CDðαÞ corresponds to a conditional displacement
gate as defined in Table II and CΠX denotes the Hadamard-
conjugated conditional-parity gate introduced in Eq. (63).
The subscript “anc” refers to the ancilla transmon qubit that
is initialized to j0ianc and guaranteed to end in j0ianc at the
end of the sequence unless an error occurs—a fact that
could be used for error-detection purposes as previously
mentioned.

2. Light-matter interactions

When light interacts with charged matter on a lattice, for
instance, when a material is placed in an optical cavity, the
Hamiltonian is given by [233]

Ĥ ¼ ωâ†â − J
X
hi;ji

ĉ†i ĉje
i gffiffi

L
p ðâ†þâÞ þ H:c: ð69Þ

for a single light mode â, where ω corresponds to the free
evolution of the photons, J is the strength of the hopping, g
is a coupling constant that depends on the specifics of the
system (such as the geometry and material composition of
the cavity), and L is the number of lattice sites. Within the
Peierls substitution approximation, the exponential term,
Ã ¼ ðg= ffiffiffiffi

L
p Þðâ† þ âÞ, is given by the particle charge

multiplied by the line integral of the electromagnetic vector
potential along the link from site j to site i.
For small g=

ffiffiffiffi
L

p
, the exponent in the second term can be

expanded:

Ĥ ¼ ωâ†â −
J
2

X
hi;ji

ðĉ†i ĉj þ H:c:Þ

þ gJffiffiffiffi
L

p ðâ† þ âÞ
X
hi;ji

ĉ†i ĉj þO

�
J
g2

L

�
: ð70Þ

The first term can be implemented using a bosonic phase-
space rotation as discussed in Sec. III A 2. The second
term corresponds to fermionic hopping and can be imple-
mented using the strategy of Appendix A 1 for fermions
encoded in either transmons or dual-rail qubits. The
second term can be reexpressed as exp ½−itðgJ= ffiffiffiffi

L
p Þðâ†þ

âÞX̂iX̂iþ1� exp ½−itðgJ=
ffiffiffiffi
L

p Þðâ† þ âÞŶiŶiþ1� for Jordan-
Wigner adjacent sites. This expression corresponds to
two doubly conditional displacements, i.e., conditioned
on two qubits, with single-qubit rotations.
Transmon qubits. If the qubits are mapped to transmon

qubits, doubly conditional displacements can be compiled
using the technique described in Sec. II B and illustrated in
Fig. 5(b). It requires a pair of conditional-parity gates CΠ
(Table II) and a conditional displacement CDðαÞ (or,
alternatively, two pairs of conditional-parity gates and an
unconditional displacement).
Dual-rail qubits. If the qubits are mapped to dual-rail

qubits, doubly conditional displacements can be syn-
thesized by iterating the compilation strategy for the singly
conditional displacement in Eq. (68), developed in the
context of phonon-matter interactions. The full sequence is
as follows:

e−iθẐ
DR
i ẐDR

j ðâ†kþâkÞ ¼ ðh0janc⊗ 1ÞCΠX
anc;iCΠX

anc;jCDanc;kðiθÞ
×CΠX

anc;jCΠX
anc;iRiðπÞRjðπÞðj0ianc ⊗ 1Þ;

ð71Þ

where, similarly to previous gates, we have projected out
the ancillary qubit, which is initialized to j0ianc and
guaranteed (in the absence of noise) to be disentangled
at the end of the sequence. With the above gate realized,
single dual-rail qubit gates (i.e., beam splitters) can be used
to rotate the operator ẐDRẐDR to X̂DRX̂DR or ŶDRŶDR,
enabling the implementation of all desired gates.

IV. IMPLEMENTATION OF GAUGE FIELDS AND
GAUGE-MATTER COUPLING

In this section, we present implementations of e−iĤt for
pure gauge Hamiltonian terms—i.e., for the electric and
magnetic fields—and for the gauge-invariant hopping that
couples the gauge fields to matter. In particular, we discuss
the implementation of these terms for the two illustrative
examples in ð2þ 1ÞD: a Z2 gauge field and a Uð1Þ gauge
field, each playing a vital role in the paradigmatic LGTs
discussed in Sec. I E. However, we emphasize that due to
the digital nature of our implementations, more complex
models can be implemented beyond those in Sec. I E using
techniques in this section, for instance, models that contain
both Z2 and Uð1Þ fields coupled to the same matter fields.
We present the implementation of pure Z2 and Uð1Þ

gauge fields in Secs. IVA and IV B, respectively. Next, we
briefly discuss the possibility to realize static gauge fields

FIG. 11. Phonon-matter interactions. We show a circuit that
implements a displacement on a mode conditioned on ẐDR of a
dual-rail qubit. This circuit can be used to realize time evolution
for a duration t under the Hamiltonian in Eq. (67) (up to an
unconditional displacement).
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(which do not possess any of their own dynamics) in
Sec. IV C. We then return to our two examples and describe
the implementation of gauge-invariant hopping terms in
Secs. IV D and IV E for the Z2 and Uð1Þ fields, respec-
tively. Finally, we present a summary of the implemented
terms in Tables VI and VII.

A. Pure gauge dynamical Z2 fields

In this section, we present two strategies for representing
Z2 gauge fields in our architecture—one that uses the
transmon qubits and another that relies on the dual-rail
encoding discussed in Sec. II H. Also see Sec. I E for the
introduction of the Z2 Hamiltonian and the notation—in
particular, how we label the links on which the gauge fields
reside.

1. Electric field

The time-evolution operator of the electric field defined
in Table VI is e−igX̂i;jt, where the coupling strength is g as
defined in Eq. (1). This result corresponds to a single-qubit
rotation.
Transmon qubits. This term is directly realized through

on-resonant driving of each transmon using the Rϕ¼0
i ðθÞ

gate defined in Table II.

Dual-rail qubits. This term is a single-qubit rotation. As
discussed in Sec. II H, single-qubit rotations (defined in
Table II) around the X̂DR and ŶDR axes are carried out using
beam splitters BSi;jðφ; θÞ between the two cavities com-
posing the dual-rail qubit.

2. Magnetic field

The time-evolution operator associated with the mag-
netic-field term defined in Table VI is eð−itð−BÞẐi;jẐj;kẐk;lẐl;iÞ,
corresponding to a four-qubit entangling gate.
Transmon qubits. The exact gate sequence that imple-

ments this term is discussed in Sec. II F and illustrated in
Fig. 7. Multibody gates in the transmon qubits in our
proposed circuit QED architecture have a compact form:
The required displacements can all be carried out using a
single ancilla mode. This method removes the requirement
for a costly Pauli gadget [235], which implements this four-
qubit gate using six two-qubit gates. However, it instead
requires bosonic SWAP gates to mediate the multiqubit
interaction. However, as previously mentioned, the bosonic
SWAP operation has a very high fidelity in the proposed
architecture (see Sec. II A).
Dual-rail qubits. In Sec. III B 2, we discussed how to

obtain ZZi;jðθÞ gates using the exponentiation gadget

TABLE VI. Pure gauge Hamiltonian terms and their implementation using native gates. We use λ as the gate angle in the intermediate
step to emphasize that it is different from the angle θ.

Ĥ e−iĤt intermediary step e−iĤt gates Details

Electric field Z2: exp ð−iλXi;jÞ Rφ
iðθÞ Table II

Uð1Þ: exp ð−iλðn̂
a
i;jþn̂bi;j
2

− τ
2πÞ

2Þ SNAPiðθ⃗Þ Sec. IV B 1

Magnetic field Z2: exp ð−iλẐi;jẐj;kẐk;lẐl;iÞ CDi;jðθÞ, SWAPi;j Fig. 12
Sec. IVA 2

Uð1Þ: exp ð−iλðâ†b̂ĉ†d̂ f̂ ê†ĥĝ† þ H:c:ÞÞ BSi;jðφ; θÞ, CΠi;j, R
φ
i ðθÞ Fig. 13

Sec. IV B 2

TABLE VII. Compilation strategy for gauge-invariant hopping Hamiltonian terms into the native gates in the proposed architecture
(see Fig. 4). We use Ûi;j as a placeholder for a parallel transporter.

Ĥ e−iĤt intermediary step e−iĤt gates Definition

BosonsP
hi;ji Ji;jðâ†i Ûi;jâj þ H:c:Þ

Z2 exp ð−iJi;jtðâ†i Zi;jâj þ H:c:ÞÞ Transmon Z2 CΠi;j, BSi;jðφ; θÞ Sec. IV D 1
Dual-rail Z2CΠi;j, BSi;jðφ; θÞ, SQRi;jðθÞ

Uð1Þ exp ð−iJi;jtðâ†i â†i;jb̂i;jâj þ H:c:ÞÞ Dual-rail Uð1Þ∶ BSi;jðφ; θÞ, CΠ, Rφ
i ðθÞ Sec. IV E 1

FermionsP
hi;ji Ji;jðĉ†i Ûi;jĉj þ H:c:Þ

Z2 (1) SWAP, FSWAP
ð2Þ exp ð−iJi;jtðσ̂þi Ẑi;jσ̂

−
j þ H:c:ÞÞ

Transmon Z2 and dual-rail fermions
ð1Þ SWAPi;j, CΠi;j, Rφ

iðθÞ, RiðθÞ
ð2Þ BSi;jðφ; θÞ, CΠi;j, Rφ

iðθÞ

Sec. IV D 2

Uð1Þ (1) SWAP, FSWAP
ð2Þ exp ð−iJi;jtðσ̂þi â†i;jb̂i;jσ̂−j þ H:c:ÞÞ

Dual-rail gauge and transmon fermions
ð1Þ SWAPi;j;CDi;jðθÞ; RZ

i ðθÞ
ð2Þ CΠi;j, eiθÊ, eiθF̂, R

φ
i ðθÞ

Sec. IV E 2

Dual-rail gauge and dual-rail fermions
SWAPi;j, CRi;jðθÞ, Rφ

i ðθÞ
ð2Þ BSi;jðφ; θÞ, CΠ, Rφ

i ðθÞ

Sec. IV E 2
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presented in Ref. [210], which implements eiθP̂ for any
operator P̂ if P̂2 ¼ 1. Therefore, using the same method,
we can extend this result to include higher-weight Pauli
strings in P̂. This circuit is illustrated in Fig. 12. As
mentioned previously, ancilla relaxation and dephasing
errors, in addition to photon loss, can be detected using
this general gate scheme [210].

B. Pure gauge dynamical Uð1Þ fields
Next, we turn to the Uð1Þ quantum link model described

by the Hamiltonian in Eq. (3). As described in Sec. I E, we
utilize the Schwinger-boson representation to encode the
link degrees of freedom, requiring two bosonic modes per
link. We note that the Schwinger-boson representation may
be understood as an extension of the dual-rail qubit
encoding to spin S > 1=2 [57].

1. Electric field

In the Schwinger-boson representation, the electric-field
energy can be written as

ĤE ¼ g2

2

X
hi;ji

�
n̂ai;j − n̂bi;j

2
−

τ

2π

�2

; ð72Þ

where g is the strength of the electric field and τ is the
topological parameter. When multiplying out the square,
the cross-Kerr terms −ðg2=2Þn̂ai;jn̂bi;j appear. Although we
can, in principle, implement these terms, cf. Sec. III A 4,
they are harder to implement than self-Kerr terms on the
same site. Luckily, we can remove the cross-Kerr terms by
using the Schwinger-boson constraint n̂ai;j þ n̂bi;j ¼ 2S.
Because of this identity, we may add a term
ðg2=2ÞPi;j½ðn̂ai;j þ n̂bi;jÞ=2�2—which, due to the constraint,
is just a constant—to the Hamiltonian in Eq. (72) to obtain

ĤE ¼
g2

2

X
hi;ji

�
1

2
ððn̂ai;jÞ2þðn̂bi;jÞ2Þ−

τ

2π
ðn̂ai;j− n̂bi;jÞ

�
ð73Þ

≡X
hi;ji

ĥE;i;j ð74Þ

up to a constant, thereby removing the cross-Kerr term.
The time evolution under ĤE fulfills expð−iĤEtÞ ¼Q
hi;ji expð−iĥE;i;jtÞ. Because the â and b̂ modes commute,

expð−iĥE;i;jtÞ ¼ e−i
g2

2
ð1
2
n̂a

2

i;j−
τ
2πn̂

a
i;jÞte−i

g2

2
ð1
2
n̂b

2

i;jþ τ
2πn̂

b
i;jÞt. This result

can be implemented exactly using two SNAPðθ⃗Þ gates
defined in Table II on modes a and b:

expð−iĥE;i;jtÞ ¼ SNAPaðθ⃗aÞSNAPbðθ⃗bÞ; ð75Þ

where θan¼ðg2=2Þf1
2
n2−½τ=ð2πÞ�ngt and θbn¼ðg2=2Þf1

2
n2þ

½τ=ð2πÞ�ngt.

2. Magnetic field

In ð2þ 1ÞD, the magnetic-field Hamiltonian, illustrated
in Fig. 13(a), acts on the four gauge-field raising operators
linking a square (also called a plaquette) of fermionic sites
labeled i, j, k, l. We discuss the compilation of a single
plaquette exponential term expð−iĤ□tÞ, where

(a) (b)

FIG. 12. Dual-rail magnetic-field term eð−iθẐi;jẐj;kẐk;lẐl;iÞ.
(a) Representation of the cavities taking part in the magnetic-
field term. (b) Corresponding circuit. The gray and black mode
wires correspond to the location of the boson when the dual-rail
qubit is in state j0i or j1i, respectively.

(a)

(b) (c)

(d) (e)

FIG. 13. Baker-Campbell-Hausdorff synthesis of the plaquette
term for the quantum link model in ð2þ 1ÞD. (a) BCH circuit
corresponding to the creation of a qubit-conditional quartic term.
(b) Use of the Trotter formula to remove additional unwanted
quartic terms. (c) BCH circuit enabling the compilation of a term
containing a multiplication of eight terms (octic). (d) Final step in
the circuit, which uses the Trotter formula to remove unwanted
octic terms. (e) Representation of participating modes. The
modes composing the gauge fields are labeled with letters a
through g, and the matter fields are labeled i through l. Depending
on the geometry, not all CΠwill be able to be directly conditioned
on the same qubit, leading to the requirement for additional
SWAP gates.

ELEANOR CRANE et al. PHYS. REV. X 16, 041008 (2026)

041008-28



Ĥ□ ¼ −
1

4g2(SðSþ 1Þ)2 ðŜ
þ
i;jŜ

þ
j;kŜ

−
k;lŜ

−
l;i þ H:c:Þ: ð76Þ

Using our Schwinger-boson mapping of the gauge fields in
Eq. (6), we obtain a product of creation and annihilation
operators, which we relabel a, b for the modes of link hi; ji,
c, d for link hj; ki, e, f for link hk; li, and g, h for link hl; ii,
for simplicity of notation, such that

Ĥ□ ¼ −
1

4g2(SðSþ 1Þ)2 ðâ
†b̂ĉ†d̂ f̂ ê†ĥĝ† þ H:c:Þ: ð77Þ

We show here how to realize the plaquette term using the
method introduced in Ref. [97] and summarized in
Sec. II G, which makes use of the group commutator
relations given by the BCH formula, specifically, the
relation

eiÂθeiB̂θe−iÂθe−iB̂θ ¼ e−½Â;B̂�θ2þOðθ3Þ: ð78Þ

Through an appropriate choice of hybrid qubit-boson
operators Â and B̂, we obtain the means to implement
multiplication between commuting bosonic operators. We
also use Trotter formulas to implement addition.
We rely on the above method and present a possible

implementation that leverages the conditional beam-splitter
gate introduced in Eq. (19) as the fundamental building
block. This approach has the advantage of relying on
simple hardware primitives, at the cost of Trotter error.
Next, we briefly comment on the possibility to instead
leverage a three-wave mixing term realized on the hardware
level, cf. Appendix C. This latter approach would enable
the compilation of the desired term without Trotter error,
but it uses a gate that is more complicated to engineer on
the hardware level.
The key idea for this synthesis is to apply the BCH

formula to conditional beam splitters acting on the four
pairs of modes around the plaquette, conditioned on the
same ancillary qubit. Intuitively, this process leads to
multiplication of creation and annihilation operators for
the four pairs of modes, yielding the eight-mode term
in Eq. (77).
We first show how to synthesise a product of four-

mode operators. Choosing e−iÂθ ¼ CBSYa;b½−ðπ=2Þ; θ� ¼
e−iθðiâ†b̂−iâb̂

†ÞŶ and e−iĈθ ¼ CBSZc;dð0; θÞ ¼ e−iθðĉ†d̂þĉd̂†ÞẐ,
where Ĥ is a Hadamard gate on the qubit and
CBSðφ; θÞ is defined in Eq. (19), we define the primitive

VðAθ; CθÞ ¼ eiÂθeiĈθe−iÂθe−iĈθ: ð79Þ

This set of operations is illustrated in Fig. 13(b). In order to
reduce the error sufficiently, we use this primitive in a
higher-order product formula [236],

ΓA;CðθÞ¼VðAγθ;CγθÞVð−Aγθ;−CγθÞVðCγ2θ;Aγ2θÞ
×Vð−Cγ2θ;−Aγ2θÞVðAγθ;CγθÞVð−Aγθ;−CγθÞ

ð80Þ

¼ e−2θ
2ðâ†b̂ĉ†dþâ†b̂ ĉ d̂†−âb̂†ĉ†d̂−âb̂†ĉd̂†Þ⊗X̂þOðθ5Þ; ð81Þ

where γ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2

ffiffiffi
2

pp
.

This expression contains two terms that are not part of
the plaquette operator. In order to remove the unwanted
terms, we apply the same four-mode synthesis again with
different phases. This process yields a new term ΓA0;C0

obtained using the primitive VðA0θ; C0θÞ with e−iÂ
0θ ¼

CBSYa;bð0; θÞ and e−iĈ
0θ ¼ CBSZc;d½−ðπ=2Þ; θ�. Combining

ΓA;C and ΓA0;C0 in a second-order Trotter formula, we
remove the unwanted terms,

ΔA;C ¼ ΓA;Cðθ=2ÞΓA0;C0 ðθÞΓA;Cðθ=2Þ
¼ eðð−2iâ†b̂ĉ†d̂þ2iâb̂†ĉd̂†Þ⊗2iXÞð−iθÞ2 þOðθ5Þ: ð82Þ

This set of operations is illustrated in Fig. 13(c), and we
dropped the Oðθ6Þ Trotter error as the Oðθ5Þ BCH error
dominates. Using a single-qubit gate on the qubit, one can
also obtain ðΔA;CÞ†. The same expression can be obtained
on the other four modes that are also involved in the
plaquette term:

Δ̃E;G ¼ eðð−2iê†f̂ĝ†ĥþ2iêf̂†ĝĥ†Þ⊗2iŶÞð−iθÞ2þOðθ5Þ: ð83Þ

Note that Δ̃E;G is chosen such that Ŷ is carried out on the
qubit rather than X̂ to enable the further use of the BCH
formula, which we explain next.
In order to obtain the eight-wave mixing required to

realize the plaquette term, we concatenate four four-mode
terms according to

ΞfA;Cg;fE;Gg ¼ ΔA;CΔ̃E;GΔ†
A;CΔ̃

†
E;G: ð84Þ

This set of operations is illustrated in Fig. 13(d). Similarly
to the four-mode term, Eq. (84) yields terms that are not
part of the plaquette term. In order to remove them, we
multiply ΞfA;Cg;fE;Gg with a term that is obtained in the
same way but with a different choice of phases in the beam
splitters:

Ξ2;fA2;C2g;fE2;G2g ¼ ΔA2;C2
Δ̃E2;G2

Δ†
A2;C2

Δ̃†
E2;G2

: ð85Þ

The constituent operation parts of this term are the
following, where we use the same notation with primes
and tildes as in the discussion of the synthesis of
ΞfA;Cg;fE;Gg. On modes a, b, c, d, we use
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A2 ¼ ĤCBSa;bðπ; 1ÞĤ; ð86Þ

C2 ¼ CBSc;dð0; 1Þ; ð87Þ

A0
2 ¼ ĤCBSa;b

�
π

2
; 1

�
Ĥ; ð88Þ

C0
2 ¼ CBSc;d

�
π

2
; 1

�
: ð89Þ

On modes e, f, g, h, we use

Ẽ2 ¼ ĤCBSe;fð0; 1Þ Ĥ; ð90Þ

G̃2 ¼ Ĥ ŜCBSg;hð0; 1ÞĤ Ŝ†; ð91Þ

Ẽ0
2 ¼ ĤCBSe;f

�
π

2
; 1

�
Ĥ; ð92Þ

G̃0
2 ¼ Ĥ ŜCBSg;h

�
−
π

2
; 1

�
Ĥ Ŝ†: ð93Þ

In total, we obtain

ΞfA;Cg;fE;GgΞ2;fA2;C2g;fE2;G2g ¼ ð94Þ

e−ið16ðâ†b̂ĉ†d̂ f̂ ê†ĥĝ†þâb̂†ĉd̂†f̂†êĥ†ĝÞ⊗ẐÞθ4þOðθ5Þ; ð95Þ

illustrated in Fig. 13(e). Choosing θ ¼ ð1=
½64g2ðSðSþ 1ÞÞ2�tÞ1=4, we obtain time evolution under a
single plaquette Hamiltonian for a time step t. Each CBS
gate can be implemented using two conditional-parity
operations and one beam splitter, cf. Eq. (19). We count
conditional parities in the following. Each Γ can be
implemented using six V operations [see Eq. (79)], which
require eight conditional parities to implement, and hence
each Γ requires 48 conditional parities. Each Δ operation
requires three Γ operations using the symmetric Trotter
formula, implying that it requires 144 conditional parities.
Each Ξ is built from four Δ terms, and hence each requires
576 conditional parities. Then, the final approximation V□

requires 1152 conditional parities as it is composed of two
Ξ operations.
The conditional parity would take 200 ns using a LINC

coupler at χ ¼ 2π × 2.5 MHz [90]; therefore, the full 1152
conditional parities would take 230.4 μs, an order of
magnitude smaller than recently experimentally demon-
strated tantalum lifetimes of T1 ≈ T2=2 ≈ 2 ms [237]. In
Appendix H, for these parameters, we find a conditional-
parity infidelity for up to Fock state 10 of 6.8 × 10−5,
which, taken 1152 times, leads to a fidelity of 93% (for
χ ¼ 2π × 1 MHz [209] we obtain 82%). This result is
important considering that qubit circuits for implementing a
similar term require orders of magnitude higher gate counts

(see Sec. VI and Ref. [238]). Therefore, the radically
smaller number of gates required in our qubit-boson
hardware brings the simulation of these multibody qubit-
boson interactions into the nearer term (especially as high-
fidelity local observables do not always require high-
fidelity states). This finding shows the promise of this
hardware, which deserves more attention and development.
In addition, we believe that further improvements of our
algorithm are possible, e.g., through pulse engineering.
Furthermore, an advantage of the digital approach is the
potential for including error suppression from oscillators to
oscillators, which has already been proposed [109–119].
We close with a discussion of the error term. Because

each pair of mode operators has norm ka†bk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp

in the Schwinger-boson encoding of a large spin and the
error term contains five such pairs, our result implies that
the distance between the thus-implemented unitary V□ and
the exact plaquette exponential is

kV□ − e−ið16ðâ†b̂ĉ†d̂ f̂ ê†ĥĝ†þâb̂†ĉd̂†f̂†êĥ†ĝÞ⊗ẐÞtk ¼ O
�
t5=4

g5=2

�
:

ð96Þ

In particular, this error is independent of S.
Another way of synthesising this term would be to use

the three-wave mixing term introduced in Appendix C.
Because the additional terms appearing in the beam-splitter
approach mentioned above would not appear using three-
wave mixing, we could save on Trotter error and reduce the
number of native operations needed by a prefactor.
However, because the Trotter error is subleading, this
approach will not change the asymptotic error scaling
shown above.

C. Static gauge fields coupled to matter

Static gauge fields appear when a magnetic field [224] is
coupled to matter and are crucial when, for example,
considering the fractional quantum Hall effect [225]. In
this case, the hopping term of the Hamiltonian has a fixed
complex amplitude on each link, i.e.,

−J
X
hi;ji

ðeiφâ†i âj þ H:c:Þ; ð97Þ

where we have specialized to the case of bosonic matter.
This term can be directly implemented by a beam splitter
BSi;jðφ; θÞ defined in Table II via the appropriate choice for
the phase φ for each link.
For fermionic matter, the hopping term generalizes as

−J
X
hi;ji

ðeiφĉ†i ĉj þ H:c:Þ: ð98Þ

The phase can be implemented as a part of the gates
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necessary for the Jordan-Wigner encoding described in
Appendix A 1, for either choice of qubit type. The FSWAP
operation would remain unchanged, but the phase can be
incorporated by conjugating the fermionic hopping by eiφẐ

on one of the qubits.

D. Dynamical Z2 fields coupled to matter

Here, we discuss Z2-Higgs model gauge fields coupled
to bosonic and fermionic matter. We first discuss the
bosonic gauge-invariant hopping in Sec. IV D 1, mapping
the gauge fields to transmon and then dual-rail qubits. Next,
we discuss the fermionic gauge-invariant hopping in
Sec. IV D 2, mapping the fermions and the gauge fields
to transmon and dual-rail qubits.

1. Bosonic gauge-invariant hopping

The time-evolution operator of the gauge-invariant
bosonic hopping mediated by a Z2 gauge field takes the
form

e−itẐi;jðâ†i âjþâiâ
†
j Þ: ð99Þ

In the following, we discuss the implementation of this
operator using either transmons or DR qubits. For both
cases, we use modes to directly encode the bosonic matter.
Field—transmons; matter—modes. For the situation

where we map the gauge fields onto transmon qubits,
Eq. (99) corresponds to a conditional beam splitter, dis-
cussed in Sec. II B.
Field—dual rail; matter—modes. For the case where we

map the gauge fields onto dual-rail qubits, we leverage the
fact that the parity of the photon number n̂ in one of the rails
is equivalent to the Pauli operator ẐDR [see Eq. (59)].
Therefore, the time evolution of the hopping between sites i
and j takes the form

e−ite
iπn̂i;j ða†i ajþâiâ

†
j Þ ð100Þ

and can be compiled using the methods described in
Sec. II C and shown in Fig. 14.

2. Fermionic gauge-invariant hopping

The fermionic SWAP networks used to implement
fermionic gauge-invariant hopping require the exact same
FSWAP operations as discussed in Appendix A 1, where
the gauge field also needs to be swapped. To make the
hopping gauge invariant, we replace the iSWAP operation
with

e−itð−JÞẐi;jðX̂iX̂jþŶiŶjÞ

¼ e−itð−JÞẐi;jðX̂iX̂jÞe−itð−JÞẐi;jðŶiŶjÞ

¼R
π
2

i

�
π

2

�
R

π
2

j

�
π

2

�
e−itð−JÞẐi;jðẐiẐjÞR

π
2

i

�
−
π

2

�
R

π
2

j

�
−
π

2

�

×R0
i ðπ2ÞR0

jðπ2Þe−itð−JÞẐi;jðẐiẐjÞR0
i ð−π

2
ÞR0

jð−π
2
Þ;

ð101Þ

using the fact that X̂ ¼ R
π
2ðπ=2ÞẐRπ

2ð−π=2Þ and
Ŷ ¼ Rπðπ=2ÞẐRπð−π=2Þ, where RφðθÞ is defined in
Table II. We note that this gate sequence can be further
compressed by combining successive single-qubit gates
into a single rotation.
We do not discuss the all-transmon qubit implementation

of this model as this case does not leverage the advantages
of our platform.
Field—transmon; matter—dual rail. Following

Eq. (101), single-qubit rotations can be performed on the
dual-rail qubits using beam-splitter gates, while

e−itð−JÞẐi;jðẐDR
i ẐDR

j Þ is a transmon Z-conditional dual-rail
ZZDR operation. This latter gate is compiled in Eq. (64)
using an ancillary transmon initialized to j0ianc, which is
ultimately traced out. However, we can adapt this same
sequence to realize the desired gate by replacing the ancilla
with the transmon encoding the gauge field in an unknown
state [and removing the matrix element projection
in Eq. (64)].
Field—dual rail; matter—transmon. This term

requires the implementation of e−itð−JÞe
iπn̂i;j ðX̂iX̂jþŶiŶjÞ ¼

e−itð−JÞe
iπn̂i;j X̂iX̂jeitð−JÞe

−iπn̂i;j ŶiŶj , which can be implemented

using additional single-qubit rotations from e−iθe
iπn̂i;j ẐiẐj .

The latter is an instance of the parity-controlled gate CUΠ̄
i;j

introduced in Sec. II C. Specifically, the intermediate gate
in Eq. (30) would be replaced by the two-transmon-qubit
gate ZZðθÞ implemented in our architecture via the
technique in Sec. II F.
Field—dual rail; matter—dual rail. Following

Eq. (101), aside from single-qubit rotations, we

require implementation of e−itð−JÞẐ
DR
i;j ðẐDR

i ẐDR
j Þ. This type of

multi-dual-rail gate can be realized using the

FIG. 14. The Z2 gauge-invariant hopping circuit. Implementa-
tion of the gauge-invariant hopping with dual-rail qubits as Z2

gauge fields and modes as the matter sites: e−iθe
iπn̂i;j ðeiφa†i ajþH:c:Þ.

The gray and black mode wires participating in the dual-rail qubit
(two upper modes) correspond to the location of the boson when
the dual-rail qubit is in state j0i or j1i, respectively. The beam
splitter is conditioned on Ẑ.
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Pauli-exponentiation gadget as discussed in Sec. IVA 2 and
shown in Fig. 12 for the slightly more complex case of four
dual-rail qubits. Alternatively, one can iterate the parity-
control synthesis technique of Sec. II C, similarly to the
doubly conditional displacement realized in Eq. (71).

E. Dynamical Uð1Þ fields coupled to matter

Next, we discuss the implementation of dynamical Uð1Þ
fields coupled to bosonic (Sec. IV E 1) and fermionic
matter (Sec. IV E 2). We show how to implement the
dynamics of the hopping described in Eq. (3), which has
the form

exp

�
−i

Jt

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp X

hi;ji
ðm̂†

i Ŝ
þ
i;jm̂j þ H:c:Þ

�
: ð102Þ

In the remainder of the section, we will assume large S
and write

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp

≈ S. As in Sec. IV B, we leverage the
Schwinger-boson encodings that represent the Uð1Þ gauge
fields. Furthermore, for the case of fermionic matter, we
separately consider transmons and dual-rail qubits.

1. Bosonic gauge-invariant hopping

For a bosonic matter site i denoted by operator d̂, the
gauge-invariant hopping between site i and site j is given
by

e−it
J
2Sðd̂†i â†i;jb̂i;jd̂jþH:c:Þ; ð103Þ

where â†i;jb̂i;j is the Schwinger boson representation of the

link operator Ŝþi;j. This unitary is generated by a four-mode
mixing term and can be synthesized using the BCH formula
[see Eq. (54)].

2. Fermionic gauge-invariant hopping

For fermions in ð2þ 1ÞD, we first use FSWAP networks
to move the sites to neighboring sites within the JW
encoding. Then, to perform the gauge-invariant hopping,
we also SWAP the corresponding gauge fields as depicted
in Fig. 15. The remaining operation is then given by the
nearest-neighbor hopping

e−it
J
2Sðσ̂þi â†i;jb̂i;jσ̂−j þH:c:Þ; ð104Þ

where j is a neighboring site to i. In ð1þ 1ÞD, SWAP and
FSWAP operations are not necessary. We now discuss how
this term is synthesized for the cases where the fermions are
encoded in transmons or dual-rail qubits.
Fermionic matter—transmons.We present two schemes,

a naive implementation that contains Trotter error and a
scheme that avoids Trotter error (for this term alone) but
requires a particular experimental adaptation of the
hardware.

For scheme 1, we rewrite the gauge-invariant hopping
term as

e−i
Jt
2SðĤ1þĤ2Þ ≈ e−i

Jt
2SĤ1e−i

Jt
2SĤ2 þO(

�
Jt
2S

�
2

); ð105Þ

where we used Trotterization and defined

Ĥ1 ¼ ðX̂iX̂j þ ŶiŶjÞðâ†i;jb̂i;j þ H:c:Þ; ð106Þ

Ĥ2 ¼ ðŶiX̂j − X̂iŶjÞðeiπ=2â†i;jb̂i;j þ H:c:Þ: ð107Þ

Noting that X̂iX̂j and ŶiŶj commute, as do ŶiX̂j and X̂iŶj,
we are then left with implementing doubly conditional
beam splitters, which is accomplished by sandwiching a
beam splitter with conditional-parity operations condi-
tioned on the qubits i and j, as shown in Eq. (19).
However, ½Ĥ1; Ĥ2� ≠ 0, and this term will therefore acquire
Trotter error.
Scheme 2 does not introduce Trotter error but requires

additional engineering at the hardware level. We define the
unitary as e−iθĤ with Ĥ ¼ σþi a

†bσ−j þ σ−i ab
†σþj , where,

for simplicity, we have dropped the indices i, j on the
modes a and b and we defined θ ¼ ½ðJtÞ=ð2SÞ�. We start by
breaking up Ĥ into Ĥ ¼ Ĉþ D̂, where

Ĉ¼ X̂i(X̂jða†bþab†ÞþiŶjða†b−ab†Þ)=4≡X̂iÊj; ð108Þ

D̂¼ Ŷi(− iX̂jða†b−ab†Þþ Ŷjða†bþab†Þ)=4≡ ŶiF̂j:

ð109Þ

Indeed, ½Ĉ; D̂� ¼ 0 because fÊj; F̂jg ¼ 0.

(a) (b)

FIG. 15. Gauge-invariant hopping of fermions across Uð1Þ
gauge fields. (a) Horizontal hopping. This hopping only requires
a nearest-neighbor gauge-invariant hopping operation where
fermion operators are replaced with qubit operators. (b) Vertical
hopping. FSWAP networks are generalized by first SWAPing the
gauge-field modes at the same time as performing FSWAPs and
then applying the same operation as for the horizontal hopping on
the vertical bond. The gauge-field modes involved in the
horizontal hoppings are left unchanged.
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It is helpful to rewrite

Êj ¼ ðab†σþj þ a†bσ−j Þ=2; ð110Þ

F̂j ¼ iðab†σþj − a†bσ−j Þ=2: ð111Þ

Thus, we can now express the desired time-evolution
operator as

e−iθĤ ¼ e−iθD̂e−iθĈ

¼ e−iθŶiF̂je−iθX̂iÊj

¼ R0
i

�
−
π

2

�
CΠi;je−iθF̂CΠi;jR0

i

�
π

2

�

× R
π
2

i

�
−
π

2

�
CΠi;je−iθÊCΠi;jR

π
2

i

�
π

2

�
; ð112Þ

where RφðθÞ (a single transmon qubit rotation gate) and
CΠ gates are defined in Table II. This reduces the
problem of realizing four-body interactions to the more
manageable problem of realizing the three-body interaction
Hamiltonians—the latter being more natural to realize in
the circuit QED architecture given the primary source of
nonlinearity is the four-wave mixing property of Josephson
junctions. We derive one possible implementation of these
interactions in Appendix C.
Fermionic matter—dual rail. In this case, we must

implement a many-body gate that involves the two
Schwinger-boson modes representing the gauge fields
ai;j and bi;j, and the four modes composing the two
dual-rail qubits ci, di and cj, dj:

e−iθðĉ
†
i d̂iâ

†
i;jb̂i;jĉjd̂

†
jþH:c:Þ: ð113Þ

To implement such a gate, we use the BCH formula
synthesis methods presented in Sec. IV B 2 for pure
Uð1Þ gauge fields. In particular, we apply Eq. (52), where

we set eiX̂Ô1θ ¼ eðð−2ic
†
i dia

†
i;jbi;jþ2icid

†
i ai;jb

†
i;jÞ⊗2iXÞð−iθÞ2þOðθ3Þ

for which the compilation was shown in Eq. (82), and

we set eiŶÔ2θ ¼ e−iŶkðc†j djþH:c:Þθ. This process yields
unwanted terms, which we cancel using the Trotter formula
in Eq. (53) through use of the BCH formula with appro-
priate phases in the beam splitters.

V. QUANTUM ADVANTAGE PROPOSAL: GATE
COMPLEXITY AND COMPARISON TO

ALL-QUBIT ALGORITHMS

In this section, we analyze the gate complexity of our
qubit-boson Trotter approach. In particular, we discuss the
interplay of Trotter errors with errors introduced by some of
our compilation schemes. We first review the general
principles of Trotter error analysis. We then discuss a
particular Trotter implementation of the Z2-Higgs model

and Uð1Þ quantum link model and its error. While all
compilations are exact for the Z2-Higgs model, the
compilation of the magnetic-field term in the Uð1Þ quan-
tum link model (cf. Sec. IV B 2) introduces additional
errors. We therefore discuss the interplay of Trotter error
with this compilation error. While the following sections
focus on the asymptotic scaling of the whole Trotter
algorithm, we close with a comparison of the explicit gate
counts of a single Trotter step in our qubit-boson approach
to an all-qubit approach. For this purpose, we introduce a
qubit algorithm for simulating beam splitters between
bosonic modes.

A. General Trotter error analysis

We write the Hamiltonian as a sum of terms
Ĥ ¼ PΓ

γ¼1 Ĥγ . We first decompose the time evolution

exp ð−iĤTÞ until time T into r time steps of duration
t ¼ T=r, i.e., exp ð−iĤTÞ ¼ ( exp ð−iĤtÞ)r. An estimate
of the error

ϵTrotter ≡ k(SðtÞ)r − e−iĤTk ð114Þ

of a 2pth order Trotter formula SðtÞ as introduced in
Sec. I G is [239]

ϵTrotter ¼ O(
�X

γ
kĤγk

�
2pþ1 T2pþ1

r2p ): ð115Þ

The number of Trotter steps for a target Trotter error is
hence

r ¼ O(
�X

γ
kĤγk

�2pþ1
2p T

2pþ1
2p

ϵ
1
2p

Trotter
) ð116Þ

¼ O(
�X

γ
kĤγkT

�
1þ 1

2p

ϵ
− 1
2p

Trotter): ð117Þ

From this expression, we obtain the total number of gates as

Ngates;2p ¼ r5p−1Ngates;2p¼2 ð118Þ

¼ r5p−12
X
γ

Ngates;γ; ð119Þ

where Ngates;γ is the number of gates required for the
individual exponentials expð−iĤγtÞ. We used the fact that a
Trotter formula of order 2p requires 5 times the number
gates of a Trotter formula of order 2p − 2 when defined
recursively [239]. The second-order Trotter formula
requires twice as many gates as the first-order Trotter
formula. Finally, the number of gates required for the first-
order Trotter formula is the sum of the number of gates, Nγ ,
required for each exponential. In cases where the individual
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exponentials can only be synthesized with errors (depen-
dent on t), Ngates;γ contributes to the overall complexity.
Note that, in general, the complexity of Trotter formulas is
evaluated at fixed p. Hence, factors such as 5p−1 above are
dropped for estimating the asymptotic complexity in O
notation.
Approximating the Trotter error in terms of the norms of

the Hamiltonian terms overestimates the error because most
terms in many-body Hamiltonians commute with each
other. We therefore expect the Trotter error to be much
smaller in practice; see, e.g., Ref. [234] for a tighter
estimate for the ð1þ 1ÞD fermionic Uð1Þ quantum
link model.
Bosonic Hamiltonians have, in principle, an unbounded

norm and therefore naively exhibit an unbounded product-
formula error. However, in practice, infinitely high Fock
states are not occupied during the dynamics such that the
error stays bounded. In particular, in theUð1Þ quantum link
model, the spectral norm of bosonic operators is bounded
by

ffiffiffi
S

p
. Similarly, in the Z2-Higgs model, using an initial

state with a total number of N bosons in the system,
bosonic operators are bounded by

ffiffiffiffi
N

p
.

We detail specific Trotter decompositions of the Uð1Þ
quantum link model and Z2-Higgs model and their errors
next. We specify open boundary conditions on an L × L
square lattice and use the triangle inequality kĤ0 þ Ĥ1k ≤
kĤ0k þ kĤ1k as well as kaĤ0k ¼ jajkĤ0k. For bosonic
matter, we assume evolution within a sector of total boson
number N to estimate the Trotter error.

B. Trotter decomposition and gate complexity
of the Z2-Higgs model

The electric field and on-site interaction term commute
with each other such that we can choose

Ĥ0 ¼ −g
X
hi;ji

X̂i;j þ U
XL2

i¼1

n̂2i ; ð120Þ

where hi; ji indicates summation over the 2LðL − 1Þ bonds
on a square lattice with L2 sites. It follows from the triangle
inequality and kX̂ik ¼ 1, kn̂ik ¼ N in a fixed particle
sector with N particles that

kĤ0k ≤ 2gLðL − 1Þ þ jUjL2N2: ð121Þ

Next, we split the gauge-invariant hopping into four non-
commuting terms ξ ¼ 1, 2, 3, 4, where 1 (2) denotes the
even (odd) hoppings in the horizontal direction and 3
(4) the even (odd) hoppings in the vertical direction,
cf. Fig. 16(a). We write this case as

Ĥξ
1 ¼ −J

X
hi;jiξ

ðm̂†
i Ẑi;jm̂j þ H:c:Þ: ð122Þ

Next, we find km̂†
i Ẑi;jm̂j þ H:c:k ≤ 2km̂†

i kkẐi;jkkm̂jk ¼
2N, where we used the fact that km̂†

i k ¼ ffiffiffiffi
N

p ¼ km̂ik.
From here, we obtain

X4
ξ¼1

kĤξ
1k ≤ 4JNLðL − 1Þ; ð123Þ

where N ¼ 1 for fermions. Finally, we divide up the
plaquette terms into the two nonoverlapping checkerboard
patterns of the square lattice [cf. Fig. 16(b)], which we label
with ξ ¼ 1, 2, such that

Ĥξ
2 ¼ −B

X
i;j;k;l∈□ξ

ðẐi;jẐj;kẐk;lẐl;iÞ; ð124Þ

and from the triangle inequality,

X
ξ

kĤξ
2k ≤ BðL − 1Þ2; ð125Þ

where we used the fact that there are ðL − 1Þ2 plaquettes.
Inserting Eqs. (121), (123), and (125) into Eq. (117), we

find a number of Trotter steps given by

FIG. 16. Illustration of the Trotter decomposition. (a) Gauge-
invariant hopping, split into four components ξ ¼ 1, 2, 3, 4 such
that all terms within the component commute (b) Plaquette term.
We split the square lattice into two disjoint checkerboard patterns.
In both panels, the numbers correspond to the ξ indices.
(c) Illustration of the partition of time evolution until time T
into different sub-Hamiltonians. For the Z2-Higgs model
[Eqs. (120)–(124)], a further decomposition of Eq. (124) into
r□ evolutions under H□ is not necessary, but it is necessary for
Eq. (132) of the Uð1Þ quantum link model [Eqs. (128)–(132)].
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r ¼ O
�
ðð2gþ jUjN2 þ 4JN þ BÞL2TÞ1þ 1

2p
1

ðϵTrotterÞ
1
2p

�
;

ð126Þ

where N ¼ 1 and U ¼ 0 for fermionic matter.
In particular, we find that, for bosonic matter, the

interaction term dominates the error. If U ¼ 0, instead,
the hopping term is the leading source of error. For
fermionic matter, both hopping and field terms contribute
equally to the Trotter error.
All our compilations of the terms in the Z2-Higgs model

are exact and therefore Ngates;γ ¼ Oð1Þ. There are ðL − 1Þ2
plaquette terms on a square lattice. Therefore, we find that
the total number of gates is given by

Ngates;2p ¼ rðL−1Þ25p−12
X
γ

Ngates;γ

¼O
�
(ð2gþjUjN2þ4JN

þBÞL2T)1þ
1
2p

L2

ðϵTrotterÞ
1
2p

�
ð127Þ

for fixed p. Thus, for a large value of p andN ¼ Oð1Þ in L,
the number of gates approximately scales as L4, i.e., the
square of the total number of sites. This result makes sense
because of the number of terms in the Hamiltonian, which
is linear in the number of sites, and in our crude estimate,
the number of Trotter steps r for a certain target error is
linear in the number of terms in the Hamiltonian. We note
that, in most interesting situations, N ∝ L2, such that the
scaling in L will be higher; in particular, the on-site term
dominates the scaling with L in that case, i.e., approx-
imately L8 for large p. However, we expect this scaling to
be much improved when considering tighter bounds on the
Trotter error [239].

C. Trotter decomposition of the Uð1Þ quantum
link model

The electric-field and mass terms commute with each
other and between lattice sites. Hence, we choose

Ĥ0 ¼
g2

2

X
hi;ji

�
Ŝzi;j þ

τ

2π

�
2

þM
X
i

ð−1Þin̂i: ð128Þ

Using the fact that spin S operators fulfill kŜzk ¼ S and
kn̂ik ¼ N, from the triangle inequality, we obtain

kĤ0k ≤
g2

2
2LðL − 1Þ

�
Sþ τ

2π

�
2

þMNL2: ð129Þ

Furthermore, we split the gauge-invariant hopping in the
same way as for the Z2-Higgs model, i.e., into the two

checkerboard patterns of the square lattice, writing

Ĥξ
1 ¼

J

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp X

hi;jiξ
ðm̂†

i Ŝ
þ
i;jm̂j þ H:c:Þ: ð130Þ

Because kŜþk ¼ kŜ−k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp

, the S dependence of
the norms is canceled by the prefactors, and we find that

X
ξ

kĤξ
1k ≤ 2NJLðL − 1Þ: ð131Þ

Finally, akin to the Z2-Higgs model, we use the checker-
board decomposition of the plaquette term, which we
write as

Ĥξ
2 ¼

−1
4g2(SðSþ 1Þ)2

X
i;j;k;l∈□ξ

ðŜþi;jŜþj;kŜ−k;lŜ−l;i þ H:c:Þ:

ð132Þ

Again, there is no S dependence of the norm. Because there
are ðL − 1Þ2 plaquettes, the norm is

X
ξ

kĤξ
2k ≤

1

2g2
ðL − 1Þ2: ð133Þ

Inserting Eqs. (129), (131), and (133) into Eq. (117), we
find

r ¼ O(
��

1

2
g2S2 þMN þ NJ þ 1

2g2

�
L2T)

1þ 1
2p

×
1

ðϵTrotterÞ
1
2p

�
; ð134Þ

where we dropped some subleading contributions in S and
L. Again, N ¼ 1 for fermionic matter. For large S, we find

r ¼ O
�
(ðgSLÞ2T)1þ 1

2p
1

ðϵTrotterÞ
1
2p

�
: ð135Þ

Note that a further decomposition of the ĤðξÞ
n into terms

that only act locally yields no further Trotter error as the
constituent Hamiltonians commute with each other. For
example, exp ð−iĤξ

2tÞ ¼
Q

i;j;k;l∈□ξ
expf−i½t=4g2(SðSþ

1Þ)2�ðŜþi;jŜþj;kŜ−k;lŜ−l;i þ H:c:Þg with no error.
Contrary to theZ2-Higgs model, not all our compilations

are exact for theUð1Þ quantum link model. Specifically, the
magnetic-field term is compiled using the BCH formula;
hence leading to error dependent on the time step T=r.
Because Ngates;γ for the magnetic-field term contributes to
the overall gate count, we need to include this error in the
analysis, which is the topic of the following subsection.
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D. Gate complexity of the Uð1Þ quantum link model

We focus on the simulation of the pure gauge theory, i.e.,
only including electric and magnetic-field terms to make
the equations simpler to read. The gauge-invariant hopping
can be synthesized without error, and the Trotter error is, in
any case, dominated by the electric-field term for large S;
therefore, the analysis below generalizes trivially to the
Uð1Þ quantum link model with matter. We discuss the BCH
synthesis error encountered in the plaquette term and then
combine this with the Trotter error.
First, consider the error of the synthesis of a single

plaquette term, which we showed in Sec. IV B 2 to be given
by Oðg−5=2t5=4Þ. This error can be further reduced by
splitting the evolution in r□ steps of time t=r□ [cf. Fig. 16
(c)], yielding

ϵ□ ¼ r□Oðg−5=2t5=4r−5=4
□

Þ ð136Þ

¼ Oðg−5=2t5=4r−1=4
□

Þ ð137Þ

for the error ϵ□ to evolve under the Hamiltonian of a single
plaquette until time t. Solving for r□, we obtain

r□ ¼ O(ðg−5=2t5=4ϵ−1
□
Þ4) ð138Þ

¼ Oðg−10t5ϵ−4
□
Þ: ð139Þ

Because the BCH error depends on the time step t chosen in
the Trotterization scheme, r□ depends on the relation
chosen between the target Trotter error and the BCH error.
We make the choice that the total BCH error incurred to
synthesize all plaquette terms for all Trotter steps scales the
same as the Trotter error ϵTrotter. Because there are ðL − 1Þ2
plaquette terms in the magnetic-field Hamiltonian, and a 2p
Trotter formula calls the magnetic-field term 2 × 5p−1 times
in each of the r Trotter steps, this total error is given by

ϵBCH ¼ 25p−1rðL − 1Þ2ϵ□: ð140Þ

Solving this equation for ϵ□ and demanding ϵBCH ¼ ϵTrotter,
we find

ϵ□ ¼ O
�
ϵTrotter
rL2

�
: ð141Þ

Inserting this equation into Eq. (139), we find

r□ ¼ O
�

t5r4L8

ϵ4Trotterg
10

�
ð142Þ

¼ O
�

T5L8

rϵ4Trotterg
10

�
; ð143Þ

where in the second step we inserted t ¼ T=r.

There are OðL2Þ plaquette and electric-field terms in
each Trotter step. The electric-field term can be synthesized
with Oð1Þ gates, while the plaquette term requires Oðr□Þ
gates. Hence, the total gate complexity for implementing
the Uð1Þ gauge theory is given by

Ngates;2p ¼ O(rL2ð1þ r□Þ): ð144Þ

Inserting Eq. (135) for r and Eq. (143) for r□, we find

Ngates;2p ¼ O
�
L2

ðgSLTÞ1þ 1
2p

ðϵTrotterÞ
1
2p

þ T5L10

ϵ4Trotterg
10

�
; ð145Þ

where the first (second) term inside the brackets is the
electric-field (magnetic-field) contribution.
This expression shows that the contribution to the total

number of gates coming from the magnetic-field term (the
second term) is independent of the cutoff S. This result is in
contrast to qubit methods in the Fock-binary encoding,
where the contribution scales as OðlogðSÞÞ [238]. This
improvement comes at the cost of a high polynomial
scaling with ϵTrotter, T, and L. However, this scaling can
be systematically improved by using higher-order BCH
formulas in the synthesis of the magnetic-field term [236].

E. Gate-complexity advantage over all-qubit hardware

Here, we compare our hybrid qubit-boson compilation
to an all-qubit compilation by calculating explicit gate
counts in the qubit architecture for implementing single
Hamiltonian terms used in a Trotter decomposition.
For this purpose, we must first choose a mapping of

bosons to qubits. A number of different boson-to-qubit
mappings exist: the unary encoding [240], which is
wasteful in number of qubits but somewhat straightforward
for gate application; the Jordan-Lee-Preskill encoding for
phase-space-formulated bosonic Hamiltonians [241],
which is suitable for initial states that can be expressed
as a superposition of a small number of coherent states; the
Gray encoding, which requires minimal numbers of bit
flips when transferring between Fock states [240]; and the
binary encoding [242] of the Fock-state basis, which is
efficient in qubit count. See also Ref. [88] for a discussion
of the complexity of simulating bosons in gauge theories.
Here, we focus on the Fock-binary encoding, which is

the most efficient in terms of qubit number. For example,
Fock state j3i is encoded with cutoff 7 into three qubits,
such that j3i → j011i. The encoding of the state in the
binary requires n ¼ log2ðNmax þ 1Þd e qubits, where Nmax
is the maximum Fock state that can be accessed during the
simulation. The idea of our protocol is to entangle this
register with an ancilla qubit. The ancilla qubit stores the
relative amplitude of Fock states 2j and 2jþ 1 such that a
single-qubit gate on the ancilla implements an operation on
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this subspace. The simpler case of a displacement is
discussed in Sec. VIII of Ref. [57].
One severe limitation of simulating bosonic operations

with qubits is the prefactor coming from the action of the
creation and annihilation operators: â†jki ¼ ffiffiffiffiffiffiffiffiffiffiffi

kþ 1
p jkþ

1i and âjki ¼ ffiffiffi
k

p jk − 1i, where jki is the Fock state. In the
following, we discuss three methods to apply them: by
brute-force decomposition of the whole 2n × 2n gate
unitary into qubit gates using any of the above encodings,
by including them as phases in the one-hot representation
of the Fock basis, or by direct application of the square
roots by either calculating them on the fly using arithmetic
or by explicitly applying a Fock-state-dependent phase.
First, we discuss brute-force decomposition of bosonic

unitaries into two- and single-qubit gates. This case would
naturally include the square-root values, but brute-force
decomposition of arbitrary-sized unitaries has an exponen-
tial scaling in n making exact decomposition intractable for
n≳ 5 [243]. For small systems, the best-known upper
bound for a brute-force decomposition of a six qubit gate,
e.g., a beam-splitter matrix between two modes with cutoff
Fock state 7 encoded in the binary, yields 1783 two-qubit
gates [243]. At a two-qubit gate error of 10−6 (believed to
be only possible with error correction), 1783 gates results in
approximately 99.8% fidelity for one beam splitter. By
contrast, a circuit QED beam splitter can be implemented
for Fock state 7 with fidelity 99.9% according to the
Lindblad calculation in Appendix H, which uses currently
demonstrated mode and qubit lifetimes. Hence, non-error-
corrected circuit-QED beam splitters are on par with error-
corrected qubit-only beam splitters. While this finding
relies on the worst-case upper bound for brute-force gate
decomposition of the beam splitter, the currently best-
known schemes still use hundreds of CNOT gates
(cf. Fig. 17) [56] and even thousands for cutoffs greater
than 7.
Second, the one-hot encoding enables precalculation of

the square roots because it pre-attributes a value to each
individual qubit and can therefore assign gates with specific
phases to each of them. The number of qubits scales
linearly with the Hilbert space cutoff, in contrast to the
binary encoding, which scales logarithmically. Thus,
because a bosonic gate such as the beam splitter changes
the state of all qubits encoding a mode, the number of gates
also scales at least linearly. As a result, the best-known
algorithm for a beam splitter between two modes of cutoff
j7i [56] takes around the same number of gates as the brute-
force decomposition, even when using further gate opti-
mizations through compilation, which are not scalable to
large qubit numbers.
In the following, we introduce two new methods for time

evolving under the beam-splitter Hamiltonian using the
Fock-binary encoding in qubits. They are fully scalable in
the cutoff and therefore also allow asymptotic scaling
analysis. Our two methods are discussed in detail in

Appendix D; we provide an overview here. Both methods
rely on a splitting of the beam-splitter matrix into one-
sparse components, which are then implemented using a
helper qubit. Because these components do not commute,
in general, a Trotter scheme is used to guarantee preci-
sion ϵ.
One method calculates the square roots appearing from

the action of the creation and annihilation operators in situ,
using the quantum computer to calculate them on the fly,
and the other method precalculates them and applies them
as gate angles. It may sound more efficient to avoid the
complex calculation of a square root and simply apply it as
part of the gate angle. However, if the square root is to be
applied as the angle of a gate, the state must undergo much
testing to check which square root is appropriate. This
process requires a circuit depth proportional to the number
of Fock states in order to check each one and apply the
correct square root, which is K2 for a beam splitter
acting on two modes. This approach leads to a number
of CNOT gates for a single application of the beam-
splitter exponential (without Trotter), which scales as
O(N2

maxlog2ðNmaxÞ). Now, taking into account the appli-
cation of a (2p) Trotter formula [244] to reduce the error
arising from the noncommutativity of the terms into which
we break down the beam-splitter exponential, we find that,

asymptotically, this method scales asO(N
3þ 1

2p
max log2ðNmaxÞ).

By contrast, to calculate the square roots in situ with
Newton iterations [121], one first calculates the inverse
square root using Newton iterations and then multiplies
the result with the initial value to obtain the square root.
This method results in NCNOT=SQRT ¼ ð270mþ 126Þn2 þ
ð228mþ 96Þn − 12m gates per square-root calculation

FIG. 17. CNOT gate counts for implementing a beam splitter.
Comparison between mappings of bosonic modes to qubit-only
hardware. Binary precalculated (α ¼ 1; ϵ ¼ 10−3; p ¼ 2) and
binary in situ (α ¼ 1; ϵ ¼ 10−3; p ¼ 2) are methods for mapping
a beam splitter which are developed in this work (see Appen-
dix D). Brute-force decomposition results are known for up to
six-qubit matrices [243], and all methods indicated with a * on
the label are from Ref. [56].
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[121], where n ¼ log2ðNmaxÞ is the number of qubits
required to represent the maximum Fock state in binary
and m is the number of Newton iterations required for a set
precision. As Newton’s method converges quadratically,
m ¼ 2 or m ¼ 3 is usually sufficient to obtain errors less
than 10−4 [121]. For a single exponential (without Trotter),
this method scales as O(log2ðNmaxÞ2). Taking into account
the (2p) Trotter formula to reduce the error from the
noncommutativity of the terms into which we break down
the beam-splitter operation, we find that, asymptotically,
our method scales as

O(N
1þ 1

2p
max log2ðNmaxÞ2); ð146Þ

assuming that, for large Nmax, the scaling of the number of
Newton iterations,m, is independent of Nmax. Surprisingly,
this scaling is far more optimal than the precalculation of
the square roots. However, despite being among the best
asymptotic methods for simulating bosonic modes with
qubits, to our knowledge—prior methods for which we can
find asymptotic CNOT gate counts areO(N2

maxlog2ðNmaxÞ)
[56]—it remains far from the naive assumption of loga-
rithmic scaling for the binary encoding due to the Trotter
formula used to reduce the error of the noncommuting
terms into which the large Hilbert space operator is broken
down into.
The two methods are compared in Fig. 17. Note that, for

small cutoffs, it is advantageous to precalculate the square
roots and check which one to apply because the prefactors
for calculating them in situ are so large. We also note a
more recent work, which may provide more optimal gate
counts (no CNOT gate counts provided) [245]. Therefore,
at least when using a naive arithmetic approach, the square-
root requirement leads to a large overhead of thousands of
CNOT gates.
We now calculate the number of CNOT gates required to

perform a single Trotter step of the Z2-Higgs model in
ð1þ 1ÞD on all-qubit hardware using the Fock-binary
encoding, keeping the gauge fields. We do not consider
the magnetic-field term that appears in higher dimensions.
However, for Z2 gauge fields that can be mapped to qubits,
the qubit-only and the qubit-boson circuits to implement
this term will be the same. Therefore, no additional Fock-
binary gate count calculation or comparison would need to
be made in higher dimensions for this model. The CNOT
gate count originates from expressing the gauge-invariant
hopping term of the bosonic matter in the qubit represen-
tation because the electric-field term for Z2 gauge fields
corresponds only to single qubit gates (see Sec. IVA 1). We
do not treat the bosonic Hubbard on-site interaction;
however, it could be implemented by imprinting the phase
in the binary with a small (polylog in Nmax) overhead. The
gauge-invariant hopping corresponds to a qubit-conditional
beam-splitter term. We convert this term to an all-qubit

circuit using the Fock-binary encoding for which the gate
counts are explained in Appendix D.
In Fig. 18, we compare gate counts for theUð1Þ quantum

link model and Z2-Higgs model in both types of hardware;
the asymptotic scalings are summarized in Table VIII. The
jumps in the qubit-only lines are due to the logarithmic
scaling of the qubit register required to represent increasing
Hilbert space cutoffs. The Uð1Þ quantum link model in
ð1þ 1ÞD corresponds to the Schwinger model, for which
we report the number of CNOT gates required for one
Trotter step to be NCNOT=Uð1Þ ¼ 9n2 − 7nþ 34 [234]. In
comparison, the number of entangling gates required to
implement these models in hybrid qubit-boson hardware is

Oð1Þ: ð147Þ

FIG. 18. Advantage of hybrid qubit-boson hardware over qubit-
only hardware for the simulation of gauge theories, assuming
simplistic qubit circuit construction. Entangling gate count as a
function of single-site Hilbert space cutoff (upper plot) and circuit
fidelity as a function of entangling gate fidelity (lower plot) for
the ð1þ 1ÞD Z2-Higgs model (dotted lines) and Uð1Þ quantum
link model (referred to as the Schwinger model—solid lines)
including gauge fields for qubit-only hardware (red) using the
Fock binary encoding compared to hybrid qubit-boson hardware
(blue) for one Trotter step for two matter sites. The qubit Z2-
Higgs model requires square roots that are calculated with two
Newton iterations. Gate counts are reported in the text; we count
CNOT gates for all-qubit hardware and CΠ for hybrid qubit-
boson hardware (single qubit gates and beam splitters are
assumed to be ideal). We set the Hilbert space cutoff to be equal
to the number of sites in the system. Trotter error is not taken into
account in the circuit fidelity as it will be the same for circuits
considered here.
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The number of conditional parities CΠ required for the Z2-
Higgs model and Uð1Þ quantum link model is

NCΠ=Z2
¼ 2; ð148Þ

NCΠ=Uð1Þ ¼ 8: ð149Þ

Finally, we consider the corresponding circuit fidelities
for the execution of one Trotter step for a system size of two
sites. This consideration is of utmost importance in the
NISQ era where entangling gate fidelities rarely reach
above 99.99% [228]. In the fidelity calculation, we assume
single qubit gates and beam splitters have ideal fidelity. We
plot the circuit fidelity with regards to the entangling gate
fidelity, which, in the all-qubit case, corresponds to the
CNOT gate fidelity and, in the hybrid qubit-boson case, to
the CΠ fidelity. Both types of hardware are based on the
same qubit-boson circuits and will therefore encounter the
same Trotter error (the bosonicZ2-Higgs model mapping is
exact). Therefore, Trotter error is not taken into account in
the circuit fidelity.
In the fault-tolerant era, ideal fidelities can only be

approached with large distance codes, which directly
increase the space-time volume of the computation.
Therefore, even in the fault-tolerant era for all-qubit
hardware, entangling gate fidelities will be of concern,
and non-error-corrected hybrid qubit-boson hardware may
provide advantages. This case is especially true considering
the extremely large circuit depths required when mapping
gauge fields or bosonic modes to qubits. In the case of the
Z2-Higgs model that contains bosonic matter, the square-
root factors lead to the requirement for extremely high-
fidelity operation of a qubit-only device, unless we see
substantial algorithmic improvements in arithmetic. In this
case, the experimental improvements in hybrid qubit-boson
hardware may enable progress to be made on bosonic
models even in relatively large system sizes such as the
ones presented here. Conversely, however, we must note
that the harmonic approximations used for native bosonic
hardware may break down if large occupation cutoffs are

required. For these reasons, this work suggests the exist-
ence of a regime of advantage, but experimental and
algorithmic realities need to be considered in greater detail
to verify this advantage.
These results suggest that, for Trotter-based simulations,

an advantage may be seen for hybrid hardware; however, a
full comparison of qubit to qubit-boson devices is chal-
lenging to make. First, a full comparison between the two
requires that we compare the best implementations of the
best algorithms for both hardware in an agnostic fashion.
This comparison is especially significant because alter-
native methods of simulation, such as qubitization or LCU
[246,247], do not require square roots at the price of an
increased number of ancillary qubits. A full comparison
would need to consider optimized versions of all available
algorithms for both hardware platforms. Second, a more
detailed discussion of the approximation errors incurred in
the approaches (such as the large S limit or the use of BCH
approximations and the different errors in the Trotter
formula based on the form of the Hamiltonian) is needed
to properly compare different approaches. For these rea-
sons, we cannot claim that this work suggests a universal
advantage for simulating Z2 or Uð1Þ LGTs, but it does
strongly suggest advantages are likely to exist in certain
regimes, and subsequent work is needed to understand the
shape and size of these regions of advantage.

F. Prospect for quantum advantage

In this section, we present a small-scale bosonic problem
that would be extremely challenging to simulate using
classical numerical methods as well as qubit methods. It
contains large boson number fluctuations, which require a
large on-site Hilbert space cutoff D. Examples of similar
problems in socially relevant areas of physics and chem-
istry are discussed in Sec. I D.
We propose simulating a large Trotter step quantum

dynamics with large boson fluctuations as an example
problem. The total Hilbert space dimension is given by DL

such that ten bosonic sites with a D ¼ 20 cutoff already
exceeds the Hilbert space of the largest qubit simulations of
around 40 qubits possible using exact diagonalization. The
nonexact TEBD algorithm, the most efficient tensor-net-
work time-evolution algorithm for short-range 1D systems,
scales like LD2χ3 [99], where χ is the bond dimension.
Thus, far fewer sites are necessary to hit the boundaries of
such classical simulations for large D than for qubits:
Assuming a constant bond-dimension simulation, a single
site for D ¼ 20 incurs the same cost as 100 qubit sites.
To go beyond asymptotic scaling, i.e., find the system

size at which classical TEBD numerics are practically
challenging, we study a one-dimensional Z2 lattice gauge
theory with initial state j0þ 0þ…0þ 16þ 16þ 0þ
0þ 0i, i.e., 16 bosons on two neighboring sites in the
middle of the system and qubit sites initialized in jþi ¼
ðj0i þ j1iÞ= ffiffiffi

2
p

in between the boson sites. This initial state

TABLE VIII. Asymptotic scaling of the number of entangling
gates with Hilbert space cutoff for one Trotter step in qubit-only
and hybrid qubit-boson hardware in ð1þ 1ÞD for the Z2-Higgs
model with bosonic matter and the Uð1Þ quantum link model
(referred to as the Schwinger model), keeping the gauge fields.
Note that Nmax is the maximum Fock state at each bosonic matter
lattice site or the spin length leading to a Hilbert space cutoff of
2Nmax þ 1. The decay time of the bosonic modes increases
linearly with Fock state in hardware.

Qubit (Fock-binary) Qubit-boson

Z2-Higgs model OðN3
2
max log2ðNmaxÞ2Þ (p ¼ 1) Oð1Þ

Schwinger model Oðlog2ðNmaxÞ2Þ [234] Oð1Þ
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is motivated by a bunching phase recently discovered in
the lattice gauge theory [248] when the electric-field
strength dominates the hopping and the hopping dominates
the on-site interaction. We then evolve by alternating
between layers of exp½−iðπ=4ÞẐi;iþ1ðâ†i âiþ1 þ H:c:Þ� and
exp½−iðπ=4ÞX� gates, where â is the bosonic destruction
operator, simulating a Floquet-type quantum simulation,
i.e., a large Trotter step time evolution. We choose a Hilbert
space cutoff ofD ¼ 20 and L ¼ 20 boson sites and L ¼ 20
qubit sites. Because of the Gauss law constraint present in
the gauge theory, the qubit state is completely fixed by the
bosonic state, and therefore the total Hilbert space dimen-
sion is equivalent to the 32 boson number sector on 20 sites,
which is ð32þ20−1

19
Þ ≈ 246. Thus, exact sparse matrix simu-

lation is not possible.
We show the loss of norm 1 − hψ jψi as a function

of the number of Trotter steps in Fig. 19 to determine the
number of Trotter layers at which TEBD fails. The norm is
an upper bound for the global fidelity jhψ jψ exactij2
of the simulation by the Cauchy-Schwarz inequality
jhψ jψ exactij2 ≤ hψ jψihψ exactjψ exacti ¼ hψ jψi, where we
use the fact that the exact state is normalized,
hψ exactjψ exacti ¼ 1. We find that three Trotter steps suffice
to push the fidelity below 90% for a bond dimension of
400. This finding is an extremely small number of viable
steps, furthermore requiring nearly a day of simulation time
on a single CPU.
In order to provide a fidelity of the time-evolved state

simulated on an existing, near-term or state-of-the-art
qubit-boson processor, we need to have an idea of the

fidelities of a conditional-parity gate and a beam-splitter
gate for the higher Fock states, such as j20i, which will
occur in the bunching phase. The fidelity estimates of these
gates at high Fock states varies because mode decay
increases linearly with Fock state; i.e., if j1i has a decay
time of 1000 μs, j20i has a decay time of 50 μs. Therefore,
we implement a Lindblad calculation that includes photon
jump operators, such as decay and dephasing for the qubit,
and decay (dephasing has been shown to be negligible) for
the cavity modes. The results of these calculations are given
in Appendix H. We find that, using currently achievable
mode and qubit decay times, high fidelities are possible
even for those high Fock-state cutoffs.
In passing, we note that the transmon qubits are the

leading cause of noise in the simulations due to their much
shorter decay time than the cavities. Therefore, including
error correction for the transmons could help solve this
challenge. On the other hand, developing error-suppression
methods for digital bosonic modes is an active area of
research [109–118]. Further methods to explore include
advanced error mitigation strategies, such as probabilistic
error cancellation, zero-noise extrapolation, readout error
mitigation, learning-based mitigation, purity constraints, or
approaches to mitigate parasitic gates.
In Fig. 19, we show the expected global fidelity of

simulating dynamics of the bosonic Z2 lattice gauge theory
in the bunching phase using these calculated non-error-
mitigated qubit-boson gate fidelities.
Remarkably, we find that, already in a window as small

as 5–10 Trotter steps, the qubit-boson quantum computer
will outperform the classical TEBD simulations using only
moderate improvements in gate and coherence times over
currently demonstrated ones. This finding is surprising
considering that such shallow 1D circuits are usually easily
classically simulable for qubit NISQ gate fidelities, and it
shows strong promise for noisy qubit-boson hardware to
reach quantum advantage very soon for relevant problems
in physics and chemistry—which may even be challenging
on qubit quantum computers. Indeed, for qubit-only quan-
tum computers to simulate this problem, we would require
a factor of around 1000 larger two-qubit gate count
(cf. Fig. 17), meaning that only highly error-corrected
qubit quantum computers could reach the fidelities achiev-
able by uncorrected qubit-boson quantum computers.
It may be possible to create a better tensor-network

algorithm. For example, we have not used the QR-basedD2

algorithm from Ref. [99] but instead the SVD algorithm
from iTensor, which scales like D3; in addition, our CPU-
based implementation is far inferior to current GPU
approaches. However, the bond dimension needed to
simulate this problem increases so rapidly with the number
of Trotter steps that, from extrapolations of our results
shown here, we expect that, to reach 90% fidelity for five
Trotter steps, bond dimensions in excess of current GPU
records of about χ ¼ 10000 [99] are necessary, meaning

FIG. 19. Crossover to quantum advantage for long time
evolution of the Z2 lattice gauge theory. For multiple Trotter
steps, each with a long time step, the entanglement growth is
challenging for the classical MPS (red, bond dimension 400, one-
day simulation time, fidelity proxy is TEBD loss of norm) while
noisy hybrid qubit-boson hardware (blue) maintains higher
fidelity (fidelity proxy is circuit infidelity, gate fidelity predictions
include photon loss and dephasing, single-qubit gates are
assumed ideal; near term: fBS ¼ 0.999; fCΠ ¼ 0.99, long term:
fBS ¼ 0.9999; fCΠ ¼ 0.999). For all-qubit architectures, one
Trotter step of this simulation with the best current method
would require more than 105 entangling gates.
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that a classical simulation of this problem seems out of
reach, at least for these methods. Very recently, a functional
MPS method has been proposed that simulates bosonic
modes with certain input states more natively [249], but its
performance for qubit-boson circuits is unclear.
We compare our results with TEBD, which, to our

knowledge, is the most efficient known state-vector-based
algorithm for 1D quantum systems. It is an open research
direction to explore whether Heisenberg picture methods
(e.g., displacement propagation [250]) might yield better
results for qubit-boson systems. Note, though, that a
method based on non-Gaussian state simulation would
generally incur exponential cost in the number of non-
Gaussian gates. Nevertheless, it has been shown that, in
certain cases, non-Gaussianity can actually make noisy
simulations easier. Whether that remains true for the
simulation under study is a potential avenue for future
research.
We do not include other sources of noise, most impor-

tantly, Kerr and cross-Kerr terms (i.e., nonlinearity of the
oscillator) in our simulations, which could alter the
advantage claims here. However, when models including
nonlinearities are the simulation target (e.g., the Z2-Higgs
model studied in Ref. [248] or the Bose-Hubbard model),
the presence of these terms would even be beneficial as they
would not have to be synthesized. Note that it is challeng-
ing to reach the low-nonlinearity regime in pure transmon
implementations; see, e.g., Ref. [251].
Finally, 1D is probably the “easiest” choice for classical

simulations. We generalized digital qubit-boson circuits to
2D terms in Secs. III and IV, and we expect 2D circuits to
be even harder for classical simulation.

VI. MEASUREMENTS, ALGORITHMS, AND
NUMERICAL BENCHMARKS

In the previous sections, we have introduced all of the
necessary compilation methods to simulate both the Z2-
Higgs model and Uð1Þ quantum link model (with either
bosonic or fermionic matter) in ð2þ 1ÞD. As an explicit
demonstration of these compilation methods in practice, in
this section, we apply them to the ð1þ 1ÞD variants of
these two models. In particular, we present schemes to
measure short- and long-range observables, and near-term
(Trotter and variational approaches) and longer-term (quan-
tum signal processing) algorithms for dynamics and
ground-state preparation, which we benchmark numeri-
cally. In particular, to enable approximate ground-state
preparation using the VQE approach, we show how to
measure the expectation value of the Hamiltonian. We also
develop an ancilla-free method for using postselection on
the Gauss law gauge constraint for partial error detection.
We use Bosonic Qiskit for our simulations [77]. Each

mode is represented with log2ðNb þ 1Þd þ1e qubits, with
Nb the total number of bosons in the system (which is
conserved for our Hamiltonians), in order to make sure that

the commutation relation for the truncated mode operators
obeys ½a; a†� ¼ 1 within the accessible Hilbert space. We
also include single-qubit amplitude and phase damping
error channels using Qiskit Aer [252] and neglect photon
loss and dephasing of the cavities. For transmon qubits,
T2 ∼ T1 [196]. In tantalum transmons, it was shown that
T1 > 500 μs is possible [196]; however, we choose a
conservative value of T1 ¼ T2 ¼ 200 μs [195], which
implies a pure dephasing time of Tϕ ¼ ðð1=T2Þ −
½1=ð2T1Þ�Þ−1 ¼ 400 μs. Cavities have very little dephasing
and photon loss times exceeding 1 ms [187], and most of
our numerical examples do not access high Fock states,
which justifies us neglecting these processes.
This section is structured as follows. In Sec. VI A, we

discuss the ð1þ 1ÞD variants of the Z2-Higgs and Uð1Þ
quantum link models, their physics, and challenges in
previous approaches to solve them. In Sec. VI B, we
investigate time dynamics, numerically benchmarking a
simulation on the Z2-Higgs model while including the
dominant source of noise. In Sec. VI C, we show that
ground states of these models can be prepared using a
VQE, for which we introduce an optimization technique
better adapted to noise. In Sec. VI D, we analyze in detail
how to mitigate the influence of shot noise and
decoherence. In Sec. VI E, we show how to measure
observables relevant to identifying phase transitions, such
as the pair gap, the superfluid density, and the string-order
correlator with respect to the VQE ground states. In
Sec. VI F, we present a perspective on how to implement
a ground-state preparation technique with provable success
probabilities, known as quantum signal processing.

A. Models and physics

To begin, we present the two models that we use for
explicit demonstration throughout this section: the Z2-
Higgs model containing bosonic matter sites and the Uð1Þ
quantum link model containing fermionic matter sites, both
in ð1þ 1ÞD (see Fig. 20). These models are special cases of
the more general LGT Hamiltonians presented in Sec. I E;
we discuss the details and implementation of each below.
In particular, we can use the architectures presented in
Figs. 4(c) and 4(d) for one spatial dimension by winding a
“snake” pattern through the square lattice. Thus, every
cavity and qubit represents either a gauge field or mat-
ter site.

1. Z2-Higgs model

The Z2 lattice gauge theory was introduced by Wegner
[167] as a simple model showing signatures of confinement
and deconfinement at the critical point [168], making it an
ideal test bed for early testing of novel methods for LGT
simulations. In two spatial dimensions in the absence of an
electric field, its ground state encodes a spin-1=2 degree of
freedom and can therefore be used for quantum error
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correction [169,170]. The Z2 lattice gauge theory with
bosonic matter is reminiscent of the Higgs sector coupled to
the non-Abelian SUð2Þ electroweak gauge sector (Wand Z
bosons) of the ð3þ 1ÞD standard model of particle physics
with the two simplifications of a lower dimensionality and a
Z2 gauge field instead of the non-Abelian SUð2Þ electro-
weak gauge fields. The Hamiltonian in ð1þ 1ÞD is written
as follows:

ĤZ2
¼ −g

XL−1
i¼1

X̂i;iþ1 þ U
XL
i¼1

n̂2i

− J
XL−1
i¼1

ðâ†i Ẑi;iþ1âiþ1 þ H:c:Þ; ð150Þ

where the symbols are the same as described in the
Introduction (see Sec. I E) and L is the number of sites
in the chain.
The Z2 model in ð1þ 1ÞD in the hardcore boson limit

U → ∞ has previously been investigated in depth [253],
revealing intriguing phase transitions between insulating
and Luttinger liquid phases [168,254]. A digital simulation
of this model for hardcore bosons has been performed in
Ref. [49]. A basic building block of two matter and one
gauge-field site has been implemented in an experiment

with ultracold atoms in a Floquet approach [27]. However,
this approach is challenging to generalize away from the
single-particle limit in the presence of on-site interactions
U due to Floquet heating, which is important when
considering parameter regimes away from the hardcore-
boson limit. Our digital implementation enables a fully
flexible study of this model, including regimes away from
the hardcore limit. While here we focus on the implemen-
tation aspects of the model, enabling a study away from the
hardcore boson limit, we study its physics and phase
diagram in a separate publication [248].

2. Uð1Þ quantum link model

The Uð1Þ quantum link model constrained to ð1þ 1ÞD
and fermionic matter [175–179] reads

ĤUð1Þ ¼
g2

2

XL−1
i¼1

�
Ŝzi;iþ1 þ

τ

2π

�
2

þM
XL
i¼1

ð−1Þiĉ†i ĉi

þ J̃
2S

XL−1
i¼1

ðĉ†i Ŝþi;iþ1ĉiþ1 þ H:c:Þ; ð151Þ

where, compared to Eq. (3), the definition of J differs by
J̃ ¼ J=2 and we set

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp

→ S in the denominator of
the hopping term; i.e., we consider the limit S → ∞.
This model can be connected to a continuum field theory

by introducing a lattice spacing a by J → J=a and g →
g

ffiffiffi
a

p
and taking the limit a → 0.

This model shares many properties with quantum
chromodynamics in ð3þ 1ÞD—chiral symmetry breaking,
confinement, a Uð1ÞA quantum anomaly, and a topological
τ term—which gives rise to a nontrivial topological vacuum
structure [171,172]. Because of the sign problem, this τ
dependence of the model cannot be studied with quantum
Monte Carlo methods. One possible way to circumvent the
sign problem is using the tensor network (TN) approach, in
particular, matrix product states (MPS) in ð1þ 1ÞD. Using
MPS, the spectrum of the Uð1Þ quantum link model has
been computed, and the model has been studied at nonzero
temperature and nonzero chemical potential, and with a
nonzero τ term [181–183,255,256] (see Ref. [257] for a
review). In particular, Refs. [181,182] studied the first-
order phase transition at τ ¼ π, in which the CP symmetry
is spontaneously broken. The first-order phase transition
line terminates at a second-order critical point [181,182].
This model has been extensively simulated in supercon-
ducting qubits [44–48,51,258].
Despite these successes in studying sign-problem

afflicted regimes with TN, this approach has several
limitations. First, highly entangled states such as those
with volume-law entanglement can occur in the evolution
after a quench or in thermal states, and they cannot be
efficiently described using matrix product states [101], the
most widely used TN. This limitation is particularly

(a) (b)

FIG. 20. Illustration of the lattice gauge theories considered in
Sec. VI. (a)Z2-Higgs model. Bosonic matter (blue) is represented
by bosonic modes on the sites, whereas a qubit represents the
gauge field on the links (gray). The gauge-invariant coupling
between the two (green) hops a boson from one site to a
neighboring site and phase flips the qubit on the link (by acting
with Ẑ). The electric-field term acts on the qubits with X̂. Here,
ĤF, ĤM, and ĤFM are the first, second, and third terms in
Eq. (150), respectively. (b) Uð1Þ quantum link model. Matter
sites are represented by qubits, and the gauge fields on the links
by a pair of bosonic modes realizing the Schwinger-boson
encoding. An example of their occupation number is illustrated
with a thick line; the occupation number increases towards the top
or bottom for the top or bottom mode. The value of the electric
field is the difference in occupation between the constituting field
modes (thick black line). The gauge-invariant hopping (red)
exchanges an excitation between two neighboring qubits while
incrementing or decrementing the gauge field (equivalent to
transferring a boson from one of the composing modes to the
other). A Ẑ term on each matter qubit with opposite sign
represents a staggered mass. Here, ĤE, ĤM, and ĤEM are the
first, second, and third terms in Eq. (151), respectively.
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apparent in multistage thermalization dynamics such as
after instabilities [259]. Second, the computational cost of
TN algorithms increases with increasing dimensionality of
the lattice field theory under consideration. For MPS, a
particular kind of one-dimensional TN, the leading-order
computational cost of the variational ground-state optimi-
zation in the case of open boundary conditions scales as
OðD3

bÞ [102–104], where Db, called the bond dimension,
indicates the tensor size in the MPS. For the generalization
to ð2þ 1ÞD, called projected entangled pair states (PEPS)
[260], computational costs can scale up to OðD10

b Þ [105].
These costs are still polynomial in the bond dimension but
substantially limit the values of Db that can be reached in
practice. There have been TN studies of gauge theories in
ð2þ 1ÞD and ð3þ 1ÞD [261–263], but designing efficient
TN algorithms in higher dimensions remains a fundamental
challenge.
For this Hamiltonian [Eq. (151)], Refs. [182,264]

explored whether the gauge degrees of freedom can be
efficiently represented with finite-dimensional systems. For
intermediate values of the coupling, g

ffiffiffi
a

p
∼ 0.1, Ref. [264]

demonstrated that the results converge rapidly, implying
that a reasonable accuracy can be obtained even with small
cutoffs Nmax of the gauge-field truncation. To be more
precise, the truncated Uð1Þ quantum link model yielded a
fast convergence to the exact ground state for Nmax ranging
from 3 to 9, reaching subpermille precision in the energy
density for Nmax ¼ 9 [264]. However, when approaching
the continuum limit, g

ffiffiffi
a

p
→ 0, the increasing electric-field

fluctuations require an increasingly large number of states
and therefore an increasingly large (up to exponentially
large) cutoff, which strongly motivates applying hybrid
qubit-boson quantum devices to Uð1Þ lattice gauge theory.

B. Dynamics

To illustrate the power of our digital approach to qubit-
boson quantum simulation of lattice gauge theories, we
show that some gauge-constraint-induced dynamics can be
observed in near-term noisy hardware. Here, we focus on
the Z2-Higgs model for U ¼ 0.
We first need to prepare an initial state of interest. As

discussed in the exposition of the cQED platform in
Sec. I F, it is straightforward to prepare the modes in a
product state of Fock states. We consider a L ¼ 5-site chain
prepared in the states jψ0i ¼ j00100i and jψ1i ¼ j00200i.
The limitation to five sites is not restrictive for short
timescales; because the interactions are short-range, exci-
tations spread with a finite velocity, and as long as the “light
cone” does not reach the boundary, the results obtained
here are the same as in a larger system. The qubits
representing the Z2-Higgs model gauge fields must then
be initialized according to Gauss’s law, which requires
consistency between the qubits and the parity in each mode:
Choosing the leftmost gauge-field qubit to be in jþi and the
sites to be in Fock state j00100i, the gauge-field qubits

situated on the links between the bosonic sites need to be
initialized in jþ þ −−i. Likewise, for bosonic sites in
j00200i, the corresponding gauge-field state is jþ þ þþi.
The fact that the state of the gauge fields is fully determined
by the state of the sites shows us that the gauge fields could
be integrated out, which is usually the case for lattice gauge
theories in ð1þ 1ÞD. The reverse is not true, however: The
state of the gauge fields does not fully determine the state of
the bosonic sites, only their parity. This finding is in con-
trast to hard-core bosons, where the parity fully determines
the occupation number [168]. See also Ref. [265] for a
more in-depth consideration of these dynamics in the
context of hybrid simulation in trapped ions.
We evolve the initial states jψ0i and jψ1i under the Z2-

Higgs model with U ¼ 0 Using even a first-order
Trotterization e−iĤZð2Þt ≈ ðÛ1Û2Þr and time step Δt ¼ t=r
with

Û1 ¼
YL
i

eþigX̂i;iþ1Δt; ð152Þ

Û2 ¼
YL−1
i¼1

eþiJẐiðâ†i âiþ1þâiâ
†
iþ1

ÞΔt: ð153Þ

In Sec. IV, we have discussed how the time-evolution
operator for the individual Hamiltonian terms in Eq. (150)
can be implemented using native gates in our proposed
architecture.
At the end of the simulation, we measure the state of the

qubits and modes. The measurement of the mode occupa-
tions are carried out bit by bit in a binary representation, by
first mapping the boson number parity onto the qubit using
an SQR gate, making a midcircuit measurement, resetting
the qubit, measuring the super-parity, and so on, as has been
demonstrated experimentally [144,211]. This process
requires a circuit with a depth that is logarithmic in the
maximum boson occupation cutoff. If the qubits represent-
ing the gauge fields are read out first, they can be reused to
iteratively read out the Fock state of the cavity mode to
which they are dispersively coupled.
To show that these dynamics can be probed in near-term

hardware, we implement the ð1þ 1ÞD gate sequences
in Bosonic Qiskit [77,266], assuming an implementation
in which the Z2 gauge fields are encoded in transmons. In
order to simulate the dynamics in the presence of the noise,
we need to specify the gate durations that we assume for the
potential experimental implementation using the hardware
in Sec. I F. We assume a value of χ ≈ 2π × 3 MHz for the
dispersive interaction strength. The duration of each Trotter
step is then dominated by the conditional beam-splitter
operation, which is on the order of 0.43 μs, consisting of
two conditional-parity gates, which take T ¼ π=χ ≈ 167 ns
each, and one beam splitter, which has a duration on the
order of 100 ns [91,217]. Single qubit gates take on the
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order of 10 ns. The Trotter step size in our numerical
simulation, Δt ¼ 0.1=J, is chosen to be small enough to
recover the expected physical behavior in comparison to
exact diagonalization. We choose 1000 shots per circuit,
which leads to both low shot-noise errors and a realistic
experimental runtime: Because each Trotter step has depth
2, a depth-1 circuit takes less than 0.45 μs, and we need 85
Trotter steps to evolve to Jt ¼ 8.5. Each circuit therefore
takes at most 2 × 85 × 0.45 μs ¼ 76.5 μs. We measure 85
circuits; therefore, using 1000 shots per circuit leads
to a total projected time to take the experimental data of
Fig. 21(b) for g ¼ 5J of 1000 × 85 × 76.5 μs ≈ 6.5 s.
On the one hand, in the regime of infinite hopping

strength (i.e., g ¼ 0), starting from the Fock state j00100i
with open boundary conditions, we find a linear light-cone-
like spreading of the boson, cf. Fig. 21. On the other hand,
large field strengths prohibit the gauge fields from flipping
during hopping events, which results in the boson remain-
ing confined to the central site, as predicted and observed in
Refs. [27,49,253] in cold atoms. Strikingly, for large field
strengths, when starting from the Fock state with an even
initial number of bosons such as j00200i, we again find a
linear light cone even in the large field strength regime. We
find that the hopping takes place on a much slower
timescale. This hopping is enabled by a perturbative
energy-conserving pair-hopping process of strength
J2=2g in which a qubit is flipped by a first boson hopping
and then flipped back to its original value by the second
boson hopping [248]. Despite the transmon decoherence
and the much longer timescale (the circuit to evolve to the
latest time point for g ¼ 5J takes around 2 × 85 × 2.2 μs ≈

374 μs experimental time), these coherent dynamics are
observable and match exact diagonalization.

C. Qubit-boson ground-state preparation with VQE

In this section, we show how the VQE [267,268] (see
Refs. [269–272] for important follow-up works) can be
implemented not only on oscillators or modes [273–275]
but also on our proposed hybrid qubit-boson architecture to
prepare ground states of the Z2-Higgs and U(1) quantum
link model. The VQE is a variational ansatz for the ground-
state wave function in which layers of unitaries Ûk act on
some initial state. The unitaries in our approach, sometimes
called the quantum approximate optimization algorithm,
are related to the Hamiltonian

Ĥ ¼
X
k;i

ĥkðiÞ; ð154Þ

where ĥkðiÞ are terms of the Hamiltonian, with i the site
index on which they are applied. We choose

Ukðθ; iÞ ¼ eiθĥkðiÞ; ð155Þ

where θ is a variational parameter that is optimized. Each
gate in the ansatz has an independent angle; we denote the
vector of angles with θ.
In the VQE, the classical and quantum processors work

together to reach the ground state by executing an opti-
mization algorithm that updates the vector of ansatz angles
θ → θ0 and uses a quantum computer to measure the
expected energy of the ansatz characterized by those angles
hψðθ0ÞjĤjψðθ0Þi. The intuition behind this VQE procedure
comes from the fact that, for our choice of ansatz, a
sufficiently large number of layers, and a particular choice
of θ, the VQE realizes adiabatic state preparation (note the
parallel between choosing the gate variable angles to be
proportional to time for dynamics and choosing them to be
the optimization parameter for the ground-state search).
Therefore, we know that, in principle, the VQE is able to
prepare the ground state if the Hamiltonian has a large
enough gap such that the necessary evolution time is within
the coherence time of the quantum computer. In the
absence of first-order phase transitions, the gap is always
polynomial in the system size, and hence an efficient state
preparation path can be found. In the gauge theory setting,
constructing a variational ansatz this way also has the
advantage of fulfilling Gauss’s law, which is exactly the
case if every term in the Hamiltonian conserves Gauss’s
law individually (which will be the case for us below). If
this is not true, Gauss’s law can be fulfilled approximately
by choosing angles small enough to essentially realize the
Trotter limit of adiabatic time evolution.
The hope behind the VQE is that, by minimizing the

energy with respect to the θ angles, a circuit can be found
that prepares the ground state in a shallower circuit than

FIG. 21. Trotterized dynamics in the Z2 model in the presence
of transmon decoherence. Left panels: free hopping regime
U=J ¼ g=J ¼ 0, with initial bosonic state j00100i. Right panels:
large field regime U ¼ 0, g=J ¼ 5, with initial bosonic state
j00200i. (a) Numerically simulated results using Bosonic Qiskit,
1000 shots chosen to reduce shot-noise errors to a few percent,
first-order Trotterization, and Trotter step 0.1=J. (b) Exact
diagonalization results.
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would be required for adiabatic state preparation, which, in
this digital setting, would require Trotterization. In the
following, we discuss the VQE in the cQED architecture
for the Z2-Higgs model and the Uð1Þ quantum link model
in ð1þ 1ÞD.

1. Z2-Higgs model

In the case of the Z2-Higgs model, the Ûk required for
the ansatz discussed in the first paragraph of Sec. VI C,
Eq. (155), are

Û1ðθ; iÞ ¼ e−θẐi;iþ1ðâ†i âiþ1−âiâ
†
iþ1

Þ; ð156Þ

Û2ðθ; iÞ ¼ eiθẐi;iþ1ðâ†i âiþ1þâiâ
†
iþ1

Þ; ð157Þ

Û3ðθ; iÞ ¼ e−iθX̂i;iþ1 ; ð158Þ

Û4ðθ; iÞ ¼ e−iθn̂
2
i : ð159Þ

While technically not necessary (all other gates together
are already able to prepare the ground state by approxi-
mating an adiabatic evolution), we find that including Û1

leads to a lower energy error for the same number of layers
compared to when it is not included. All of the above
unitaries can be realized with our native gate set using
techniques previously discussed; in particular, Û1 and Û2

are conditional beam splitters [see Eq. (19)], Û3 is a single-
qubit rotation, and Û4 can be implemented using a SNAP
gate (see Sec. III A 3 or, alternatively, Appendix B for an
ancilla-free implementation).
Using these resource unitaries, we construct an M-layer

ansatz with N field sites and N þ 1 matter sites as

jψMðθÞi ¼
YM
l¼1

�YN
i¼1

Û3ðγil; iÞ
YNþ1

i¼1

Û4ðδil; iÞ

×
YN

i∈ even

Û2ðαil; iÞÛ1ðβil; iÞ

×
YN

i∈ odd

Û2ðαil; iÞÛ1ðβil; iÞ
�
jϕi; ð160Þ

where jϕi is an easily preparable state, θ is a vector of the
ð4N þ 1ÞM real-numbered angles in this ansatz, and the
products over i∈ even (odd) include only the field qubits
with an even (odd) index. Thus, every single gate in each
layer and at each site has a different angle to be optimized.
Figure 22(a) shows one layer of the VQE ansatz.
Since the Z2 resource unitaries in Eqs. (156)–(159)

exactly preserve Gauss’s law (in the absence of
decoherence), the entire circuit evolution will take place
within the Gauss law subspace chosen by the initial state.
Restricting the evolution of VQE circuits within a particular
subspace is a powerful technique introduced in prior work

[276], with many applications to constrained optimization
problems such as a maximum independent set [277]. Here,
we choose the initial state jϕi to be a simple-to-prepare
state that obeys Gauss’s law, specifically, a product state of
Fock states with unit occupation.
Because we aim to provide scalable methods adapted for

large system sizes, global optimizers such as DIRECT,
which were used in previous studies of lattice gauge
theories [40], are not well suited here. We compare
optimizers (with Python SciPy names COBYLA, Nelder-
Mead, CG, trust-constr, BFGS, L-BFGS-B, and SLSQP)
and find that, among the optimizers that were tested,
SLSQP (or sequential least squares programming) has

(a) (b)

(c)

FIG. 22. VQE for the Z2-Higgs model in ð1þ 1ÞD. (a) Single
layer of the VQE ansatz. The different colors refer to the different
Hamiltonian terms. (b) Numerical simulation of the VQE without
shot noise and decoherence for U=J ¼ g=J ¼ 1. We show the
relative error jEVQE − E0j=jE0j between the estimated ground-
state energy EVQE obtained via the VQE and the true ground-state
energy E0 as a function of the number of layers for a varying
number of sites at unit filling (top) and varying numbers of
bosons for two sites (bottom). Fluctuations in performance
between runs of the VQE (caused by the stochastic optimizer)
are small, leading to fluctuations of the relative error of at most a
factor of 5 (cf. the deviation of the four-site results from a smooth
line; we show the result of a typical single run). (c) Three sets of
measurement circuits we use for measuring the energy: gauge-
invariant hopping (green), electric-field terms (purple), and the
on-site interaction at each site (blue). The colors in panel
(c) correspond to the ones in (a). We note that qubit measurement
corresponds to a measurement of Ẑ, while the one for modes
corresponds to the measurement of n̂.
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the fastest convergence rates for theZ2 model without qubit
decoherence or shot noise, measuring the energy by
calculating the expectation value of the Hamiltonian matrix
directly with the circuit state vector without shot noise.
We find that the VQE circuit (without noise and therefore

no sampling error) can estimate ground-state energy with
relative error with respect to the true ground-state energy of
around 10−3 for two, three, and four sites using one, four,
and seven layers, respectively, as can be seen in Fig. 22(b).
The VQE requires, on average, around 102, 103, and 104

circuit evaluations for two, three, and four sites, respec-
tively, an increase that is due to the commensurate increase
in the number of Fock states required to represent a larger
Hilbert space for unit filling. Increasing the number of
layers increases the total number of variational parameters,
which can lead to a higher final fidelity; however, this result
presents a trade-off—in the presence of noise, reliable
results can be extracted only from shallow depth circuits.
Thus, the overall fidelity will decrease when a large number
of layers is used [278].
Furthermore, we find that the higher the boson filling,

the larger the number of layers required, with up to four
layers required for four bosons in two sites to reach a
relative error below 10−3. This finding may be related to the
increased size of the Hilbert space, i.e., due to the increase
in possible combinations for distributing the bosons among
a set number of sites.
To measure the expectation value of the Hamiltonian as

required for the VQE optimization procedure, we discuss
how to measure each term of the Hamiltonian individually
[269]. The field term h−gPL−1

i¼1 X̂i;iþ1i is a simple sum of
X-basis qubit measurements. The on-site interaction term
on a single site i can be measured by reading out the photon
number of the cavity using the binary search readout
[144,211]. This process enables the single-shot readout
of n̂i, which can then be used to reconstruct hn2i i. For the
gauge-invariant hopping term −J

P
L−1
i¼1 hẐi;iþ1ðâ†i âiþ1þ

H:c:Þi, we are faced with the difficulty that we cannot
directly read out the beam-splitter term by measuring the
cavities in the number basis. Instead, we note the following
identity:

hψ jâ†i âiþ1 þ H:c:jψi

¼ hψ̃ jBSi;iþ1

�
π

2
;
π

4

�
ðâ†i âiþ1 þ H:c:ÞBS†i;iþ1

�
π

2
;
π

4

�
jψ̃i

¼ hψ̃ jðâ†i âi − â†iþ1âiþ1Þjψ̃i
¼ hψ̃ jn̂ijψ̃i − hψ̃ jn̂iþ1jψ̃i; ð161Þ

where we have inserted 1 ¼ BSi;iþ1½ðπ=2Þ;
−ðπ=4Þ�BSi;iþ1½ðπ=2Þ; ðπ=4Þ� on either side of the hopping
and have cast the expression in terms of the transformed
state jψ̃i ¼ BSi;iþ1½ðπ=2Þ; ðπ=4Þ�jψi. Thus, much like a
Hadamard gate facilitates an X-basis measurement for

qubits, we can measure the expectation value of a bosonic
hopping term by “rotating” the modes into the Fock-state
basis via a 50∶50 beam splitter, followed by a Fock-basis
measurement. By correlating this result with that of the
gauge-field link Z-basis measurement result, one can
reconstruct the expectation value of the gauge-invariant
hopping.
Only commuting terms can be measured simultaneously;

for the Z2 model, we therefore perform three separate
measurement circuits to estimate the energy. In the first
circuit in Fig. 22(c), the on-site interaction is measured on
all sites simultaneously. In the same circuit, it is possible to
measure the field terms, though this step must precede the
measurement of the on-site interaction such that the gauge
link qubits can then be reset and used for binary readout.
Next, we measure half of the gauge-invariant hopping
terms, preceded by a measurement of the electric field (X̂i)
at every other gauge link. Finally, the other half of the
gauge-invariant hopping terms are measured, along with
the other half of the field sites.
In summary, in this section we showed that a VQE ansatz

for the Z2-Higgs model that is specifically tailored to the
types of operations available in hybrid qubit-boson hard-
ware indeed only requires very few layers to determine the
ground state for the small system sizes we can access
numerically for proof-of-principle demonstrations. The
implementation of this ansatz directly follows from
the methods presented in the first part of this paper
(Secs. II–IV), which implies that the hybrid qubit-boson
hardware will require shallower circuits than qubit hard-
ware, as discussed in Sec. V E. However, more work needs
to be done beyond these proof-of-principle results to
determine the circuit depths and the number of shots that
will be required as a function of system size.

2. Uð1Þ quantum link model

In the following, we describe how to carry out a hybrid
qubit-boson VQE of the Uð1Þ quantum link model in
Eq. (151) in ð1þ 1ÞD. Furthermore, we demonstrate how
to detect the first-order phase transition at τ ¼ π in our
proposed architecture. While the correspondence between
the model in Eq. (151) and quantum electrodynamics in
ð1þ 1ÞD is only applicable for an even number of lattice
sites due to the staggering of the fermions, we also study an
odd number of sites here for benchmarking purposes.
Following the same scheme as for the Z2-Higgs model,

we choose resource unitaries that are generated by the
individual terms of the Hamiltonian in Eq. (151).
Furthermore, we leverage the Schwinger-boson mapping
of the gauge fields as described in Sec. I E, and we map the
fermions to qubits using the Jordan-Wigner encoding
[which is particularly simple in ð1þ 1ÞD]. With these
choices, we construct our VQE ansatz using the following
resource unitaries:
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ÛS1ðθ; iÞ ¼ eiθẐi ; ð162Þ

ÛS2ðθ; iÞ ¼ e−iθðn̂
a
i;iþ1

−n̂bi;iþ1
Þ; ð163Þ

ÛS3ðθ; iÞ ¼ e−iθ(ðn
a
i;iþ1

Þ2þðnbi;iþ1
Þ2); ð164Þ

ÛS4ðθ; iÞ ¼ e−iθðσ̂
þ
iþ1

â†i;iþ1
b̂i;iþ1σ̂

−
i þH:c:Þ; ð165Þ

ÛS5ðθ; iÞ ¼ e−θðσ̂
þ
iþ1

â†i;iþ1
b̂i;iþ1σ̂

−
i −H:c:Þ: ð166Þ

Each of these unitaries can be implemented using techniques
described in prior sections. In particular, ÛS1 and ÛS2 are
native gates—see Table II. As explained in Sec. III A 3, ÛS3
can be synthesized using a SNAP gate. Finally, the gauge-
invariant hopping unitaries ÛS4 and ÛS5 can be implemented
with the strategies described in Sec. IV E 2.
Our ansatz for the wave function is

jψMðθÞi ¼
YM
l¼1

� YN
i∈ even

ÛS5ðαl; iÞÛS4ðβl; iÞ

×
YN

i∈ odd

ÛS5ðαl; iÞÛS4ðβl; iÞ

×
YN
i¼1

ÛS3ðγl; iÞ
YN
i¼1

ÛS2ðγl; iÞ

×
YNþ1

i¼1

ÛS1ðδl; iÞ
�
jϕi; ð167Þ

for N þ 1 matter sites. Note that, contrary to the ansatz for
the Z2-Higgs model, each site has the same parameter such
that there are only 4M total parameters.
The expectation value of the Hamiltonian can be

measured using correlated measurements. To evaluate
the gauge-invariant hopping term, we first use σ̂þ ¼ 1

2
ðX̂ þ

iŶÞ to split it into

σ̂þiþ1â
†
i;iþ1b̂i;iþ1σ̂

−
i þ H:c:

¼ 1

4
(X̂iþ1ðâ†i;iþ1b̂i;iþ1 þ H:c:ÞX̂i

þ Ŷiþ1ðâ†i;iþ1b̂i;iþ1 þ H:c:ÞŶi

þ X̂iþ1ð−iâ†i;iþ1b̂i;iþ1 þ H:c:ÞŶi

þ Ŷiþ1ðiâ†i;iþ1b̂i;iþ1 þ H:c:ÞX̂i): ð168Þ

Using our method in Eq. (161), we can map a measurement
of the bosonic terms in the above equation to a measure-
ment of the number densities of the two modes. Correlating
those number densities with the appropriate qubit mea-
surements, we can therefore measure all four terms in the
above expansion. Because we require two circuits to
measure all possible lattice sites i, we require eight separate

measurement circuits for the gauge-invariant hopping. All
the other terms are straightforwardly accessible by meas-
uring the values of the boson numbers in the modes
[209,211] and the state of the qubits.
Using Bosonic Qiskit [77], we implement this ansatz

and test the convergence of the VQE with respect to the
number of layers for S ¼ 1 and show the results in Fig. 23.
For a single gauge-field site and two matter sites, we
initialize the system in the “vacuum state” j↓0↑i, where the
middle label indicates the eigenstate of Sz, and we assume
perfect energy measurements, i.e., no shot noise and
decoherence. We find that one layer is sufficient for
obtaining a relative energy error of 10−5. This finding is
related to the fact that the ground state for this system is
given by ð1= ffiffiffi

2
p Þðj↑1↓i þ j↓0↑iÞ. For three sites, initial-

ized in j↓0↑0↓i, we find from our numerical evaluations
that two layers are required to attain low relative errors of
10−7, with only a small increase in the total number of
iterations from the two-site case.
In the regime of large g, the Uð1Þ quantum link model

features a first-order phase transition [171,172] at half-
integer values of τ=2π. This feature can be seen trivially by
taking g → ∞, in which case the electric term dominates
the Hamiltonian, pinning Ŝz at the integer closest to τ=2π.
This phase persists for finite g until the mass reaches
M=g ≈ 1=3 [see definitions of M and g in the Hamiltonian
in Eq. (151)]. The energy gap between the ground and first

(a)

(b)

FIG. 23. Numerical VQE results for the Uð1Þ quantum link
model in ð1þ 1ÞD. We neglect shot noise and decoherence.
(a) Relative error between the estimated ground-state energy
obtained via simulating the VQE using Bosonic Qiskit [77] and
the true ground-state energy VQE results obtained for two and
three sites. (b) VQE compared to exact diagonalization results.
The first-order phase transition can be seen at τ ¼ �π in the
expectation value of the electric field 1

2

P
2
i¼1hŜzi;iþ1i ¼

1
2

P
2
i¼1ðhn̂ai;iþ1i − hn̂bi;iþ1iÞ=2 in the ð1þ 1ÞD Uð1Þ quantum link

model for a three-site system and four layers. The spin length is
chosen as S ¼ 1. m=J ¼ 1; g=J ¼ 10.
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excited states is generally exponentially small in system
size at first-order phase transitions. Therefore, we expect
that this transition will be relatively sharp and visible even
for small systems of two or three sites. Hence, it is a good
proof-of-principle target for small-scale experiments.
For various values of τ used to find ground states with the

VQE ansatz discussed above [Eq. (162)–(166)], wemeasure
the expectation value of the electric field (in the Schwinger-
boson representation) hSzi;iþ1i ¼ 1

2
hn̂ai;iþ1 − n̂bi;iþ1i. In

Fig. 23, we indeed find sharp drops corresponding to the
first-order phase transition at τ ¼ �π. The Bosonic Qiskit
VQE results match our exact diagonalization results to
relative errors of around 10−7.
Our results show that our VQE approach using hybrid

qubit-boson hardware can prepare ground states of the
Uð1Þ quantum link model in ð1þ 1ÞD for two- and three-
site systems. Although in ð1þ 1ÞD the Uð1Þ quantum link
model can be probed with qubit-only hardware by inte-
grating out the gauge fields, it would not generalize to
higher dimensions. In that case, each gauge-field link
would be encoded in many qubits, and Hamiltonian
operations would be highly costly as discussed in
Sec. V E. Another possible advantage of our approach is
the usage of the Schwinger-boson constraint n̂a þ n̂b ¼ 2S
as a (single) photon loss error detection scheme. This
method can be implemented by measuring the joint parity
of modes a and b; to what extent this improves results from
noisy hardware is an interesting direction for future
exploration.

D. VQE with hardware and shot noise

Next, we test the resilience of our methods to
decoherence and shot noise in the energy measurements.
For this purpose, we simulate the full measurement
schemes that would be employed in the experiment and
also include qubit decay and dephasing, which are the
leading decoherence mechanisms [279] for the small
system sizes and unit filling we consider here (i.e., we
neglect photon loss). For systems where large photon
numbers are possible, mode decay will become appreci-
able. The model studied in this section is the Z2-Higgs
model, for which we defined the ansatz in Sec. VI C 1. We
choose U=J ¼ g=J ¼ 1, which we expect to be among the
most difficult regimes to simulate due to the balanced
competition between all energy terms. We consider three
matter sites and two gauge links at unit filling, requiring
three modes and two qubits.
We start by explaining how to measure the expectation

value of the Hamiltonian in experiment. Next, we bench-
mark the simultaneous perturbation stochastic approxima-
tion (SPSA) optimizer [280,281] (as opposed to SLSQP,
used so far) without shot noise, as this is the optimizer of
choice for optimizations with shot noise. We investigate
how to use averaging over previous iterations to improve
convergence of SPSA (still without any noise). Then, we

run our improved optimization procedure with shot noise.
Upon finding that there is a certain independence to the
number of shots in the initial stages of optimization where
the gradients are large, we further adapt our procedure to
incrementally increase the number of shots during the
optimization. Next, we include hardware noise (qubit T1

decay and additional pure Tϕ dephasing) into the numerical
simulation. Finally, we error mitigate our results by
implementing a procedure to postselect on preservation
of Gauss’s law.

1. Introducing shot noise in the energy measurement

We simulate a binary search routine [144,211] for
measuring the cavity in the Fock basis. This process
naively requires an additional readout qubit per cavity
for the measurement (i.e., separate from the transmon
qubits that encode the gauge-field links). However, for
the Z2-Higgs model, we can remove this requirement by
first measuring the gauge-field links and then reusing the
qubits as ancillas for mode readout, cf. Fig. 22(c). For this
purpose, we measure and reset the field qubits prior to the
cavity measurement. In our VQE simulations, we simulate
the full binary search, which enables us to simulate the
effective shot noise on the mode measurement that results
from the qubit measurements. Because of the shot noise,
each experiment requires Oð1=ϵ2Þ circuit executions to
estimate hĤZð2Þi to additive precision ϵ.

2. Using averaging in the stochastic VQE optimization

In the presence of shot-noise error, VQE optimization is
far more challenging [272,278]. Thus, we use the SPSA,
which is particularly well suited for the VQE because it
only evaluates the Hamiltonian twice per iteration regard-
less of the dimension of the optimization problem.
In Fig. 24, we show the energy found in each iteration

using the SPSA optimizer. The gray dots indicate an
optimization without any shot noise, and we see that it
does not converge within 7000 iterations.
It has been found that averaging variable parameters can

increase the performance of stochastic optimization
[282,283]. In our case, we found that the convergence of
the SPSA optimizer, which is stochastic, can be improved
by periodically choosing parameters for the next iteration
that are averages of previous iterations. Therefore, we adapt
our implementation of the SPSA optimizer in order to
perform a parameter averaging step throughout the opti-
mization: Every n iterations, we use the average of the
variable parameters of the last m iterations. It is important
not to choose n so small that the averaging is too frequent,
resulting in a small sample size, or to choose m too large
such that m≳ n, which may constrain the optimization too
much and lead to trapping in local minima. In Fig. 24, we
show data corresponding to n ¼ 15 andm ¼ 7 in dark blue.
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We find notable improvements using this strategy over the
one without averaging, i.e., n ¼ 1 and m ¼ 1.

3. Adaptive shot budget in the VQE optimization

We now include shot noise in the estimation of the
energy. The number of shots required for good convergence
of the VQE is determined by the size of the energy gradient.
Generally, gradients are larger in the first iterations and
gradually decrease as the minimum is approached, which is
evident in the large fluctuation between iterations for the
early iterations of less than 2000 in Fig. 24 (black dots).
Therefore, it is natural to increase the number of shots used
in the energy measurement of later iterations [284–286].
Specifically, we increase the shots per iteration by an order
of magnitude every 1500 iterations (starting at 10 shots per
iteration). We show the resulting energy trajectory as light
blue points in Fig. 24. We find that (for this specific system
size) this method yields similar performance to the scheme
without shot noise (dark blue). In general, we expect the
total number of shots necessary to prepare the ground state
with fixed fidelity to increase exponentially with the system
size; see, e.g., Ref. [287] for empirical evidence.

4. VQE results including qubit decoherence, averaging,
and adaptive shot budget

Finally, we add the dominant source of experimental
noise in the hardware—qubit decay and dephasing—to our
simulations in addition to the shot-based measurement of
the energy discussed above. This process requires speci-
fying the duration of each of the gates in the VQE ansatz.
The ansatz is explained in Sec. VI C 1—see Fig. 22(a) for a
circuit diagram. Below Eqs. (156)–(159), we explain how
every resource unitary can be realized using native gates.
Altogether, the depth of one ansatz layer consists of four
conditional beam splitters and a SNAP gate. We assume a
value of χ ¼ 2π × 0.5 MHz for the dispersive coupling. In
this case, the maximal duration of a conditional beam
splitter is approximately 2.25 μs, consisting of two condi-
tional parities that take T ¼ π=χ ¼ 1 μs each, and one
beam splitter of 250 ns duration (100 ns has been shown to
be feasible [91,217]). We do not include duration cancel-
lations, a range of which is possible. For example, two
successive conditional beam splitters acting on the same
oscillator modes and qubits can cancel each others’ condi-
tional-parity operations, leading to a total time of 2.25 μs.
We also note that, in principle, the duration depends on the
gate parameters, which in experiment could lead to a
shorter duration than estimated here. The SNAP gate takes
T ¼ π=χ ¼ 1 μs [200]. The total duration of one VQE
layer is roughly ð4 × 2.25þ 1Þ ¼ 10 μs. Four layers
(T ¼ 40 μs) are therefore well within the decay time of
the qubit (T1 ¼ 200μs) and the mode (T1 ≈ 1 ms).
Therefore, the probability for the j1i state of a mode to
decay is 4%, and for a qubit to decay during the four-layer
ansatz circuit, it is 20%. While in most regions of the phase
diagram, the occupation of the higher-lying mode states is
small—and therefore the effect of mode decay (and other
nonidealities such as self-Kerr [192]) is minimal—this is
not the case in the superfluid and clump phase whenU=J is
small. In these cases, mode decay could contribute sig-
nificantly. We leave the study of this effect for future work
and neglect photon loss throughout.
We show the optimization including averaging, adaptive

shot budget, and qubit decay in black dots in Fig. 24.
Comparing this result to the optimization without qubit
decoherence in light blue, we find that qubit decoherence
leads to a significant energy error of about 0.86J. However,
we still find that the energy is well below the first excited
state. Therefore, we expect a reasonable overlap with the
ground state. In order to test this expectation, we plot the
fidelity with the ground state in the inset of Fig. 24, using
colors matching the main figure. We see that, for the
simulations excluding decay and dephasing errors (light
and dark blue), the fidelity remains high, following the
same trend as the energy.
We also note that the total runtime of the optimization in

the presence of noise is small: We find an energy error
below the energy of the first excited state after around 3000

FIG. 24. Numerical VQE results for the Z2-Higgs model
including qubit decay and shot noise. Here, U=J ¼ g=J ¼ 1.
Exact ground-state energy is E=J ¼ 0.02. Energy is plotted in
units of J, and we show three bosonic sites and two gauge fields,
four layers in the ansatz, and optimization using SPSA. For the
data without shot noise (gray dots), all iterations are plotted. For
the rest of the data, only the iterations with averaged parameters
are plotted. When averaging but without including shot noise
(dark blue dots), we average the input variable parameters every
15 iterations, averaging over the input variable parameters found
in the previous seven iterations. For the light blue data, we
include shot noise, increasing the number of shots after every
1500 iterations as indicated by the gray vertical lines. Black dots
indicate the same procedure as the light blue data, but with
hardware noise, i.e., qubit decay and dephasing. Inset: fidelity
with the ground state as a function of the iteration number. Colors
match the ones in the main panel.
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iterations with a total shot count of less than 2 × 105,
yielding a total quantum runtime of less than 10 s, if this
experiment were to be run on current superconducting
hardware that is limited only by gate times.

5. Postselection on Gauss’s law

The conservation laws obeyed by lattice gauge theories,
such as Gauss’s law and particle number conservation, can
be used to discard unphysical shots in the presence of
hardware noise, enabling partial error detection.
In order to use Gauss’s law for error mitigation, we must

measure the operator Ĝi [see Eq. (2)] for each shot of the
experiment. For the Z2-Higgs model in ð1þ 1ÞD, Gauss’s
law reads

Ĝi ¼ X̂i−1;ieiπn̂i X̂i;iþ1 ¼ 1; ð169Þ

for all i. Because Gauss’s law commutes with all terms in
the Hamiltonian, it is possible to measure Gauss’s law for
all i as well as the energy of the state in the same shot. This
process requires midcircuit measurements and is most often
done using the Hadamard test [288–291]. However, the
Hadamard test involves ancillary qubits, which we do not
have at our disposal. Therefore, we present a method below
that avoids ancillary qubits. This method requires addi-
tional gates and measurements, compared to the measure-
ment circuits presented in Fig. 22(c). We also discuss that,
even for the measurement circuits as described in Fig. 22
(i.e., without additional gates and measurements), Gauss’s
law can be partially checked.
The first scheme is inspired by the schemes presented in

Ref. [292] for measuring toric-code stabilizers. The key
observation is that the individual parts of the Hamiltonian
commute with Gauss’s law; therefore, we can check
Gauss’s law for each measurement individually. For the
measurement of the gauge-invariant hopping, replacing the
beam splitters in Eq. (161) with conditional beam splitters,
a measurement of the number operator of the modes
directly yields a measurement of the gauge-invariant
hopping. More explicitly,

CBSi;iþ1

�
π

2
;−

π

4

�
ðn̂i − n̂iþ1ÞCBSi;iþ1

�
π

2
;
π

4

�
¼ Ẑi;iþ1ðâ†i âiþ1 þ H:c:Þ: ð170Þ

Hence, conjugating a number measurement of modes i and
iþ 1 with conditional beam splitters yields a measurement
of the gauge-invariant hopping without having to measure
the qubit, as shown by the green part of the circuit in
Fig. 25(a). Crucially, one can check that the operators
effectively measured by n̂i and n̂iþ1 individually also
commute with Gauss’s law. Because X̂i−1;i commutes with
both the gauge-invariant hopping and Gauss’s law, it can be
measured simultaneously. Gauss’s law is then measured by

the circuit shown in black and white in Fig. 25(a). It relies
on the fact that conjugation of a qubit Ẑi;iþ1 operator with
SQR gates yields Ẑi;iþ1eiπn̂i , cf. Eq. (29). Similarly,
conjugation with Hadamard gates and CNOTs converts
Ẑi;iþ1 into X̂i−1;iX̂i;iþ1. Taken together, this process con-
verts a measurement of Ẑi;iþ1 to a measurement of Gauss’s
law operator Ĝi. Hence, these two measurements allow for
a full check of Gauss’s law while measuring the value of the
gauge-invariant hopping in the same shot. This scheme
requires additional gates.
In the second scheme, we do not require additional gates

and instead propose a form of “partial” error mitigation
based on the information we already have access to in the
context of the VQE: the measurements of the Hamiltonian
terms shown in Fig. 22(c). This scheme does not enable a
local check of Gauss’s law for every matter site (which is

(a)

(b) (c)

FIG. 25. Ancilla-free postselection methods based on Gauss’s
law. (a) Measurement circuit of the gauge-invariant hopping and
electric-field term [see Fig. 22(c)]. It is adapted here in a way that
enables a measurement of Gauss’s law at every site, black and
white, in the same shot. The gates in gray are only required if
more operations are to be carried out on the circuit. Because the
measurement of Gauss’s law commutes with the one of the
gauge-invariant hopping, they can be performed in either order.
(b) Measurement circuit of the density in light blue, required for
calculating the value of the on-site term. It commutes with Ĝi, and
we can therefore perform local checks of Ĝi using the measure-
ment results, discarding shots that break Gauss’s law. The
measurement of the gauge-invariant hopping [see Fig. 22(c)]
does not commute with Ĝi, and we therefore cannot conduct
Gauss’s law checks for each site. However, the product ĜiĜiþ1

commutes with these circuits, allowing for postselection upon
Gauss’s law checks for pairs of sites. (c) Fidelity jhψ jnij2 of
single quantum trajectories of the noisy simulation with the
eigenstate jni in our chosen Gauss’s law sector as a function of
the eigenenergy. Trajectories that do not have overlap with states
outside of the Gauss law sector are shown in blue; others are
shown in red. Note that the fidelities of the states shown in red do
not sum up to unity because we do not show the overlap with the
states outside of our Gauss law sector. Energies are in units of J.
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why we call it “partial”) and hence only slightly improves
the results. These three measurement circuits do not
commute; therefore, only one can be used per shot of
the experiment. The measurement circuit of the number
density [shown in Fig. 22(c)] carries out a photon number
measurement on each mode and could thus be combined
with the measurement of X̂ on each qubit to check Gauss’s
law at each site [see Fig. 25(a)]. However, the other
measurement circuits [see Fig. 22(c)] are not compatible
with a measurement of Gauss’s law at each site, as some
qubits are individually measured along Ẑ (which alone does
not commute with Ĝi for an overlapping region) and the
mode occupations are not resolved for each site. However,
in these circuits, we measure X̂ for every other gauge link
and can furthermore resolve the total photon number in the
intermediary pairs of modes. Thus, we can conduct checks
of Gauss’s law for blocked pairs of sites:

ĜiĜiþ1 ¼ X̂i−1;ieiπðn̂iþn̂iþ1ÞX̂iþ1;iþ2: ð171Þ

This possibility is illustrated in Fig. 25(b). Thus, we can
postselect on valid Gauss’s law preserving states for all
three measurement circuits needed for estimating the
energy. This scheme captures only single Gauss’s law
violations, not errors on two consecutive sites.
We simulate the full Gauss’s law postselection (the first

scheme) and focus on its influence on the energy meas-
urement. For this purpose, we take the final VQE param-
eters found in a noisy simulation (i.e., the final iteration of
the black dots in Fig. 24) and run a simulation including
hardware noise in the VQE circuit, but we neglect noise in
the measurement circuit. We then check whether an error
happened in every quantum trajectory of the noisy simu-
lation. The error-free trajectories exhibit high overlap of
approximately 96% with the ground state [cf. blue line in
Fig. 25(c)]. For trajectories with an error, we project onto
the correct Gauss’s law sector. The norm of the part of the
wave function we project out gives us an estimate for the
number of shots that would need to be discarded. We find
that 13% of shots need to be discarded. We show in red the
overlap with the eigenstates in the correct Gauss’s law
sector for some such states in Fig. 25(c). Those states still
have large overlap with the ground state but also some
overlap with excited states. To calculate the average
postselected energy, we renormalize the projected states
and average over all trajectories. We find a postselected
energy of 0.36J, compared to a result of 0.88J without
postselection and an exact ground-state energy of
E=J ¼ 0.02. This finding corresponds to approximately
20% of the difference between the ground-state and first
excited-state energy.
In our simulations, we find that 84% of quantum

trajectories have no error. This finding is roughly in
agreement with the dephasing survival probability of a
single qubit, where T2 ¼ 200 μs, only one of the qubits

starts in jþi, the other starts in j−i, and the total circuit
duration is T ¼ 40 μs, which is expð−T=T2Þ ≈ 82%. The
trajectories with no error have energy 0.16J. The 1 −
84% ¼ 16% of trajectories in which an error happened
therefore have an average energy of 4.66J. Gauss’s law
postselection reduces this average energy of the noisy
trajectories to 1.41J, where the remaining energy error
results from noise processes within the same Gauss’s law
sector. We therefore find that removing errors that bring us
out of the correct Gauss’s law sector drastically reduces the
energy error introduced by the noise.
More intricate mitigation methods can be engineered

from this Gauss’s law check. For example, we note that one
can cross-check Ĝi at different sites to not only detect that
an error occurred but also resolve its position. This method
opens up the possibility to not only postselect on the case of
no errors but develop additional novel error-mitigation
techniques where the error can be partially corrected. In
addition, if the error is spatially disconnected in such a way
that one can ascertain that it spread to a region of interest,
then it may be desirable to retain this shot for the
computation of observables local to this region. In addition
to postselection using gauge symmetries [293], VQE
implementation for the Z2-Higgs model proposed here is
amenable to other commonly used noise mitigation tech-
niques such as zero-noise extrapolation [294,295] and
probabilistic error cancellation [294]. An alternative to
postselection is to introduce an additional term in the
Hamiltonian that enforces the symmetry constraint by
prethermalization [296], or pseudogenerators for gauge
protection [297,298].

E. Measuring observables

Having characterized the hybrid qubit-boson VQE state
preparation in terms of the energy error and overlap with
the true ground state, we now show how to extract relevant
observables in the proposed cQED architecture. While we
benchmark the measurement of the observables for the
ground state, the measurement schemes can, in principle,
be applied to any state.

1. Detecting phases of the Z2-Higgs
model in VQE-prepared ground states

In Fig. 26, we calculate different gauge-invariant observ-
ables in the Z2-Higgs model for varying on-site inter-
actions, with respect to VQE ground states of a system with
four bosonic sites and three gauge-field sites found using
noiseless simulations employing the SLSQP optimizer. We
compare our findings to exact diagonalization results. We
find that all VQE observables agree very well with the exact
results, as expected from the low relative energy error
found in Fig. 22 for this small system size.
Importantly, despite the small system size, we can see the

hallmarks of three qualitatively different states as U=J is

HYBRID OSCILLATOR-QUBIT QUANTUM PROCESSORS: … PHYS. REV. X 16, 041008 (2026)

041008-51



scanned [248]. The three states are indicated by the blue
(rightmost), red (middle), and yellow (leftmost) lines,
representing a Mott-insulating phase, a pair superfluid
phase, and a “clump phase”—a phase in which the gauge
field perturbatively generates a nearest-neighbor attraction
between the bosons, leading to the bosons “clumping”
together on the same site [248]. For four sites, we define the
“clump order parameter” as a quantity proportional to the
probability of all four bosons occupying the same site
(defined in the caption of Fig. 26). This observable indeed
becomes large for small U=J [248]. A (Mott) insulating
state is characterized by a lack of spreading of particles in
the system. We observe signatures of this effect in the
string-order correlator and pair hopping, which are both
small for large U=J. Moreover, on-site fluctuations are also
small in the insulating state, as expected. Finally, the parity
tends towards −1, indicating that, on average, there is an
odd occupation at each site. By contrast, in a superfluid
phase, particles spread far. In the case of the Z2-Higgs
model, single particles stay confined due to the presence of
the gauge field, while two particles can spread [248], which
we observe in the large pair hopping and fluctuations.
Moreover, contributions from states with a single boson are

suppressed, which we see from the parity tending
towards þ1.
Having shown that signatures of different phases can be

found from VQE simulations, we now discuss how the
different observables can be measured in our cQED
architecture.

2. Measuring the string-order correlator

The gauge-invariant string-order correlator is large in a
deconfined phase and small in a confined phase. It is
defined as hâ†i Ẑi;iþ1…Ẑj−1;jâj þ H:c:i. To measure the
value of this correlator on the ground states prepared via
the VQE, we need to correlate a measurement of the gauge-
field qubits with the measurement of the beam-splitter
operator of two bosonic sites. We note that one possibility
is to adapt the scheme used in Sec. VI D 1 to measure a
long-range hopping through the use of bosonic SWAPs.
Ordinarily, such a measurement would require a time
linear in the distance jj − ij. Alternatively, here we
propose a separate strategy to measure this nonlocal
observable using homodyne measurements: First, we
expand âi ¼ ðx̂i þ ip̂iÞ=2, where x̂ and p̂ are the bosonic
position and momentum operators, respectively, such that

hâ†i Ẑi;iþ1…Ẑj−1;jâjþH:c:i

¼1

2
ðhx̂iẐi;iþ1…Ẑj−1;jx̂jiþhp̂iẐi;iþ1…Ẑj−1;jp̂jiÞ: ð172Þ

We must therefore perform correlated measurements of x̂i,
Ẑi;iþ1, and x̂j (and, separately, p̂i, Ẑi;iþ1, and p̂j). In order
to measure x̂i, we use a Hadamard test implemented with a
displacement conditioned on an ancilla, defined as
CDðαÞ ¼ eðαâ†−α�âÞẐ

anc
(see Table II). Choosing an arbitrary

real angle θ such that α ¼ iθ, we obtain CDðiθÞ ¼ eiθx̂Ẑ
anc
.

A measurement of the ancilla after applying the Hadamard
test circuit with a small angle θ, shown inside Fig. 27, then
yields

hẐanciα¼iθ ¼ hðsinð2θx̂Þi ð173Þ

≈2θhx̂i þOðθ3Þ: ð174Þ

To measure the first part of the string-order correlator, we
perform two Hadamard tests simultaneously in order to
correlate sites i and j; i.e., after applying the Hadamard
circuits on both sites i and j, we measure

hẐanc
i Ẑi;iþ1…Ẑj−1;jẐ

anc
j iαi¼αj¼iθ

≈ 4θ2hx̂iẐi;iþ1…Ẑj−1;jx̂ji: ð175Þ

Similarly, we measure the second part of the string-order
correlator, i.e., those involving p̂ correlations, by using
conditional displacements with α ¼ θ.

FIG. 26. Correlation functions measured on the VQE ground-
state estimate. The observables are defined as follows. Parity:P

L
i heiπn̂ii=L. Clump:

P
L
i hn̂iðn̂i − 1Þðn̂i − 2Þðn̂i − 3Þi=L. Fluc-

tuations:
P

L
i ðhn̂2i i−hn̂ii2Þ=L. Pair hopping:

P
L
i hâ†20 â2i þ H:c:i=

L. String-order correlator (also known as gauge-invariant string-
order correlator):

P
L
i hâ†0Ẑ0…Ẑiâi þ H:c:i=L. There are four

bosonic sites and three gauge-field sites. Unit filling, i.e., four
bosons are in the system, and g=J ¼ 5. Error bars indicate
standard deviation of five VQE simulations with four layers.
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In summary, we obtain

hâ†i Ẑi;iþ1…Ẑj−1;jâj þ H:c:i

≈
1

8θ2
ðhẐanc

i Ẑi;iþ1…Ẑj−1;jẐ
anc
j iαi¼αj¼iθ

þ hẐanc
i Ẑi;iþ1…Ẑj−1;jẐ

anc
j iαi¼αj¼θÞ: ð176Þ

To test if we can be in the small θ regime while still
being able to measure the string-order correlator accu-
rately with a reasonable number of shots, we simulate the
measurement using Bosonic Qiskit, cf. Fig. 27. We find
that a choice of θ ≈ 0.1 suffices, requiring approximately
ð1=θ4Þ ¼ 104 shots, as expected from the statistical
uncertainty of shot noise. Note that, for this measurement,
we do not need additional ancillae, as one can recycle
gauge link qubits that are not within the support of the
string-order correlator for this purpose. Lastly, we remark
that one could alternatively use the method of quantum
signal processing (see Appendix E) to extract hx̂i similarly
to Eq. (173) but with a larger value of θ. This result could
be achieved by enacting a target function ð2=πÞ arcsinð·Þ
on the signal sinð2θx̂Þ; if 2θx̂ ≤ 1=2, this process outputs
ðθ=πÞhx̂i þOðϵÞ while requiring Oðlogð1=ϵÞÞ queries to
CDðiθÞ [299].

3. Measuring the superfluid density

The superfluid density ρs in 1D is given by [300,301]

ρs ¼
L
J
∂
2ETPBðϕÞ
∂ϕ2

; ð177Þ

where ETPBðϕÞ is the ground-state energy in the presence of
“twisted” periodic boundary conditions and J is the
hopping matrix element between neighboring sites. The
phase ϕ is given by the phase difference between two
edges; for example, for the Z2-Higgs model, we have

ĤTPB
Zð2ÞðϕÞ ¼ ĤZð2Þ − Jðeiϕâ†LẐnâ1 þ e−iϕâLẐnâ

†
1Þ; ð178Þ

where the entirety of the accumulated phase ϕ is incorpo-
rated by the hopping term between the two edge sites,
where ĤZð2Þ is defined in Eq. (150), L is the number of
sites, and Ẑn ¼

Q
L−1
i¼1 Ẑi;iþ1 denotes the product of the

gauge-field operators on all links of the chain. To measure
hĤTPB

Zð2Þi, we can follow the general procedure outlined in
Sec. VI D 1. The procedure to estimate the stiffness is as
follows: We first prepare the ground state for a range of
small values of ϕ. We do so by extending the variational
ansatz in Sec. VI C 1 to incorporate edge-to-edge hopping.
Once prepared, we estimate Eq. (177) via finite-difference
methods or, alternatively, through more sophisticated,
noise-resilient techniques such as parameter shift
rules [302].
Experimentally, periodic boundary conditions are not

required in the hardware to implement edge-to-edge hop-
ping. It is sufficient to synthesize a conditional beam
splitter between the two end modes and leverage it for
an edge-to-edge hopping term in the Hamiltonian. We can
synthesize a beam splitter between the edges of the chain
using the bosonic SWAP gate defined in Table III to move
the mode information from both edges of the chain to
adjacent sites, carry out the required operation between the
modes, and SWAP the information back.

F. Qubit-boson ground-state preparation with
quantum signal processing

While above we employed the heuristic VQE approach
to approximately prepare the ground state, new develop-
ments in an algorithm known as QSP provide an alternative
approach to ground-state preparation with provable accu-
racy and guarantees. Here, we provide a brief comparison
of the VQE and QSP for ground-state preparation of the
Z2-Higgs model.
Initially pioneered in Refs. [303,304], QSP provides a

systematic method to apply a nearly arbitrary polynomial
transformation to a linear operator embedded in a unitary
matrix [299], thus furnishing a unifying framework for
quantum algorithms [75,299]. In short, QSP works by
interleaving the unitary matrix with a sequence of

FIG. 27. Measurement of the string-order correlator as a
function of the small angle θ chosen for the conditional
displacement. The top-right diagram shows the quantum circuit
for measuring sinðkx̂Þ of an oscillator using the phase kickback of
a conditional displacement [211]. In the main plot, we run a full
VQE simulation and measure the string-order correlator using the
scheme discussed in the main text; i.e., we measure the string-
order correlator approximated by the rhs of Eq. (176) by adding
two ancilla qubits. The black line is obtained using exact SLSQP
optimization, and the error bars include shot noise using SPSA
optimization. In both cases, we consider three sites, two gauge-
field links, g=J ¼ 1, and U=J ¼ 1. The green highlighted area
indicates the general region that optimizes for accuracy (θ small)
and precision (the smaller θ is, the more shots are required to
precisely measure the result).
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parameterizable SU(2) rotations; see Fig. 28 for an illus-
tration. The output of this sequence is an embedding of a
polynomial transformation of the initial linear operator,
parametrized by the chosen SU(2) rotations. For a more
detailed introduction to QSP, see Appendix E.
In Appendix F, we illustrate how QSP furnishes an

algorithm for ground-state preparation, as initially pre-
sented in Ref. [305] for implementation on early fault-
tolerant quantum computers. In this scenario, one considers
a Hamiltonian H with spectral gap bounded below by Δ
and seeks to prepare its ground state with fidelity greater
than or equal to 1 − ϵ. As input to this algorithm, one
assumes access to an easily preparable initial state that has
overlap greater than or equal to γ with the ground state. One
also assumes access to the time-evolution operators e�iH,
implemented, for instance, with Trotterization. To avoid
aliasing, it is assumed that the eigenvalues of H lie in the
range ð0; πÞ; otherwise, one can implement a rescaled time-
evolution operator e�iðHΔtþϕÞ to meet this constraint.
With this setup, the algorithm uses QSP to approximate a

projector onto the ground state, which is then applied to the
initial state to project out its component parallel to the
ground state. This algorithm ultimately requires a circuit
depth of O½ð1=ΔÞ logð1=ϵγÞ�, corresponding to that many
coherent queries to the controlled time evolution e�iH. This

circuit is repeated Oð1=γ2Þ times to prepare the ground
state with high probability. The circuit of this algorithm is
illustrated in Fig. 28.
Recent work has shown that QSP is naturally imple-

mented on CV-DV quantum processors [57,306], rendering
it applicable to the LGT simulations studied here. To
exemplify the requirements of ground-state preparation
with QSP, let us consider the Z2 model with n ¼ 3 sites
and couplings J ¼ g ¼ U ¼ 1, as investigated in
Sec. VI D. Let us also use the same initial state as above,
which numerically has overlap γ ≈ 0.36 with the ground
state. In this scenario, the VQE produces a ground state
with infidelity ϵ ≈ 2 × 10−2 (see Fig. 24). Aiming to
achieve a similar performance with QSP, our calculations
in Appendix F indicate that the QSP approach requires
around 50 queries to the controlled time evolution e�iH.
Using a first-order Trotterization as outlined in Sec. VI B, a
single such Trotter step would require around three con-
trolled qubit-boson gates per site, for a rough total of
greater than or around 104 qubit-boson gates, which is
prohibitively more expensive than the VQE.
This prohibitive circuit depth suggests that QSP-based

ground-state preparation will only become practical and
competitive with the VQE once qubit-boson gate infidel-
ities much less than 10−4 can be achieved, in contrast to the
current qubit-boson gate infidelities of around 10−3

[201,307]. Moreover, even if such a gate fidelity can be
achieved, the number of repetitions of the QSP circuit will
generally scale exponentially in the system size without
prior knowledge of the ground state (see Appendix F).
However, this scaling is to be expected because generic
ground-state preparation is QMA hard [308], and of course,
the VQE ground-state preparation is also expected to
require resources exponential in the system size, without
further prior knowledge.
In Fig. 28, we compare the performance of the VQE to

QSP, as applied to the above scenario of the Z2 model. For
both methods, we plot the dominant source of error vs time
to solution, assuming no gate errors in the underlying
circuit. The dominant source of error for the VQE is the
infidelity with the ground state, and for QSP, it is the
probability of failure (see Appendix F for details); the time
to solution is taken to be the circuit depth times the number
of shots. For the VQE, increasing the depth (i.e., number of
layers) can increase the fidelity with the ground state, but it
also leads to a high-dimensional optimization problem that
suffers from barren plateaus and requires a high shot count
to facilitate optimization [275]. On the other hand, QSP
requires a relatively deeper circuit to estimate a projector
onto the ground state and a modest number of shots to
successfully project out the ground state. Incidentally, the
empirical results of Fig. 28 suggest that both dominant
sources of error scale similarly as a function of the time to
solution, implying that their total resource costs are
comparable. This suggestion arises because our VQE

(a)

(b)

FIG. 28. Considerations for ground-state preparation using
quantum signal processing. (a) Circuit for ground-state prepara-
tion with quantum signal processing, adapted from Ref. [305].
The parameters φ ¼ ðφ0;φ1;…;φnÞ can be chosen such that,
upon postselecting on j0i, the resulting state is a good approxi-
mation to the ground state jE0i. Note that this circuit interleaves
e�iH, distinct from the usual QSP construction; this modification
is included to generate polynomial transformations in cosðH=2Þ
[i.e., P( cosðH=2Þ)] and better approximate a projector onto the
ground-state subspace. (b) Fidelity with the exact ground-state
wave function vs time to solution for the VQE and QSP for the
Z2-Higgs model forU=J ¼ 1 ¼ g=J, three bosonic sites, and two
gauge-field sites. For the VQE, the dominant error is the infidelity
with the exact ground state; for QSP, the dominant error is the
probability of failure. For details, see Appendix F.
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circuit has a shallow depth yet requires many shots,
whereas QSP has a deeper circuit yet requires fewer shots.
We speculate that this seemingly universal behavior arises
from the fact that the complexity of ground-state prepara-
tion is fundamentally governed by the size of the spectral
gap of the Hamiltonian, agnostic to the algorithm used to
estimate the ground state. In any event, this analysis implies
that the VQE is better suited to settings with low gate
fidelities and short coherence times, whereas QSP is more
favorable if gates are fast yet circuit repetitions are
expensive.

VII. CONCLUSIONS AND OUTLOOK

To conclude, in this paper, we have developed a
resource-efficient framework for implementing fermion-
boson quantum simulation of a wide variety of models
including lattice gauge theories in ð1þ 1ÞD and ð2þ 1ÞD
using qubit-boson quantum computation. For this purpose,
we developed a range of compilation tools and subroutines
to realize multibody interaction terms using the natively
available qubit-boson gate set in circuit QED hardware. In
particular, we developed parity-controlled, density-density
bosonic gates, and oscillator-mediated multiqubit gates as
foundational subroutines, which are useful beyond our
simulation motivation. In the context of LGTs, we showed
how to implement gauge-invariant hopping terms for
transmon and dual-rail qubit fermionic encodings. We also
presented a method implementing the magnetic-field term
for Uð1Þ gauge fields.
In order to also compare the prefactors of the compila-

tion, we developed an efficient all-qubit algorithm in the
Fock-binary encoding for simulating bosonic hopping
terms. By performing an end-to-end gate complexity
analysis, including gate synthesis errors, we showed that
our approach yields an asymptotic improvement from

OðN1þ 1
2p

max log2ðNmaxÞ2Þ to Oð1Þ scaling in terms of the
boson cutoff S for the gauge-invariant hopping term and
an OðlogðNmaxÞÞ to Oð1Þ improvement for the magnetic-
field term.
We then applied our compilation strategies to some of

the most pertinent quantum simulation tasks—ground-state
preparation and time evolution, for which we developed a
qubit-boson variational quantum eigensolver method. We
benchmarked our hybrid qubit-boson approach through
numerical simulations of a Z2-Higgs model and a Uð1Þ
quantum link model in ð1þ 1ÞD in Bosonic Qiskit, and we
demonstrated that low-depth qubit-boson circuits can
prepare states with a high overlap with the ground state
for small systems. In particular, in the Uð1Þ quantum link
model, we found relative energy errors of less than 10−3 for
just a two-layer ansatz for three matter sites. Separately, we
simulated both the time dynamics and the VQE for the Z2-
Higgs model in the presence of the leading source of noise
in circuit QED architectures—transmon decay and

dephasing. We then developed an approach for postselect-
ing on Gauss’s law in VQE circuits, using the fact that each
term in the Hamiltonian individually conserves Gauss’s
law, and we showed that energy errors of 20% of the
difference between the ground and first excited states can
be reached with this method. We also showed how non-
trivial observables can be measured within our approach,
including the superfluid stiffness and string-order correla-
tors. Finally, we discussed how quantum signal processing
—an alternative approach to eigenstate preparation with
performance guarantees—can be implemented in qubit-
boson systems, showing that its time to solution for a fixed
error is comparable to the VQE.

A. Prospect for quantum advantage

For simulations in the NISQ era, it is important that
errors do not completely destroy the signal to be observed.
In cavities, the probability of a Fock state jNi to decay to
jN − 1i scales linearly with N, therefore posing a challenge
to the achievable fidelity for large N, in particular, in the
context of quantum computation (see, e.g., Sec. II E 2 in
Ref. [57]). By contrast, when mapping bosons to qubits
using the Fock-binary encoding, the probability to be in an
encoded Fock state jNi has a decay rate that scales as Ωð1Þ
and Oðlog2ðNÞÞ. However, this apparent advantage of the
Fock-binary encoding does not directly materialize when
considering observables. As we discuss in Appendix G, for
both cavities and qubits, even nonlinear observables such as
hn̂2i have a decay rate that is Oð1Þ in N. This finding is in
analogy to the fact that for many-qubit systems, local
observables can have low error even when the global
fidelity of the state is essentially zero [309,310].
Therefore, the decay rate of Fock states in cavities, which
grows linearly with the Fock-state number, need not lead to
particular difficulties for quantum simulation when con-
sidering such local observables. Moreover, the effective
errors induced by qubit decay in the Fock-binary encoding
are highly nonlinear in N and also lead to large jumps in
occupations. For example, Fock states with N ¼ 2n, n∈N,
decay immediately to N ¼ 0, leading to an effective loss of
2n bosons at once. Hamiltonian evolution with nonlinear
terms such as an on-site interaction in the presence of Fock-
state-dependent loss can lead to highly correlated errors,
which is not the case for bosonic hardware, where the decay
rate of hn̂2i for an initial Fock state is a smooth function of
the Fock-state number and, in a single decay event, only a
single boson is lost. Finally, in cavity QED, boson loss is
far slower (decay rate κ ≈ 1 kHz, with some cavities shown
to exhibit κ < 1 Hz) than qubit decay (decay rate
γ ≈ 5–10 kHz). The excellent coherence of cavities is
illustrated by the recent experimental preparation of coher-
ent (i.e., definite parity) photon cat states with as many as
1000 photons [187]. Therefore, the differing nature of
errors in oscillators, which are closer to physical errors
appearing in bosonic systems, can pose advantages for
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qubit-boson hardware compared to all-qubit simulations of
bosonic systems.
As to the prospect of quantum advantage (for a

discussion of bosonic quantum computational advantage,
see Ref. [311]), we believe that nonequilibrium dynamics
in regimes with large boson number fluctuations, starting
in Fock states, will be challenging to simulate classically:
The widely used time-evolving-block-decimation algo-
rithm for tensor networks scales cubically with the bond
dimension and quadratically with the boson number cutoff
[99,100]. Monte Carlo methods struggle with nonequili-
brium and real-time dynamics, while semiclassical meth-
ods such as the truncated Wigner approximation [108]
struggle with initial states that are non-Gaussian. Finally,
brute-force sparse diagonalization methods struggle with
large systems—we expect dynamics of system sizes of
L > 20 bosonic sites with an average of two bosons per
site to be challenging to simulate when considering initial
states leading to large boson fluctuations such as
j0 � � � 0LL0 � � � 0i, in which case the cutoff needs to be
chosen to be essentially given by the number of bosons in
the system, 2L, leading to a Hilbert space size of ð3L−1

2L Þ.
The largest simulations to date have reached Hilbert space
sizes of less than 240 [98]. Hence, we expect to surpass
classical simulability using sparse matrix methods for
L ≈ 16. This expectation is in contrast to qubit-only
simulations, where systems of L≳ 50 are needed to reach
beyond-classical regimes [312].

B. Future directions

Our study opens a promising pathway towards using
native qubit-boson hardware to simulate boson-fermion-
gauge-field systems. Compared to qubit-based hardware,
this approach will be most advantageous when simulating
systems with strong boson number fluctuations, for exam-
ple, in chaotic field theory evolution [313], as such a case
requires large cutoffs and, consequently, the synthesis of
square-root factors (when acting with creation and anni-
hilation operators) that are expensive to synthesize in all-
qubit hardware. A key advantage of our digital approach
compared to classical or analog methods is its versatility—
our approach can simulate topologies that do not match the
hardware topology. For example, a 3D model can, in
principle, be mapped to the 2D array at the expense of
needing to implement long-range entangling gates with
SWAPs. Alternatively, holographic approaches could be
employed [314,315].
Extending our approach to non-Abelian gauge theories,

most importantly, SUðNÞ to simulate the weak and strong
forces, is most pertinent. To this end, our Schwinger-boson
approach can be relatively straightforwardly generalized
[176,316], and we expect similar scaling advantages to
materialize as we found for Uð1Þ fields.
Many of our compilations were derived by hand. Finding

more systematic qubit-boson compilation procedures,

building on initial work [317–319], could further lead to
new efficient compilations.
Many applications of qubit-boson quantum simulation,

such as vibronic excitations of molecules or phonon-
electron interactions in condensed-matter physics, show
similar decoherence processes to the one present in qubit-
boson hardware. This similarity opens up the direction of
hybrid qubit-boson digital simulation of open-system
dynamics, which would be an interesting topic to explore
next. In noisy qubit hardware, it would not be immediately
possible as the physical loss processes do not resemble
boson loss in Fock-binary encodings as discussed above.
Looking into the future beyond noisy simulations, our

work motivates the study of bosonic error-correcting codes,
i.e., codes that directly encode a bosonic logical operator
[110], which may be concatenated with qubit codes [320]
or combined with analog error mitigation techniques [321].
Furthermore, it would be interesting to explore whether our
proposed hybrid qubit-boson approach also yields advan-
tages for equilibrium state preparation away from the
ground state. To that end, quantum signal processing
[75], methods based on filtering [322–325], or thermal-
ization [326,327] could be employed. Another interesting
direction is to develop explicit benchmarks of dynamical
quantum simulations of, e.g., string breaking and particle
scattering problems [26,51] to better compare hybrid qubit-
boson and qubit-based approaches.
While challenging in cavity QED hardware, an imple-

mentation in photonic platforms [328] could be attempted,
or a purely native approach for fermion-boson problems
could be explored by combining our approach with digital
fermionic quantum processing in neutral atom arrays
[53,74,329], where bosons can be encoded in (the mechani-
cal) harmonic oscillator degrees of atoms in tweez-
ers [57,73].
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APPENDIX A: IMPLEMENTING FERMIONIC
HAMILTONIAN TERMS

1. Hopping

In this appendix, we remind the reader of an existing
approach for digitally simulating fermionic Hamiltonian
terms, which we show is feasible in hybrid qubit-boson
hardware and simulation.
To take into account the negative sign in the many-body

wave function appearing when two fermions exchange
position, we employ the JW [330] mapping (although many
mappings would be possible, such as Bravyi-Kitaev [331],
parity basis [332], or log-depth versions of the JWencoding
[333,334]). The JWmapping fixes a reference site, defining
a one-dimensional chain embedded in a D-dimensional
volume and trailing a set of Ẑ operators with each
application of a fermionic creation or destruction operator
along the chain:

ĉ†i ¼
�
⊗
i−1

k¼1
Ẑk

�
⊗ σ̂þi ; ĉi ¼

�
⊗
i−1

k¼1
Ẑk

�
⊗ σ̂−i ; ðA1Þ

where σ̂− ¼ ½ðX̂ þ iŶÞ=2�; σ̂þ ¼ ½ðX̂ − iŶÞ=2�.
For a one-dimensional system and only nearest-neighbor

hopping, the strings of Ẑ operations cancel out, and
ĉ†i ĉiþ1 þ H:c: reduces to σ̂þi σ̂

−
iþ1 þ H:c: However, for

D > 1, the strings of Ẑ only cancel if the hopping is
between neighboring sites along the JW chain, but they do
not cancel if the two sites are not nearest neighbors along
the JW chain.
A highly parallelized way of implementing hopping

terms ei2θðĉ
†
i ĉjþH:c:Þ between sites i and j that are not

adjacent along the JW chain is a fermionic SWAP network
[226] (see, e.g., Ref. [229] for a large-scale implementa-
tion). This idea uses FSWAP gates,

FSWAPi;j ¼ SWAPi;j · CZi;j; ðA2Þ

to bring every pair of fermions to Jordan-Wigner adjacent
sites in exactly depth N, where N is the number of
fermions. When fermions are on adjacent sites, hopping
is implemented using iSWAPðθÞ gates. In this way, all
hopping gates can be implemented in depth N, using
OðN2Þ FSWAP gates and N iSWAPðθÞ gates. This value

can be reduced to depth
ffiffiffiffi
N

p
for nearest-neighbor hopping

on the 2D lattice.
We now comment on the transpilation of the required

gates in terms of ZZðθÞ and single-qubit gates.
SWAPi;j fully exchanges the contents of sites i and j on

which it is applied, and CZ is the conditional-Z gate. CZ
applies Ẑ on the second qubit only if the first is in j1i
(which happens to be symmetric). This case corresponds to
the unitary CZ1;2 ¼ 1

2
ðð11 þ Ẑ1Þ12 þ ð11 − Ẑ1ÞẐ2Þ. We

have that CZ1;2 ¼ eiðπ=4Þe−iðπ=4ÞẐ1e−iðπ=4ÞẐ2eiðπ=4ÞẐ1Ẑ2 .
The Jordan-Wigner-adjacent hopping must be imple-

mented, which is given by

iSWAPi;jðθÞ ¼ eiθðσ̂
þ
i σ̂

−
iþ1

þH:cÞ

¼ e−iθðX̂iX̂iþ1Þe−iθðŶiŶiþ1Þ: ðA3Þ

Both e−iθðX̂iX̂iþ1Þ and e−iθðŶiŶiþ1Þ can be implemented
by combining the ZZi;jðθÞwith single-qubit rotations using
that X̂ ¼ Ĥ Ẑ Ĥ and Ŷ ¼ Ŝ Ĥ Ẑ Ĥ Ŝ†, where S ¼
eiπ=4RZðπ=2Þ. Furthermore, we note that, when following
e−iθðX̂iX̂iþ1Þ directly with e−iθðŶiŶiþ1Þ, both dual-rail qubits
have Ĥ Ŝ Ĥ applied to them, which reduces to
1
2
½ð1þ iÞ1þ ð1 − iÞX̂� ¼ R0ðπÞ, a rotation around the X̂

axis. Therefore, the iSWAP operation will require single
qubit rotations and ZZðθÞ gates. These are the only two
operations required to implement fermionic hopping using
fermionic SWAP networks.

2. On-site potential

On-site potential terms for fermions take the formP
i μin̂i, where n̂i ¼ ĉ†i ĉi. The time evolution of this term,

e−iμitn̂i , can be mapped to single-qubit phase gates acting on
each site individually because n̂ ¼ ð1 − ẐÞ=2. These terms
are not affected by the Jordan-Wigner mapping.

3. On-site and intersite interactions

Intersite interactions take the form Ĥ ¼ P
hi;ji Vi;jn̂in̂j.

The time evolution under this Hamiltonian, eiJt
P

hi;ji n̂in̂j ,
can be mapped to ZZi;jðVi;jt=2Þ gates combined with
single-qubit phase gates in the JW mapping using
n̂qubit ¼ ð1 − ẐÞ=2. For multicomponent models such as
the Fermi-Hubbard model in which each site can, for
example, have a spin-up fermion and/or a spin-down
fermion, the different components are mapped onto differ-
ent qubit sites. Therefore, on-site interactions Ĥ ¼
U
P

hii n̂i;αn̂i;β between different components α and β
can also be implemented using the ZZi;jðUt=2Þ gate.
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APPENDIX B: ANCILLA-FREE
IMPLEMENTATION OF BOSONIC ON-SITE
INTERACTIONS IN THE ð1 + 1ÞD Z2-HIGGS

MODEL

In this appendix, we discuss the ancilla-free implemen-
tation of time evolution for the bosonic on-site interaction
term in theZ2-Higgs model. Our motivation for developing
this scheme is that, in the ð1þ 1ÞD case in Sec. VI, each
transmon dispersively coupled to a cavity encodes a matter
degree of freedom and is therefore not “available” as an
ancilla for the realization of on-site interactions using the
method of Sec. III A 3. While experiments have success-
fully incorporated multiple transmons per cavity [202],
such a strategy is challenging and outside of the proposed
architecture in Fig. 4.
In this section, we discuss a workaround for realizing this

term that relies on Gauss’s law. For simplicity, we describe
this strategy in the context of the ð1þ 1ÞD Z2-Higgs
model, but note that an extension to ð2þ 1ÞD is possible. In
particular, we develop an exact, ancilla-free implementa-
tion of arbitrary on-site interactions using one qubit per
cavity while also preserving the quantum information in
each qubit.
This approach leverages a combination of SNAP gates,

Mølmer-Sørensen-like multiqubit gates discussed in
Sec. II F, and Gauss’s law constraints. The key idea is to
introduce an identity in the form of Gauss’s law, for which
we use the convention

Ĝi ¼ X̂i−1;i eiπn̂i X̂i;iþ1 ¼ þ1 ðB1Þ

to rewrite

e−iUn̂2i t ¼ e−iðX̂i−1;ieiπn̂i X̂i;iþ1ÞUn̂2i t; ðB2Þ

where the symbols are as defined in Sec. III A 3.
To synthesize the right-hand side using native gates, we

recast it as

e−iX̂i−1;iX̂i;iþ1

P
n
θnjnihnji ¼ V̂†e−iẐi;iþ1

P
n
θnjnihnji V̂ ðB3Þ

in terms of the Fock states jni with eigenvalue n, and the
angles are defined as θn ¼ eiπnUn2t. The right-hand side of
the equality in Eq. (B3) corresponds to a SNAP gate defined
in Table II, conjugated by the two-qubit unitary

V̂ ¼ Ĥi;iþ1eiðπ=4Þð1i−1;i−X̂i−1;iÞẐi;iþ1 ; ðB4Þ

where Ĥi;iþ1 is a Hadamard gate on the qubit linking sites i
and iþ 1, and 1i;iþ1 the identity. Therefore, synthesis of
this term reduces to the task of implementing V̂, which is
possible in the proposed architecture through the use of the
Mølmer-Sørensen-like scheme introduced in Ref. [57]. The
exact circuit that realizes V̂ is shown in Fig. 29.
While this approach enables us to implement arbitrary

on-site interactions without additional ancillas, it is impor-
tant to note that its reliance on Gauss’s law can result in the
propagation of photon-loss and qubit dephasing errors as
effective gate errors. However, such effects can be at least
partially mitigated by postselecting results on states that
satisfy or partially satisfy Gauss’s law (which we discuss in
Sec. VI D 5). However, note that this will come at the cost
of an increased number of shots that scales exponentially
with system size.

APPENDIX C: REALIZING THREE-WAVE
MIXING HAMILTONIANS WITH DRIVEN

SIDEBAND TRANSITIONS

In this appendix, we outline one possible method for
realizing the three-wave mixing terms needed for gauge-
invariant fermonic hopping as described in Sec. IV E 2. The
goal here is to realize the two Hamiltonians

E ¼ ðab†σþb þ a†bσ−b Þ=2; ðC1Þ

F ¼ iðab†σþb − a†bσ−b Þ=2: ðC2Þ

We focus on two nodes of the proposed experimental
architecture as shown in Fig. 30. Here, an ancilla qubit q
(transmon) at frequency ωq is coupled to an oscillator a
with vacuum Rabi rate 2gqa. Oscillator a is coupled to

FIG. 29. Circuit for implementing the unitary V defined in Eq. (B4). This circuit enables an ancilla-free implementation of on-site
interactions in the ð1þ 1ÞD Z2-Higgs model for the choice α ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiðπ=2Þp
. In the above, Dcðβ; γÞ ¼ j0ih0j ⊗ DðβÞ þ j1ih1j ⊗ DðγÞ is

an asymmetric conditional displacement (see Ref. [57] for details), where Dð·Þ is an unconditional displacement as defined in Table II.
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oscillator b with a tunable beam-splitter interaction gbsðtÞ
activated by a pumped three-wave mixing element with
pump frequency ωp. The second transmon, coupled to
cavity b, can be dynamically decoupled during the
interaction.
By activating the beam splitter between modes a and b

while simultaneously driving a sideband on qubit q, we can
achieve the desired three-wave coupling. Here, the side-
band frequency should be ωq þ 2g, blue-detuned by the
mode splitting between a and b, when the beam splitter is
activated.
In the lab frame, expanding the junction’s cosine

potential to fourth order, the relevant effective
Hamiltonian for the three modes can be approximated as

H0=ℏ ¼ ωaa†aþ ωbb†bþ ωqq†q

þ gbsða†be−iωpt þ ab†eiωptÞ
þ gqaða†qþ aq†Þ − EJ

4!
ðφqðqþ q†ÞÞ4; ðC3Þ

where φq ¼ ð2EC=EJÞ14 and ωp is the beam-splitter pump
frequency.
To analyze this Hamiltonian, we first apply a dispersive

transformation on modes q and a. Assuming g ≪ Δqa, we
expand to first order in ðgqa=ΔÞ to find

H1=ℏ ¼ ωaa†aþ ωbb†bþ ωqq†q

þ gbsða†be−iωpt þ ab†eiωptÞ

−
EJ

4!

�
φqðqþ q†Þ þ φq

gqa
Δqa

ðaþ a†Þ
�

4

; ðC4Þ

where we have redefined ωa, ωb, and ωq to be the
normalized mode frequencies.

Driving the beam splitter on resonance corresponds to a
SNAIL pump frequency of ωp ¼ ωb − ωa. Moving into the
rotating frame of modes a, b, and q, we find

H̃1=ℏ ¼ gbsða†bþ ab†Þ − EJ

4!
ðφqðqe−iωqt þ q†eiωqtÞ

þ φq
gqa
Δqa

ðae−iωat þ a†eiωatÞÞ4: ðC5Þ

From here, we make a Bogoliubov transformation
H̃2 ¼ U†H̃1U, where U ¼ exp ððπ=4Þða†b − ab†ÞÞ, lead-
ing to

H̃2 ¼ gbsðb†b − a†aÞ − EJ

4!
ðφqðqe−iωqt þ q†eiωqtÞ

þ φq
gqa
2Δqa

ððaþ bÞe−iωat þ ða† þ b†ÞeiωatÞÞ4: ðC6Þ

Finally, we can account for the mode splitting of 2gbs by
moving into the rotating frame of a and b at frequencies
∓ g to find

H̃3 ¼ −
EJ

4!

�
φqðqe−iωqt þ q†eiωqtÞ

þ φq
gqa
2Δqa

ðae−iðωa−gÞt þ be−iðωaþgÞt

þ a†eiðωa−gÞt þ b†eiðωaþgÞtÞ
�
4

: ðC7Þ

Here, we see that by activating a resonant beam splitter
between modes a and b, the transmon mode q has an
effective four-wave coupling to both mode a and b, seen by
the qubit at effective frequencies ωa � g. Thus, we can
drive the qubit with a sideband drive at frequency ωd ¼
ωq þ 2g to activate the desired three-wave mixing term. To
see this case, we add a drive term with strength ξ,

H̃3 ¼ −
EJ

4!

�
φqðqe−iωqt þ q†eiωqtÞ

þ φq
gqa
2Δqa

ðae−iðωa−gÞt þ be−iðωaþgÞt þ a†eiðωa−gÞt

þ b†eiðωaþgÞt þ ξe−iωdt þ ξ�eiωdtÞ
�
4

ðC8Þ

and expand the four-wave mixing term. We find the desired
resonant process

H̃sideband=ℏ ¼ −EJφ
3
q

�
gqa
2Δqa

�
2

ðξab†q† þ ξ�a†bqÞ: ðC9Þ

To avoid driving other undesired terms, the strength of
the process must be small with respect to the mode
splitting, 2gbs. Further analysis of this process in an

FIG. 30. Realization of an effective three-wave mixing term.
We show two nodes of the proposed superconducting architecture
consisting of a transmon, two cavities, and a tunable beam-splitter
interaction. The second transmon coupled to cavity b is not
shown. The SNAIL mixing element is driven at ωa − ωb to
hybridize modes a and b. In addition, a sideband drive at
frequency ωq þ 2gbs is applied to the transmon, activating the
desired three-wave mixing interaction.
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experimental setting will be needed to solidify its use as a
viable path to realizing effective three-wave mixing. Other
methods could also be used, such as a dedicated four-wave
mixing element coupling modes q, b, and a.

APPENDIX D: QUBIT GATE COUNTS FOR
SIMULATING A BEAM-SPLITTER

HAMILTONIAN

In this appendix, we explain how to obtain the number of
two-qubit gates necessary for compiling a beam splitter
between two modes e−iθĤ with

Ĥ ¼ â†bþ âb̂† ðD1Þ

onto a qubit-only quantum computer within the Fock-
binary encoding. We do this by generalizing the calculation
presented in Appendix F of Ref. [57], which shows the
compilation of a displacement on a single mode
e−iðαâ†−α�âÞ, where α is a complex number.
The beam splitter can be divided into four parts accord-

ing to H ¼ ðHeven;even þHeven;odd þHodd;even þHodd;oddÞ.
The four parts contain matrix elements that are square
roots of products of even and/or odd numbers.
For example, Heven;odd only contains matrix elements with
value

ffiffiffiffiffiffiffiffiffiffiffi
x × y

p
, where x is even and y is odd. This case

corresponds to those parts of the Hamiltonian
where â†b̂ acts on Fock states joddijoddi transforming
them to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
even × odd

p jevenijeveni, and âb̂† acts on
Fock states jevenijeveni transforming them toffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
even × odd

p joddijoddi:

â†b̂j2jþ1ij2lþ1i¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðjþ1Þ× ð2lþ1Þ

p
j2ðjþ1Þij2li;

ðD2Þ

âb̂†j2ðjþ1Þij2li¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðjþ1Þ× ð2lþ1Þ

p
j2jþ1ij2lþ1i:

ðD3Þ

The action of Heven;odd rotates between the states
j2jþ 1ij2lþ 1i and j2ðjþ 1Þij2li.
Using a first-order Trotter formula, we can therefore

decompose the time evolution under a beam splitter into
four parts,

e−iθĤ ¼ e−iθĤeven;evene−iθĤeven;odde−iθĤodd;evene−iθĤodd;odd þOðθ2Þ:
ðD4Þ

This result reduces the problem to compiling time evolution
under the four parts individually. However, they do not
commute, and therefore, there is an error. To make this error
arbitrarily small, we use a ð2pÞ order Trotter formula SðθÞ:

SðθÞ ¼
YNexp=4

j¼1

e−iθĤeven;evenτ4j−3e−iθĤeven;oddτ4j−2

× e−iθĤodd;evenτ4j−1e−iθĤodd;oddτ4j ; ðD5Þ

where the formula is generic but is specified in Eq. (11) of
Ref. [239], where τ4j−m are also defined. This formula

yields error jjðSðθÞÞ − e−iθĤjj ≤ ϵ with a number of
elementary exponentials Nexp (i.e., one of the four con-
stituent exponentials above), which, using Eq. (65) in
Ref. [244], yields

Nexp ≤ 235p−1
�
pNmaxθ

�
5

3

�
p
�
Nmaxθ

ϵ

� 1
2p
	
; ðD6Þ

for a ð2pÞ order Trotter formula, where Nmax is the cutoff.
To obtain the total number of gates, we now need to
determine the number of gates for each of the exponentials.
Crucially, these four parts are one-sparse matrices within

the Fock-binary encoding and can be decomposed into
direct sums of terms that are a constant times a σ̂x Pauli
matrix. This approach will enable us to map the evolution
under this Hamiltonian to a rotation on a single ancilla
qubit. For example, in the case of Heven;odd, the amplitudes
of j2jþ 1ij2lþ 1i and j2ðjþ 1Þij2li will be mapped to
the amplitudes of j0i and j1i of an ancilla qubit, and a
single qubit rotation will effectively carry out the action of
Heven;odd. We explain this process in more detail in the
following.
We divide the state of the two modes into even and odd

components, where we assume that each Fock state is
encoded via the Fock-binary encoding into qubits:

jΨiB ¼
X
nm

an;mjnijmi ðD7Þ

¼
XNmax−1

2

j¼0

XNmax−1
2

l¼0

ða2j;2lj2jij2liþa2jþ1;2lþ1j2jþ1ij2lþ1i

þa2jþ1;2lj2jþ1ij2liþa2j;2lþ1j2jij2lþ1iÞ: ðD8Þ

The preparation of this qubit state is, in general, not a trivial
task; however, we do not consider the complexity of this
task here.
We now discuss the case where Heven;odd is applied.

We add an ancilla qubit in j0i. Grouping terms that will
not be affected by the operation a2jþ1;2lj2jþ 1ij2li þ
a2j;2lþ1j2jij2lþ 1i into jψ resti, we can write the state as

jΨiB ¼
XNmax−2

2

j¼0

XNmax−1
2

l¼0

ða2ðjþ1Þ;2lj2ðjþ 1Þij2li

þ a2jþ1;2lþ1j2jþ 1ij2lþ 1i þ jψ restiÞj0i; ðD9Þ
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where we have neglected j0ij2li in the first (jevenijeveni)
term of the sum, which is allowed because Heven;odd

transforms jevenijeveni states with âb̂†, canceling
j0ij2li; we have also neglected jNmaxij2lþ 1i in the
second (joddijoddi) term of the sum, which is allowed
because Heven;odd transforms joddijoddi states with â†b̂,
taking this state to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðNmax þ 1Þ × ð2lþ 1Þp jNmax þ 1ij2li,
which is unphysical for a cutoff of Nmax.
The two amplitudes in the sum not contained in jψ resti

are those that are connected by Heven;odd, and we wish to
transfer them to the ancilla qubit. For this purpose, we flip
the ancilla qubit controlled on the joint parity of the mode
registers. The least significant qubit of a register encoding a
Fock state in the binary is in j0i if the parity is even and j1i
if it is odd. Therefore, we apply a Toffoli gate to the ancilla
qubit, controlled on the two least-significant bits of the
mode registers. In this way, we obtain

jψiB ¼
XNmax−2

2

j¼0

XNmax−1
2

l¼0

ða2ðjþ1Þ;2lj2ðjþ 1Þij2lij0i

þ a2jþ1;2lþ1j2jþ 1ij2lþ 1ij1iÞ þ jψ 0
resti: ðD10Þ

Now, we complete the transfer of the coefficients by
removing the dependency on the mode Fock state
registers by transforming them to the same value, which
can be completed by modifying them, dependent on
the value of the ancilla qubit. As there is freedom to
choose which value to set them to, we choose to set the
register to the value that will be used later inside the
square-root, which we know from Eqs. (D2) and (D3) to
be 2ðjþ 1Þ × ð2lþ 1Þ.
For this purpose, we perform a 1-controlled incrementer

on the first mode binary register controlled on the
ancilla, which brings a2jþ1;2lþ1j2jþ 1ij2lþ 1ij1i to
a2jþ1;2lþ1j2ðjþ 1Þij2lþ 1ij1i, and a 0-controlled CNOT

on the least-significant bit of the second mode controlled
on the ancilla, which brings a2ðjþ1Þ;2lj2ðjþ 1Þij2lij0i to
a2ðjþ1Þ;2lj2ðjþ 1Þij2lþ 1ij0i, leading the state

X
j;l

j2ðjþ 1Þij2lþ 1iða2ðjþ1Þ;2lj0i þ a2jþ1;2lþ1j1iÞ

þ jψ 00
resti: ðD11Þ

A controlled incrementer with the construction presented in
Appendix F of Ref. [57] requires 23n − 12 CNOT gates,
where n is the size of the register (representing the first
mode) to be incremented. Therefore, so far, the number of
CNOT gates (with the additional 0-controlled CNOT gate, and
six CNOT gates to implement the Toffoli gate) to transfer the
amplitudes to the ancilla qubit is

Ntr ¼ 23n − 5: ðD12Þ

We then apply the operation

X
j;l

j2ðjþ 1Þij2lþ 1ih2lþ 1jh2ðjþ 1Þj

× R0ð−it
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðjþ 1Þ × ð2lþ 1Þ

p
Þ: ðD13Þ

Crucially, one can check that jψ 00
resti does not evolve under

this operation.

1. Calculating square roots on the fly

It is cheaper to first multiply the values contained in the a
and b registers and then take their square root. The cost for
a multiplication of the values contained inside two registers
both of size n is

N× ¼ 9n2 þ 6n ðD14Þ

(see Ref. [121]). Let us encode the result of the multipli-
cation in a register of size 2n. The cost of the calculation of
a square root of the value contained inside a register of size
2n is

NSQRT ¼ð270mþ126Þð2nÞ2þð228mþ96Þð2nÞÞ−12m

ðD15Þ

(see Ref. [121]), wherem is the number of iterations needed
to compute the reciprocal square root. Results with 10−8

error, for example, have been obtained using m ¼ 3
Newton iterations [121].
The rotation R0 must be implemented using the value of

this square root as the phase. For this purpose, for each
qubit of the binary representation of the square root, we
apply the following. If ð ffiffiffiffi

p
p Þj ¼ n̂j ¼ ð1j − ẐjÞ=2 repre-

sents the value of the jth bit in the fixed point representation
of the square root in increasing order of significance, and k
is the index of the ancilla qubit, then

e−i
ffiffiffi
p

p
X̂kt: ðD16Þ

We implement this in parallel, on all the parts of the
superposition, using the following operation:

Yð2nÞ−1
j¼0

e−i2
jn̂jX̂kt: ðD17Þ

Thus, we can implement e−itHeven;odd by applying this circuit
to the ancilla qubit. A controlled single-qubit rotation can
be implemented using two controlled NOT gates and
single-qubit rotations. Thus, the cost of the simulation of
this term would involve
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NcR ¼ 2 × ð2nÞ: ðD18Þ

We then disentangle the ancilla and restore the mode
registers to prepare the application of the other three parts
of the Hamiltonian, which follows the same steps as the
amplitude transfers but in reverse and which therefore
costs Ntr.
Therefore, the total cost of a single exponential, e.g.,

Hodd;odd, is

NCNOT=Exp ¼ ð2 × NtrÞ þ N× þ NSQRT þ NCR; ðD19Þ

where NCNOT=Exp scales as Oðlog2ðNmaxÞ2Þ.
The total number of NCNOT=Exp per beam splitter depends

on the target error. For this purpose, we use Eq. (65) of
Ref. [244], similarly to our discussion in Sec. VIII B in
Ref. [57]. There are various contributions to the final error
of implementing e−iθĤ. First, there is the Trotter error from
the division of the Hamiltonian into noncommuting even
and odd terms shown in Eq. (D5). We set this error
contribution to ϵTrot ¼ ϵ=2. Second, there is the error
coming from the square-root calculation, which is multi-
plied by the Hamiltonian prefactor θ. To set this error also
to ϵ=2 total error, we choose m such that the error per
square root is ϵ=ð2θNexpÞ. Therefore, to calculate the total
number of gates for a given Nmax, θ, ϵ, p, we first calculate
Nexp from Eq. (D6). From this result, we calculate the
target error per square root ϵ=ð2θNexpÞ, which in turn
determines the order m of the Newton iterations. Next, we
evaluate the number of gates per square root, NSQRT, and
the number of gates per exponential, Ngates;exp. Finally, the
number of gates for a single beam splitter is given by
Nexp × NCNOT=Exp. Asymptotically, this method scales as

OðN1þð1=2pÞ
max log2ðNmaxÞ2Þ, assuming that, for large Nmax,

the scaling of m is weak with Nmax. This scaling is almost
linear in Nmax.

2. Precalculated square roots

Next, we discuss classically precalculating the square
roots, storing them in a qubit register and then performing
controlled rotations. While this at first seems attractive, this
method requires as many controlled rotations as there are
possible Fock states, and each controlled rotation would
need to be controlled on the mode registers being in a
specific Fock state, i.e., multiqubit controlled operations.
The operation will need to be controlled on the value of

registers of modes a and b. Assuming both registers have
the same length n ¼ logðNmaxÞ, where Nmax is the maxi-
mum Fock state, the total length of the combined register
on which the operation needs to be controlled is 2n. One n-
Toffoli gate, i.e., a qubit rotation controlled on a qubit
register of size n being in state jψi, has a theoretical lower
bound of 2n CNOT gates [335]. Therefore, the number of
CNOT gates for a (2n)-Toffoli gate is 2ð2nÞ. For each value

of the a and b registers, we need to first apply the (2n)-
Toffoli gate, then apply the single qubit rotation
R0ð−it

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðjþ 1Þ × ð2lþ 1Þp Þ to the ancilla [coming from

Eq. (D13)], and then uncompute by applying the exact
same (2n)-Toffoli gate again. Therefore, the total CNOT cost
of each check-and-apply operation (or Toffoli rotation) is

NCNOT=tR ¼ 2ð2ð2nÞÞ: ðD20Þ

The total number of times this search-and-apply oper-
ation needs to be implemented corresponds to the total
number of possible states of the registers a and b. Each
register can have 2n possible states. Therefore, the joint
register of size 2n can have 22n possible states, which must
all be checked at the cost of NCNOT=tR for each check-and-
apply operation. The total CNOT cost of covering all
possible combinations with the Toffoli rotation is

NCNOT=c;tR ¼ ð22nÞ × 2(2ð2nÞ): ðD21Þ

Therefore, the total cost of implementing a single
exponential when precalculating the square roots and
controlling the rotations on the state of the registers is

NCNOT=Exp ¼ ð2 × NCNOT=transferÞ þ NCNOT=c;tR

¼ 6nð22nÞ þ 46n − 10: ðD22Þ

The total number of CNOTs per beam splitter is
Nexp × NCNOT=Exp. The leading-order term of NCNOT=Exp is
6nð22nÞ with n ¼ log2ðNmaxÞ; therefore, NCNOT=Exp scales
as OðN2

max log2ðNmaxÞÞ.
Asymptotically, this method scales as OðN3þð1=2pÞ

max ×
log2ðNmaxÞÞ, which is worse than the almost-linear scaling
in the in situ square-root setup. For small cutoffs, it is
advantageous, however, to precalculate the square roots and
check which one to apply because the prefactors for
calculating them in situ are so large. The two methods are
compared in Fig. 17.

3. Controlled parity, controlled beam splitter

A controlled beam splitter CBS could be implemented
very simply by controlling every single CNOTon the control
qubit, which can be done by transforming the CNOTs into
Toffoli gates at the cost of six CNOT per Toffoli gate.
Therefore, this process increases the gate count by a factor
of 6, which is a lower bound as it does not count the
additional CNOTs that come from controlling the single
qubit gates.
However, a cheaper way is to use the controlled parity

trick, i.e., sandwiching the beam splitter between two
expðiðπ=2Þσ̂zn̂Þ gates. Decomposing n̂ in binary, n̂ ¼P log2ðNmaxÞd 2kð1−σ̂zjÞ=2e

k¼0 . Each e−iθσ
z
1
σz
2 gate takes two CNOT

gates to implement (CNOT1;2RZð2θÞ2CNOT1;2). Hence, a
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conditional parity requires

NCNOT=CP ¼ 2
l
log2ðNmaxÞ

m
ðD23Þ

CNOT gates, and only an additional 4 log2ðNmaxÞd CNOTe
gates are required to turn a BS into a CBS gate.

APPENDIX E: QUANTUM SIGNAL PROCESSING

In this appendix, we first review the technique of QSP
[303,304,336]. In short, QSP is a parametric algorithm for
generating a polynomial transformation of a subsystem.
Subsequently, we will discuss how QSP may be general-
ized to apply a polynomial transformation to a linear
operator, a procedure known as a quantum eigenvalue
transform (QET) [75,303,304]. This ability to polynomially
transform an arbitrary linear operator is incredibly powerful
and has been shown to provide a universal framework from
which nearly all known quantum algorithms may be
derived [75,299].

1. Quantum signal processing

QSP [303,304,336] works by interleaving a signal
operator W and a signal processing operator S. These
operators are taken to be SU(2) rotations about different
axes, where the signal operator is a rotation through a fixed
angle θ and the signal processing operator is a rotation
through a variable angle ϕ. Conventionally, W is taken to
be an x rotation and S a z rotation.
Following standard conventions, we define the signal

operator as

WðxÞ ¼
"

x i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p

i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
x

#
; ðE1Þ

which is an x rotation through an angle θ ¼ −2 cos−1 x
(x∈ ½−1; 1�). Similarly, we define the signal processing
operator as

SðϕÞ ¼ eiϕZ; ðE2Þ

which is a z rotation through an angle −2ϕ. Then,
introducing a set of QSP phases ϕ⃗ ¼ ðϕ0;ϕ1;…;ϕdÞ∈
Rdþ1, one can construct the QSP sequence Uϕ⃗, which is
defined as the following interspersed sequence ofW and S:

Uϕ⃗ ¼ Sðϕ0Þ
Yd
k¼1

WðxÞSðϕkÞ ¼ eiϕ0Z
Yd
k¼1

WðxÞeiϕkZ: ðE3Þ

Incidentally, the matrix elements of this sequence are
polynomials in x, parametrized by the QSP phases ϕ⃗. In
particular, Ref. [336] proved that

Uϕ⃗ ¼ eiϕ0Z
Yd
k¼1

WðxÞeiϕkZ

¼
"

PðxÞ iQðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p

iQ�ðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
P�ðxÞ

#
; ðE4Þ

where PðxÞ and QðxÞ are polynomials that obey

1: degðPÞ≤ d; degðQÞ≤ d−1

2: PðxÞhas parity dmod 2; QðxÞ has parityðd−1Þmod 2

3: jPðxÞj2þð1−x2ÞjQðxÞj2¼ 1; ∀ x∈ ½−1;1�: ðE5Þ

The reverse is also true: For polynomials PðxÞ and QðxÞ
that obey these conditions, the corresponding phases ϕ⃗ can
be determined efficiently with a classical algorithm [337].
This result indicates that we can prepare polynomials

of x by projecting into a matrix element of Uϕ⃗, such as

PðxÞ ¼ h0jUϕ⃗j0i. This polynomial may be explicitly
obtained by measuring the transition probability

of a state evolving under Uϕ⃗, that is, the probability

p ¼ jh0jUϕ⃗j0ij2 ¼ PðxÞ2. Moreover, for a target polyno-
mial of degree d, the corresponding QSP circuit is con-
structed from OðdÞ quantum gates [i.e., depth OðdÞ].

2. Quantum eigenvalue transformation

The construction of QSP may be generalized to
apply a polynomial transformation to an operator, that
is, to its eigenvalues, which is fittingly known as the
quantum eigenvalue transformation. To understand this
heuristically, note the following interpretation of QSP:
QSP begins with a matrix WðxÞ that block encodes x as
x ¼ h0jWðxÞj0i, and by interspersing this matrix with
rotation operators parametrized by ϕ⃗, QSP generates an
operator that block encodes a polynomial transformation of

x as PðxÞ ¼ h0jUϕ⃗j0i. Thus, in terms of block encodings,
this procedure performs the polynomial transforma-
tion x ↦ PðxÞ.
Paralleling this scenario, one may instead begin with a

unitary U that block encodes a matrix A ¼ P
λ λjλihλj:

U ¼
�
A ·

· ·

�
ðE6Þ

(this is only possible if kAk ≤ 1; if this condition is not met,
one can instead block encode a rescaled matrix ð1=kAkÞA).
More generally, we assume that A can be accessed with a
projector Π as A ¼ ΠUΠ. Equation (E6) uses the simple
projector Π ¼ j0ih0j ⊗ I.
In the QET, one intersperses U with a rotation operator

that acts as a z rotation within each eigenspace of A. This
operator may be expressed as Πϕ ≔ eiϕð2Π−IÞ for a rotation
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angle ϕ and can be straightforwardly realized with access
to a Π-conditional NOT operation [299]. Paralleling the
QSP sequence of Eq. (E4), one defines the following
QET sequence, which effectively performs QSP within
each eigenspace and thus outputs a polynomial trans-
formation of A:

Uϕ⃗ ¼ Πϕ0

Yd
k¼1

UΠϕk

⇒ ΠUϕ⃗Π ¼
X
λ

PðλÞjλihλj ¼ PðAÞ; ðE7Þ

where, as before, PðAÞ is a degree d polynomial that obeys
the conditions of Eq. (E5). In terms of block encodings,
QET maps the matrix A to a polynomial transformation
PðAÞ. As above, for a target polynomial of degree d, the
circuit depth is OðdÞ.
In practice, the QET sequence can be applied to an initial

state jψi to prepare a state ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hψ jPðAÞ2jψi

p
ÞPðAÞjψi,

with successful preparation occurring with probability
p ¼ hψ jPðAÞ2jψi. In the next section, we use this strategy
to prepare the ground state of a Hamiltonian.

APPENDIX F: GROUND-STATE PREPARATION
WITH QUANTUM SIGNAL PROCESSING

In the main text, we used VQE to estimate the ground
state of the Z2 gauge theory and the Schwinger model.
However, recent work suggests that QSP provides an
alternative approach to ground-state preparation with guar-
anteed fidelity and success probability [305]. It has also
been shown that QSP can naturally be performed on hybrid
CV-DV quantum processors [306], rendering it applicable
to lattice gauge theory simulations on these platforms. Note
that we use “QSP” and “QET” interchangeably here, as
their distinction is only in the argument they apply to.
In the setting of ground-state preparation, the goal is to

prepare an approximation to the ground state jψ0i of a
Hamiltonian H with fidelity 1 − ϵ and probability of
success 1 − ϑ. We assume access to an easily preparable
state jϕi that has overlap jhψ0jϕij ≥ γ with the ground
state, and we also knowledge that the spectral gap ofH is at
least Δ.
This problem was studied in the context of near-term

quantum devices in Ref. [305]. There, the authors present a
ground-state preparation algorithm that applies QSP to the
time-evolution operatorU ¼ e−iH. This algorithm is a more
feasible input model than applying QSP directly to the
Hamiltonian because a block encoding of the time-evolu-
tion operator may be realized as a controlled-U and can be
implemented with Trotterization, for instance, whereas
achieving a block encoding of the Hamiltonian is signifi-
cantly more challenging. With this input model, QSP
produces polynomials in the argument cosðH=2Þ, i.e.,
polynomials PðcosðH=2ÞÞ.

As an overview, the algorithm presented in Ref. [305]
prepares the ground state by first constructing a QSP
polynomial that approximates a projector onto the ground-
state subspace. Specifically, this polynomial approximates a
step function that filters out energies greater than the ground-
state energy. The precise construction of this polynomial
necessitates that it has degree Õðð1=ΔÞ logð1=ϵÞÞ. This QSP
sequence is then applied to the initial state jϕi, which filters
out its contributions from high-energy states and thus
projects out an approximation to the ground state. This
protocol succeeds ifwemeasure the correct block of theQSP
sequence, the probability of which we boost by repeating
this protocol numerous times to achieve a sufficiently high
success probability.
Let us study this case more closely to determine the

number of queries required for this algorithm. First, we
note that Ref. [305] assumes access to the time-evolution
operator e−iH, where the eigenvalues of H lie in the range
½η; π − η� for some η > 0; if this is not satisfied, one
can instead simulate e−iðHtþϕÞ for a time t and phase
ϕ such that the effective Hamiltonian H̃ ¼ Htþ ϕ
obeys this constraint. For instance, we consider the
operator e−i½ðπ=2Þþððπ=2Þ−ηÞðH=kHkÞ�, such that the effective
Hamiltonian H̃ ¼ ðπ=2Þ þ ½ðπ=2Þ − η�ðH=kHkÞ is guar-
anteed to have eigenvalues in the range ½η; π − η�.
Moreover, we also assume knowledge of a parameter μ

that is at least Δ=2 away from the ground-state energy E0

and the first-excited-state energy E1: E0 ≤ μ − Δ=2 < μþ
Δ=2 ≤ E1 (where Δ is the aforementioned lower bound on
the spectral gap). If no μ is known a priori, Ref. [305]
provides an additional algorithm to determine such a value.
The goal then is to construct a QSP polynomial that
provides an approximation to a step function whose
discontinuity occurs at a value x0 ∈ ðμ − Δ=2; μþ Δ=2Þ,
such that this step function filters out eigenvalues greater
than the ground-state energy. If we want the polynomial to
suffer an error of at most ε, then it must obey

jPðxÞ − 1j ≤ ε; x∈ ½σþ; σmax�;
jPðxÞj ≤ ε; x∈ ½σmin; σ−�;
jPðxÞj ≤ 1; x∈ ½−1; 1�; ðF1Þ

where

σ� ¼ cos

�
μ ∓ Δ=2

2

�
;

σmin ¼ cos

�
π − η

2

�
; σmax ¼ cos

�
η

2

�
: ðF2Þ

[Recall that the argument of our polynomial is cosðH=2Þ.]
Because the step function exhibits a discontinuity, it can

only be approximated by a polynomial away from the
discontinuity at x0, i.e., outside of the range ðx0 − δ=2; x0 þ
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δ=2Þ for some width δ. It is well established that this
function can be approximated to within error ε by a
polynomial of degree O½ð1=δÞ logð1=εÞ� [246]. To satisfy
the above constraints, we desire the width of the region
around the discontinuity to be δ ¼ σþ − σ− ¼ OðΔÞ.
Hence, it will suffice to choose a QSP polynomial of
degreeO½ð1=ΔÞ logð1=εÞ�. Equivalently, this is the depth of
the QSP sequence, i.e., the number of coherent queries to
the controlled-U operator. For completeness, we note that,
very recently, Ref. [338] demonstrated how to reduce this
query complexity by a constant factor by rescaling the
spectral gap.
The action of this QSP polynomial on the initial state jϕi

is to retain the amplitude of the ground state up to a factor
of greater than or equal to 1 − ε while rescaling the
magnitude of the component orthogonal to the ground
state by a factor of less than or equal to ε. Schematically, we
may write the initial state as jϕi ¼ γjψ0i þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p
jψ⊥i,

where jψ⊥i accounts for components orthogonal to
the ground state. Then, upon application of the QSP
sequence, jϕi is mapped to a state like jϕ0i ¼
ð1 − εÞγjψ0i þ ε

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p
jψ⊥i up to normalization (here,

we have assumed the worst-case error). We desire
that the corresponding normalized state has fidelity
hψ0jϕ0i=hϕ0jϕ0i ≥ 1 − ϵ with the ground state, for which
it suffices to select ε ¼ ffiffiffi

ϵ
p ðγ=

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p
Þ ¼ Oð ffiffiffi

ϵ
p

γÞ.
The above QSP polynomial is only applied to the

initial state if the correct block of the QSP sequence
is accessed, which occurs with probability of at least
hϕ0jϕ0i ¼ ð1 − εÞ2γ2 þ ð1 − γ2Þε2 ¼ Oðγ2Þ. We can use
repetition to boost this success probability to a value close
to 1. To ensure that the probability of failure is ≤ ϑ after N
repetitions, we require ð1 −Oðγ2ÞÞN ≤ ϑ, for which N ¼
O½ð1=γ2Þ logð1=ϑÞ� suffices.
In summary, this algorithm for QSP-based ground-state

preparation prepares an approximation to the ground state
with fidelity greater than or equal to 1 − ϵ by repeatedly
applying QSP to an initial state. Each QSP instantiation
uses one copy of the initial state jϕi and requires
O½ð1=ΔÞ log ð1=ϵγÞ� coherent queries to the controlled
time-evolution operator U ¼ e−iH. In order to ensure
success probability greater than or equal to 1 − ϑ, we
repeat this procedure O½ð1=γ2Þ logð1=ϑÞ� times.

1. Application to the Z2-Higgs model

Let us now look at the requirements of QSP-based
ground-state preparation in a practical application. We
desire a rough order-of-magnitude estimate on the gate
depth of the QSP circuit. Consider theZ2 Hamiltonian with
n ¼ 3 sites and couplings J ¼ 1 ¼ g ¼ U, as studied in
Sec. VI C. Numerics indicate that the normalized effective
Hamiltonian H̃ ¼ ðπ=2Þ þ ½ðπ=2Þ − η�ðH=kHkÞ (with
η ¼ 0.05) has a spectral gap Δ ≈ 0.24, which necessitates
a width δ ¼ σþ − σ− ≈ 0.089. In this setting, the VQE in

Sec. VI C begins with an initial state jϕi that numerically
has overlap with the ground state γ ≈ 0.36 and ultimately
produces an approximation of the ground state with fidelity
ϵ ≈ 2 × 10−2. To achieve a similar performance with QSP-
based ground-state preparation, we must construct a poly-
nomial approximation to the desired step function with
error ε ¼ ffiffiffi

ϵ
p ðγ=

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p
Þ ≈ 0.055. Empirical calculations

of the polynomial constructions outlined in Refs. [246,339]
indicate that such a polynomial may be constructed with
degree d ≈ 50.
As we discussed in the main text, the QSP circuit for this

polynomial is rather deep and expensive, significantly more
than our VQE approach. For instance, employing even the
first-order Trotterization as outlined in Sec. VI B, a con-
trolled time evolution would require around three con-
trolled qubit-boson gates per site, for a total of greater than
or around 104 qubit-boson gates in series. Thus, this
approach will only be practical and competitive with
VQE once qubit-boson gate infidelities much less than
10−4 can be achieved, in contrast to the current qubit-boson
fidelities of less than or around 0.9995. Moreover, in this
Trotterization approach, the circuit depth will grow linearly
with the number of sites, n. In addition, the number of
repetitions of the QSP circuit will generally scale exponen-
tially as Oð1=γ2Þ ¼ 2OðnÞ without a priori knowledge of
the ground state, which is to be expected because generic
ground-state preparation is QMA hard [308].
These points indicate that, at least for NISQ-era

machines, the VQE provides a more viable approach to
ground-state preparation than QSP-based algorithms,
despite the elegance and provably accurate performance
of the latter. For more details on using QSP to prepare
ground states of lattice gauge theories, see Ref. [338],
which provides a comprehensive exposition of this subject.

APPENDIX G: COMPARISON OF THE IMPACT
OF NOISE BETWEEN QUBIT-BOSON AND

QUBIT HARDWARE

In this appendix, we discuss the influence of boson mode
decay on observables and compare it to the influence of
qubit decay in a Fock-binary encoding of a boson mode.
The primary problem we address here is the following: It
can be shown that under mode decay, when starting in a
Fock state jNi, the probability pN to remain in this state
decays as

pNðtÞ ¼ expð−γNtÞ ðG1Þ

with time t. This result seems to pose challenges to our
approach as it seems to imply that high Fock states cannot be
useful for quantum simulation. However, in this appendix,
we show that the decay rate of some relevant observables
does not increasewithN. Moreover, an alternative approach
using qubits in a Fock-binary encoding does not yield
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qualitative advantages and even leads to highly nonlinear
effective bosonic noise processes.
Consider a Markovian noise process with no

Hamiltonian evolution and a set of Lindblad operators
L̂j with rate γ. In this case, the time evolution of an
observable Ô is given by

d
dt
Ô ¼ γ

�X
j

L̂†
j ÔL̂j −

1

2
fL̂†

j L̂j; Ôg
�
: ðG2Þ

In the following, we consider the time evolution of the
occupation number operator n̂ and its square n̂2 starting
from a Fock state jNi.

1. Oscillator

For a bosonic mode encoded in an oscillator, the leading
loss process is mode decay L̂ ¼ â with rate κ. For the time
evolution of the mode occupation, Ô ¼ n̂, we then find
from Eq. (G2) that

hn̂ðtÞi ¼ hn̂ð0Þie−κt: ðG3Þ

Moreover, inserting Ô ¼ n̂2, we find

d
dt
hn̂2ðtÞi ¼ −2κhn̂2ðtÞi þ κhn̂ðtÞi: ðG4Þ

Inserting Eq. (G3) and solving the resulting inhomo-
geneous differential equation, we find

hn̂2ðtÞi ¼ ðhn̂2ð0Þi − hn̂ð0ÞiÞe−2κt þ hn̂ð0Þie−κt: ðG5Þ

Hence, hn̂2ðtÞi decays with a rate less than 2κ. This upper
bound is independent of which Fock states the initial state
occupies, showing that even when large Fock states are
occupied, meaningful observables can be extracted in the
presence of mode decay.

2. Qubits in Fock-binary encoding

In the Fock-binary encoding, the bosonic mode is
represented by a set of Nq qubits, introducing a cutoff
Nmax ¼ 2Nq − 1 in the boson number. The boson number
operator is given by

n̂ ¼
XNq−1

j¼0

2jn̂qj ; ðG6Þ

with n̂qj ¼ j1ih1j the projector on the j1i state of the qubit.
To compare to the oscillator decay, we consider qubit decay
L̂j ¼ σ̂−j with rate γ. First, we again consider the decay of
the expectation value of the number operator, finding

hn̂ðtÞi ¼ hn̂ð0Þie−γt: ðG7Þ

Surprisingly, we find the same expression as for the mode,
with κ replaced by γ. Mathematically, this result is due to
the fact that n̂ is linear in n̂qj . More interestingly, the
evolution of the square number operator

n̂2 ¼
XNq−1

i;j¼0

2iþjn̂qi n̂
q
j ðG8Þ

reduces to the evolution of the correlations n̂qi n̂
q
j . Inserting

Ô ¼ n̂qi n̂
q
j into Eq. (G2), we find

hn̂qi n̂qj ðtÞi ¼ hn̂qi n̂qj ð0Þie−2γt for i ≠ j: ðG9Þ

The case i ¼ j reduces to the evolution of n̂qi because
ðn̂qi Þ2 ¼ n̂qi . Splitting Eq. (G8) into these two cases, we find

hn̂2ðtÞi ¼ e−2γt
XNq−1

i≠j¼0

2iþjhn̂qi n̂qj ð0Þi þ e−γt
XNq−1

i¼0

4ihn̂qi ð0Þi:

ðG10Þ

From this expression, we see that the decay of the squared
number operator depends strongly on the initial state. For
instance, when starting in a Fock state with N ¼ 2n and n
integer, we find hn̂2ðtÞi ¼ N2e−γt, i.e., a decay with rate γ.
By contrast, a Fock state N ¼ 2n − 1 evolves according to

hn̂2ðtÞi ¼ N2e−2γt þ ðe−γt − e−2γtÞ 1
3
ðN2 þ 2NÞ; ðG11Þ

which for large N and short time leads to a decay rate 5
3
γ.

This result shows that, in the Fock-binary encoding, the
influence of qubit decay is highly nonlinear in the Fock-
state number. In more complicated dynamics of super-
positions of Fock states, this will lead to results that are
hard to interpret as the constituent Fock-state coefficients
will decay with different rates that are not simple functions
of N. To illustrate this case further, we show the 1=e decay
time of hn̂2i in Fig. 31. While the oscillator mode decay
leads to a smooth effective decay rate of hn̂2i as a function
of N, the qubit decay leads to highly erratic behavior.
Notably, bosonic modes stored in high-Q cavities exhibit

decay rates κ that are roughly 10 times lower than the decay
rates γ observed in typical qubits. Consequently, despite the
fact that for κ ¼ γ the Fock-binary encoding results in the
effective decay time of hn̂2i being up to twice as long, in
reality, bosonic modes in cavities exhibit a significantly
longer effective decay time for this observable.
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APPENDIX H: ESTIMATE FOR CUTOFF-
DEPENDENT GATE FIDELITIES

In this appendix, we calculate the expected fidelity for
two of the most crucial qubit-boson gates (beam splitter and
controlled parity) taking into account photon loss (dephas-
ing has been shown to be negligible [187]) for the cavity
modes, and decay and dephasing for the transmon qubit.
This initial noise model does not include other nonidealities
such as Kerr and cross-Kerr terms. In particular, we are
interested in determining the dependence of the fidelity on
the largest Fock state K involved in the dynamics. Note
that, while strictly speaking, this is not a cutoff as there is
no physical hard barrier preventing the system from
occupying higher states, in many settings it is possible
to exclude occupation of higher states, e.g., when simulat-
ing dynamics with a conserved global occupation number.
Below, we find that this noise model does not, in principle,
prohibit the relatively high-fidelity realization of
these gates.
We use a Lindblad master equation to model the

dynamics,

˙̂ρðtÞ ¼ −i½Ĥ; ρ̂ðtÞ� þ
X
i

γi

�
L̂iρL

†
i −

1

2
fL̂†

i L̂i; ρ̂g
�
; ðH1Þ

where γi are the rates of the jump operators L̂i. We take into
account amplitude damping L̂a ¼ σ̂− and phase damping
L̂p ¼ σ̂z if a qubit is involved, and mode decay L̂d ¼ â. The
corresponding times are noted Ta, Tp, and Td. As shown in
many works, e.g., Ref. [187], mode dephasing L̂ ¼ n̂ can
be neglected to a good approximation. For transmons in
most cases, T2 ≈ T1, implying a dephasing rate of
γp ¼ γa=2. Finally, these incoherent errors usually domi-
nate gate infidelities in superconducting qubit architec-
tures [217].

Concretely, to obtain an estimate for immediately acces-
sible fidelities with existing hardware, we use qubit life-
times of Ta ¼ 200 μs [195] and cavity lifetimes of
Td ¼ 2 ms [91]. To obtain an estimate for realistic fidel-
ities, which will be reached using state-of-the-art develop-
ments, we use the numbers for tantalum transmon qubits of
T1 ¼ 2 ms [237], and cavity lifetimes demonstrated in
2023 of Td ¼ 34 ms [187]. We also note that, in 2020,
there were demonstrations of very long-lived photon states
in cavities, which would extend these predictions even
further, Td ¼ 2 s [188], although quantum control of such
long-lived cavities using ancilla qubits has not been
demonstrated (but it has been demonstrated in cavities
with lifetimes above 20 ms [340]).
We define the fidelity as the average return fidelity:

F ¼ 1

D

XD
j¼1

hjjeiĤtðLðjjihjjÞÞe−iĤtjji; ðH2Þ

where Lð·Þ denotes evolution until time t under the
Lindbladian and D is the total Hilbert space dimension.
We set D by choosing a maximum Fock state at which to
cut off the local Hilbert space of each oscillator. We then
obtain the cutoff-dependent fidelity.

1. Conditional parity

We consider a conditional-parity gate implemented with
time evolution for a period t ¼ π=χ under the Hamiltonian

ĤBS ¼
χ

2
n̂ Ẑ : ðH3Þ

We show the dependence of the fidelity as a function of
the maximum Fock state for various combinations of χ (see,
e.g., Refs. [195,341]) in Fig. 32(a), the mode decay rate and
qubit decay rate, using the numbers quoted above. We find
that, when high qubit-boson couplings can be combined
with the longest-lived cavities and transmons, fidelities
greater than or equal to 99.995% may be achieved, even
when the maximum Fock-state number is up to 20.

2. Beam splitter

We also consider a beam-splitter gate with Hamiltonian

ĤBS ¼ gBSðâ†bþ H:c:Þ; ðH4Þ

where couplings up to gBS ¼ 2π25 MHz have been dem-
onstrated with linear inductive couplers [90]. To be
specific, we consider time evolution until t ¼ π=4gBS,
corresponding to a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iSWAP

p
gate in the 0–1 subspace.

As for the conditional-parity gate, we show the fidelities
for beam splitters in Fig. 32(b). In particular, our numerical
result for maximum Fock state 1 and the green configu-
rations is similar to the one experimentally achieved in

FIG. 31. Effective decay time of hn̂2i. We start from an initial
Fock state with occupation N and evolve under mode decay or
qubit decay. Note that hn̂i exhibits a decay time of 1=κ and 1=γ,
respectively, independent of N.
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Ref. [217], showing that our model is realistic (our
infidelity is slight larger, which comes from the fact that
we consider the full Hilbert space and not just the j01i and
j10i subspaces). For the most optimistic configurations, we
find fidelities exceeding 99.999% up to Fock state 10.

3. Z2 model circuits

We show in Fig. 33 the circuit fidelity for simulating the
Z2 lattice gauge theory up to maximum Fock state 20 in the
bunch phase, using several different combinations of beam
splitter and controlled parity parameters. We find that even
currently achievable decay times achieve high fidelities.
In these estimates, we make the common assumption that

maximum-mode Fock states are set to j20i and transmons
are limited by decay (i.e., dephasing is set to half of the
lifetime). We plot a range of results for weak to strong
dispersive couplings from 2π1 MHz [209] to 2π2.5 MHz
[90], and beam-splitter strengths for gBS from 2π1 MHz

[91] to 2π40 MHz [90]. We also include existing, easily
accessible experimental lifetimes for the cavity of Td ¼
1 ms [91] and the transmon of Ta ¼ 200 μs [195], as well
as individually demonstrated cavity lifetimes of Td ¼
34 ms [187] and recently demonstrated tantalum transmon
qubit lifetimes of T1 ¼ 2 ms [237].
We find that there is a large jump in fidelities when

the cavity-mode lifetime increases from 1 ms to 34 ms, as
can be seen by the lower four blue and purple lines in
Fig. 33 compared to the upper green, orange, and red lines.
The two optimal fidelities are found for a dispersive
interaction of χ ¼ 2π × 2.5 MHz, and state-of-the-art cav-
ity and transmon lifetimes. Throughout the results, we
find very little dependence on the beam-splitter fidelity,
which is due to the conditional parity having a consistently
lower fidelity (because it includes the transmon, which
usually has a lower lifetime than the cavity mode) and also
to the circuit for the Z2 model gauge-invariant hopping
requiring twice as many conditional parities as beam
splitters. Lastly, we observe from Fig. 33 that, among
the lower circuit fidelities, the lowest half have the weaker
dispersive interaction χ ¼ 2π × 1 MHz, as opposed to
χ ¼ 2π × 2.5 MHz, which makes sense as the gate oper-
ations will be slower at smaller χ.
For the pessimistic lower-bound transmon and cavity

lifetimes and weak dispersive and beam-splitter couplings
that we chose for the benchmarks and proof-of-principle
experimental proposals, the circuit fidelity for three Trotter
steps and 20 sites is 62% if we restrict the maximum Fock
state to j10i. If the maximum Fock state in every operation
is j20i, we obtain a final circuit fidelity of 38%. For state-
of-the-art experimentally demonstrated tantalum transmons
[237] of lifetimes over Ta ¼ 2 ms, and larger χ ¼ 2π ×
2.5 MHz [90], we have 60% final circuit fidelity for three

(a)

(b)

FIG. 32. Fidelities of bosonic gates as a function of maximum
Fock state. (a) Conditional parity. The infidelities for maximum
Fock state 10 are 8 × 10−3, 5 × 10−3, 5 × 10−4, 1.4 × 10−3,
8 × 10−4, and 8 × 10−5 from top to bottom. (b) Beam splitter.
The infidelities for maximum Fock state 10 are 1.4 × 10−3,
1 × 10−4, 4 × 10−5, and 3 × 10−6, from top to bottom.

FIG. 33. Proposal for quantum advantage over classical and
qubit methods. We show circuit fidelity for time evolution under
the Z2 lattice gauge theory, considering a maximum 20 bosons
per site, as well as dispersive coupling χ and beam-splitter
strength gBS in MHz. Cavity and transmon lifetimes, Td and Ta,
respectively, are given in ms. Note that this infidelity is due to
experimental noise, so it does not include Trotter error.
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Trotter steps at maximum Fock state 20. Including the same
LINC technology for the beam splitters, we achieve gBS ¼
40 MHz [90], which leads to 48% circuit fidelity for ten
Trotter steps and maximum Fock state 20. Alternatively,
using weak dispersive and beam-splitter strengths but with
state-of-the-art transmon (Ta ¼ 2 ms [237]) and cavity
lifetimes of Td ¼ 34 [187] (note that the highest state-
of-the-art cavity lifetime demonstrations have T1 ≥ 2 s
[188], and we do not use these here as other sources of
noise may appear at this stage), for maximum Fock state
j20i, it is possible to obtain a staggering 88% fidelity for ten
Trotter steps and 77% fidelity for 20 Trotter steps, which
we predict is well beyond classical methods. With tantalum
transmons, long-lived cavity modes, and the LINC tech-
nology demonstrated in Ref. [90], we predict final circuit
fidelities for 20 sites, each with maximum occupation j20i
as may arise in the Z2 lattice gauge theory in the bunching
regime, of an impressive 92% for 20 Trotter steps and 96%
for ten Trotter steps.
Despite all these lifetimes and coupling strengths having

already been individually demonstrated experimentally,
these fidelity results are clearly beyond classical capabil-
ities, which should encourage future developments in this
hardware such as incorporating the already demonstrated
very-long-lived photon states in cavities, Td ¼ 2 s [188],
which would extend these predictions even further.

[1] A. Di Meglio et al., Quantum computing for high-energy
physics: State of the art and challenges, PRX Quantum 5,
037001 (2024).

[2] M. Greiner, O. Mandel, T. Esslinger, T. W. Hänsch, and I.
Bloch, Quantum phase transition from a superfluid to a
Mott insulator in a gas of ultracold atoms, Nature
(London) 415, 39 (2002).

[3] R. Blatt, I. Bloch, I. Cirac, and P. Zoller, Quantum
simulation—an exciting adventure, Ann. Phys. (Amster-
dam) 525, A153 (2013).

[4] I. M. Georgescu, S. Ashhab, and F. Nori, Quantum
simulation, Rev. Mod. Phys. 86, 153 (2014).

[5] A. Mazurenko, C. S. Chiu, G. Ji, M. F. Parsons, M.
Kanász-Nagy, R. Schmidt, F. Grusdt, E. Demler, D.
Greif, and M. Greiner, A cold-atom Fermi-Hubbard
antiferromagnet, Nature (London) 545, 462 (2017).

[6] G. Semeghini, H. Levine, A. Keesling, S. Ebadi, T. T.
Wang, D. Bluvstein, R. Verresen, H. Pichler, M.
Kalinowski, R. Samajdar, A. Omran, S. Sachdev, A.
Vishwanath, M. Greiner, V. Vuletić, and M. D. Lukin,
Probing topological spin liquids on a programmable
quantum simulator, Science 374, 1242 (2021).

[7] A. L. Shaw, Z. Chen, J. Choi, D. K. Mark, P. Scholl, R.
Finkelstein, A. Elben, S. Choi, and M. Endres, Bench-
marking highly entangled states on a 60-atom analogue
quantum simulator, Nature (London) 628, 71 (2024).

[8] P. T. Brown, E. Guardado-Sanchez, B. M. Spar, E. W.
Huang, T. P. Devereaux, and W. S. Bakr, Angle-resolved

photoemission spectroscopy of a Fermi–Hubbard system,
Nat. Phys. 16, 26 (2019).

[9] M. K. Joshi, F. Kranzl, A. Schuckert, I. Lovas, C. Maier, R.
Blatt, M. Knap, and C. F. Roos, Observing emergent
hydrodynamics in a long-range quantum magnet, Science
376, 720 (2022).

[10] D. Wei, A. Rubio-Abadal, B. Ye, F. Machado, J. Kemp, K.
Srakaew, S. Hollerith, J. Rui, S. Gopalakrishnan, N. Y.
Yao, I. Bloch, and J. Zeiher, Quantum gas microscopy of
Kardar-Parisi-Zhang superdiffusion, Science 376, 716
(2022).

[11] S. Trotzky, Y.-A. Chen, A. Flesch, I. P. McCulloch, U.
Schollwöck, J. Eisert, and I. Bloch, Probing the relaxation
towards equilibrium in an isolated strongly correlated
one-dimensional Bose gas, Nat. Phys. 8, 325 (2012).

[12] M. Schreiber, S. S. Hodgman, P. Bordia, H. P. Lüschen,
M. H. Fischer, R. Vosk, E. Altman, U. Schneider, and I.
Bloch, Observation of many-body localization of interact-
ing fermions in a quasirandom optical lattice, Science 349,
842 (2015).

[13] H. Bernien, S. Schwartz, A. Keesling, H. Levine, A.
Omran, H. Pichler, S. Choi, A. S. Zibrov, M. Endres,
M. Greiner, V. Vuletić, and M. D. Lukin, Probing many-
body dynamics on a 51-atom quantum simulator, Nature
(London) 551, 579 (2017).

[14] F. J. Vivanco, A. Schuckert, S. Huang, G. L. Schumacher,
G. G. T. Assumpção, Y. Ji, J. Chen, M. Knap, and N.
Navon, The strongly driven Fermi polaron, Nat. Phys. 21,
564 (2025).

[15] D. Marcos, P. Rabl, E. Rico, and P. Zoller, Superconduct-
ing circuits for quantum simulation of dynamical gauge
fields, Phys. Rev. Lett. 111, 110504 (2013).

[16] L. Tagliacozzo, A. Celi, P. Orland, M.W. Mitchell, and M.
Lewenstein, Simulation of non-Abelian gauge theories
with optical lattices, Nat. Commun. 4, 2615 (2013).

[17] D. Marcos, P. Widmer, E. Rico, M. Hafezi, P. Rabl, U.-J.
Wiese, and P. Zoller, Two-dimensional lattice gauge
theories with superconducting quantum circuits, Ann.
Phys. (Amsterdam) 351, 634 (2014).

[18] E. Zohar and M. Burrello, Formulation of lattice gauge
theories for quantum simulations, Phys. Rev. D 91, 054506
(2015).

[19] V. Kasper, F. Hebenstreit, F. Jendrzejewski, M. K.
Oberthaler, and J. Berges, Implementing quantum electro-
dynamics with ultracold atomic systems, New J. Phys. 19,
023030 (2017).

[20] Z. Davoudi, N. M. Linke, and G. Pagano, Toward simu-
lating quantum field theories with controlled phonon-ion
dynamics: A hybrid analog-digital approach, Phys. Rev.
Res. 3, 043072 (2021).

[21] M. Aidelsburger et al., Cold atoms meet lattice gauge
theory, Phil. Trans. R. Soc. A 380, 20210064 (2021).

[22] B. Andrade, Z. Davoudi, T. Graß, M. Hafezi, G. Pagano,
and A. Seif, Engineering an effective three-spin Hamil-
tonian in trapped-ion systems for applications in quantum
simulation, Quantum Sci. Technol. 7, 034001 (2022).

[23] J. Feldmeier, N. Maskara, N. U. Köylüoğlu, and M. D.
Lukin, Quantum simulation of dynamical gauge theories
in periodically driven Rydberg atom arrays, arXiv:
2408.02733.

HYBRID OSCILLATOR-QUBIT QUANTUM PROCESSORS: … PHYS. REV. X 16, 041008 (2026)

041008-69

https://doi.org/10.1103/PRXQuantum.5.037001
https://doi.org/10.1103/PRXQuantum.5.037001
https://doi.org/10.1038/415039a
https://doi.org/10.1038/415039a
https://doi.org/10.1002/andp.201300738
https://doi.org/10.1002/andp.201300738
https://doi.org/10.1103/RevModPhys.86.153
https://doi.org/10.1038/nature22362
https://doi.org/10.1126/science.abi8794
https://doi.org/10.1038/s41586-024-07173-x
https://doi.org/10.1038/s41567-019-0696-0
https://doi.org/10.1126/science.abk2400
https://doi.org/10.1126/science.abk2400
https://doi.org/10.1126/science.abk2397
https://doi.org/10.1126/science.abk2397
https://doi.org/10.1038/nphys2232
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1038/nature24622
https://doi.org/10.1038/nature24622
https://doi.org/10.1038/s41567-025-02799-8
https://doi.org/10.1038/s41567-025-02799-8
https://doi.org/10.1103/PhysRevLett.111.110504
https://doi.org/10.1038/ncomms3615
https://doi.org/10.1016/j.aop.2014.09.011
https://doi.org/10.1016/j.aop.2014.09.011
https://doi.org/10.1103/PhysRevD.91.054506
https://doi.org/10.1103/PhysRevD.91.054506
https://doi.org/10.1088/1367-2630/aa54e0
https://doi.org/10.1088/1367-2630/aa54e0
https://doi.org/10.1103/PhysRevResearch.3.043072
https://doi.org/10.1103/PhysRevResearch.3.043072
https://doi.org/10.1098/rsta.2021.0064
https://doi.org/10.1088/2058-9565/ac5f5b
https://arXiv.org/abs/2408.02733
https://arXiv.org/abs/2408.02733


[24] A. Rad, A. Schuckert, E. Crane, G. Nambiar, F. Fei, J.
Wyrick, R. M. Silver, M. Hafezi, Z. Davoudi, and M. J.
Gullans, Analog quantum simulator of a quantum field
theory with fermion-spin systems in silicon, Phys. Rev. D
113, 094510 (2026).

[25] F. M. Surace, A. Lerose, O. Katz, E. R. Bennewitz, A.
Schuckert, D. Luo, A. De, B. Ware, W. Morong, K.
Collins, C. Monroe, Z. Davoudi, and A. V. Gorshkov,
String-breaking dynamics in quantum adiabatic and dia-
batic processes, PRX Quantum 7, 020331 (2026).

[26] E. R. Bennewitz, B. Ware, A. Schuckert, A. Lerose, F. M.
Surace, R. Belyansky, W. Morong, D. Luo, A. De, K. S.
Collins, O. Katz, C. Monroe, Z. Davoudi, and A. V.
Gorshkov, Simulating meson scattering on spin quantum
simulators, Quantum 9, 1773 (2025).

[27] C. Schweizer, F. Grusdt, M. Berngruber, L. Barbiero, E.
Demler, N. Goldman, I. Bloch, and M. Aidelsburger,
Floquet approach to z2 lattice gauge theories with ultra-
cold atoms in optical lattices, Nat. Phys. 15, 1168 (2019).

[28] A. Mil, T. V. Zache, A. Hegde, A. Xia, R. P. Bhatt, M. K.
Oberthaler, P. Hauke, J. Berges, and F. Jendrzejewski, A
scalable realization of local u(1) gauge invariance in cold
atomic mixtures, Science 367, 1128 (2020).

[29] B. Yang, H. Sun, R. Ott, H.-Y. Wang, T. V. Zache, J. C.
Halimeh, Z.-S. Yuan, P. Hauke, and J.-W. Pan, Observa-
tion of gauge invariance in a 71-site Bose–Hubbard
quantum simulator, Nature (London) 587, 392 (2020).

[30] Z.-Y. Zhou, G.-X. Su, J. C. Halimeh, R. Ott, H. Sun, P.
Hauke, B. Yang, Z.-S. Yuan, J. Berges, and J.-W. Pan,
Thermalization dynamics of a gauge theory on a quantum
simulator, Science 377, 311 (2022).

[31] D. González-Cuadra, M. Hamdan, T. V. Zache, B.
Braverman, M. Kornjača, A. Lukin, S. H. Cantú, F. Liu,
S.-T. Wang, A. Keesling, M. D. Lukin, P. Zoller, and A.
Bylinskii, Observation of string breaking on a ð2þ 1ÞD
Rydberg quantum simulator, Nature (London) 642, 321
(2025).

[32] A. De, A. Lerose, D. Luo, F. M. Surace, A. Schuckert,
E. R. Bennewitz, B. Ware, W. Morong, K. S. Collins, Z.
Davoudi, A. V. Gorshkov, O. Katz, and C. Monroe,
Observation of string-breaking dynamics in a quantum
simulator, arXiv:2410.13815.

[33] D. Luo, F. M. Surace, A. De, A. Lerose, E. R. Bennewitz,
B. Ware, A. Schuckert, Z. Davoudi, A. V. Gorshkov, O.
Katz, and C. Monroe, Quantum simulation of bubble
nucleation across a quantum phase transition, arXiv:
2505.09607.

[34] J. H. Busnaina, Z. Shi, J. M. Alcaine-Cuervo, C. X. Yang,
I. Nsanzineza, E. Rico, and C. M. Wilson, Native three-
body interactions in a superconducting lattice gauge
quantum simulator, Phys. Rev. B 112, 134514 (2025).

[35] T. A. Cochran et al., Visualizing dynamics of charges and
strings in ð2þ 1ÞD lattice gauge theories, Nature (Lon-
don) 642, 315 (2025).

[36] O. Katz, A. Schuckert, T. Wang, E. Crane, A. V. Gorshkov,
and M. Cetina, Hybrid digital-analog protocols for simu-
lating quantummulti-body interactions, arXiv:2512.21385.

[37] O. Katz, L. Feng, A. Risinger, C. Monroe, and M. Cetina,
Demonstration of three- and four-body interactions be-
tween trapped-ion spins, Nat. Phys. 19, 1452 (2023).

[38] S. Stein, C. Liu, S. Kan, E. Crane, Y. Ding, Y. Mao, A.
Schuckert, and A. Li, Multi-target Rydberg gates via
spatial blockade engineering, Phys. Rev. Res. 8, 013254
(2026).

[39] E. A. Martinez, C. A. Muschik, P. Schindler, D. Nigg, A.
Erhard, M. Heyl, P. Hauke, M. Dalmonte, T. Monz, P.
Zoller, and R. Blatt, Real-time dynamics of lattice gauge
theories with a few-qubit quantum computer, Nature
(London) 534, 516 (2016).

[40] C. Kokail, C. Maier, R. van Bijnen, T. Brydges, M. K.
Joshi, P. Jurcevic, C. A. Muschik, P. Silvi, R. Blatt, C. F.
Roos, and P. Zoller, Self-verifying variational quantum
simulation of lattice models, Nature (London) 569, 355
(2019).

[41] N. H. Nguyen, M. C. Tran, Y. Zhu, A. M. Green, C. H.
Alderete, Z. Davoudi, and N. M. Linke, Digital quantum
simulation of the Schwinger model and symmetry protec-
tion with trapped ions, PRX Quantum 3, 020324 (2022).

[42] M. Meth, J. F. Haase, J. Zhang, C. Edmunds, L. Postler, A.
Steiner, A. J. Jena, L. Dellantonio, R. Blatt, P. Zoller, T.
Monz, P. Schindler, C. Muschik, and M. Ringbauer,
Simulating 2D lattice gauge theories on a qudit quantum
computer, Nat. Phys. 21, 570 (2025).

[43] C. W. Bauer, Z. Davoudi, N. Klco, and M. J. Savage,
Quantum simulation of fundamental particles and forces,
Nat. Rev. Phys. 5, 420 (2023).

[44] A. N. Ciavarella and I. A. Chernyshev, Preparation of the
SU(3) lattice Yang-Mills vacuum with variational quantum
methods, Phys. Rev. D 105, 074504 (2022).

[45] A. Ciavarella, N. Klco, and M. J. Savage, Trailhead for
quantum simulation of SU(3) Yang-Mills lattice gauge
theory in the local multiplet basis, Phys. Rev. D 103,
094501 (2021).

[46] N. Klco, M. J. Savage, and J. R. Stryker, SU(2)
non-Abelian gauge field theory in one dimension on
digital quantum computers, Phys. Rev. D 101, 074512
(2020).

[47] N. Klco, E. F. Dumitrescu, A. J. McCaskey, T. D. Morris,
R. C. Pooser, M. Sanz, E. Solano, P. Lougovski, and M. J.
Savage, Quantum-classical computation of Schwinger
model dynamics using quantum computers, Phys. Rev.
A 98, 032331 (2018).

[48] W. A. de Jong, K. Lee, J. Mulligan, M. Płoskoń, F. Ringer,
and X. Yao, Quantum simulation of nonequilibrium
dynamics and thermalization in the Schwinger model,
Phys. Rev. D 106, 054508 (2022).

[49] J. Mildenberger, W. Mruczkiewicz, J. C. Halimeh, Z.
Jiang, and P. Hauke, Probing confinement in a Z2 lattice
gauge theory on a quantum computer, Nat. Phys. 21, 312
(2025).

[50] M. Tudorovskaya and D. Muñoz Ramo, Quantum comput-
ing simulation of a mixed spin-boson Hamiltonian and its
performance for a cavity quantum electrodynamics prob-
lem, Phys. Rev. A 109, 032612 (2024).

[51] R. C. Farrell, M. Illa, A. N. Ciavarella, and M. J. Savage,
Quantum simulations of hadron dynamics in the
Schwinger model using 112 qubits, Phys. Rev. D 109,
114510 (2024).

[52] D. Gonzalez-Cuadra, T. V. Zache, J. Carrasco, B. Kraus,
and P. Zoller, Hardware efficient quantum simulation of

ELEANOR CRANE et al. PHYS. REV. X 16, 041008 (2026)

041008-70

https://doi.org/10.1103/hv84-l6kg
https://doi.org/10.1103/hv84-l6kg
https://doi.org/10.1103/c4zd-lbyq
https://doi.org/10.22331/q-2025-06-17-1773
https://doi.org/10.1038/s41567-019-0649-7
https://doi.org/10.1126/science.aaz5312
https://doi.org/10.1038/s41586-020-2910-8
https://doi.org/10.1126/science.abl6277
https://doi.org/10.1038/s41586-025-09051-6
https://doi.org/10.1038/s41586-025-09051-6
https://arXiv.org/abs/2410.13815
https://arXiv.org/abs/2505.09607
https://arXiv.org/abs/2505.09607
https://doi.org/10.1103/6prx-zmdz
https://doi.org/10.1038/s41586-025-08999-9
https://doi.org/10.1038/s41586-025-08999-9
https://arXiv.org/abs/2512.21385
https://doi.org/10.1038/s41567-023-02102-7
https://doi.org/10.1103/k72m-9tn8
https://doi.org/10.1103/k72m-9tn8
https://doi.org/10.1038/nature18318
https://doi.org/10.1038/nature18318
https://doi.org/10.1038/s41586-019-1177-4
https://doi.org/10.1038/s41586-019-1177-4
https://doi.org/10.1103/PRXQuantum.3.020324
https://doi.org/10.1038/s41567-025-02797-w
https://doi.org/10.1038/s42254-023-00599-8
https://doi.org/10.1103/PhysRevD.105.074504
https://doi.org/10.1103/PhysRevD.103.094501
https://doi.org/10.1103/PhysRevD.103.094501
https://doi.org/10.1103/PhysRevD.101.074512
https://doi.org/10.1103/PhysRevD.101.074512
https://doi.org/10.1103/PhysRevA.98.032331
https://doi.org/10.1103/PhysRevA.98.032331
https://doi.org/10.1103/PhysRevD.106.054508
https://doi.org/10.1038/s41567-024-02723-6
https://doi.org/10.1038/s41567-024-02723-6
https://doi.org/10.1103/PhysRevA.109.032612
https://doi.org/10.1103/PhysRevD.109.114510
https://doi.org/10.1103/PhysRevD.109.114510


non-Abelian gauge theories with qudits on Rydberg plat-
forms, Phys. Rev. Lett. 129, 160501 (2022).

[53] T. V. Zache, D. González-Cuadra, and P. Zoller, Fermion-
qudit quantum processors for simulating lattice gauge
theories with matter, Quantum 7, 1140 (2023).

[54] M. Illa, C. E. P. Robin, and M. J. Savage, Qu8its for
quantum simulations of lattice quantum chromodynamics,
Phys. Rev. D 110, 014507 (2024).

[55] P. Gokhale, J. M. Baker, C. Duckering, F. T. Chong, N. C.
Brown, and K. R. Brown, Extending the frontier of
quantum computers with qutrits, IEEE Micro 40, 64
(2020).

[56] N. P. D. Sawaya, T. Menke, T. H. Kyaw, S. Johri, A.
Aspuru-Guzik, and G. G. Guerreschi, Resource-efficient
digital quantum simulation of d-level systems for photonic,
vibrational, and spin-s Hamiltonians, npj Quantum Inf. 6,
49 (2020).

[57] Y. Liu, S. Singh, K. C. Smith, E. Crane, J. M. Martyn, A.
Eickbusch, A. Schuckert, R. D. Li, J. Sinanan-Singh, M. B.
Soley, T. Tsunoda, I. L. Chuang, N. Wiebe, and S. M.
Girvin, Hybrid oscillator-qubit quantum processors: In-
struction set architectures, abstract machine models, and
applications, PRX Quantum 7, 010201 (2026).

[58] S. Lloyd and S. L. Braunstein, Quantum computation over
continuous variables, Phys. Rev. Lett. 82, 1784 (1999).

[59] J. Zhang, R. Ferguson, S. Kühn, J. F. Haase, C. Wilson, K.
Jansen, and C. A. Muschik, Simulating gauge theories with
variational quantum eigensolvers in superconducting
microwave cavities, Quantum 7, 1148 (2023).

[60] R. Belyansky, S. Whitsitt, N. Mueller, A. Fahimniya, E. R.
Bennewitz, Z. Davoudi, and A. V. Gorshkov, High-energy
collision of quarks and mesons in the Schwinger model:
From tensor networks to circuit QED, Phys. Rev. Lett.
132, 091903 (2024).

[61] R. G. Jha, F. Ringer, G. Siopsis, and S. Thompson,
Continuous-variable quantum computation of the o(3)
model in 1þ 1 dimensions, Phys. Rev. A 109, 052412
(2024).

[62] S. Lloyd, Hybrid quantum computing, in Quantum In-
formation with Continuous Variables (Springer, Nether-
lands, 2003), pp. 37–45.

[63] U. Chabaud, D. Markham, and F. Grosshans, Stellar
representation of non-Gaussian quantum states, Phys.
Rev. Lett. 124, 063605 (2020).

[64] M. Walschaers, Non-Gaussian quantum states and where
to find them, PRX Quantum 2, 030204 (2021).

[65] D. M. Meekhof, C. Monroe, B. E. King, W.M. Itano, and
D. J. Wineland, Generation of nonclassical motional states
of a trapped atom, Phys. Rev. Lett. 76, 1796 (1996).

[66] C. Flühmann, T. L. Nguyen, M. Marinelli, V. Negnevitsky,
K. Mehta, and J. P. Home, Encoding a qubit in a trapped-
ion mechanical oscillator, Nature (London) 566, 513
(2019).

[67] Y. Liu, J. Sinanan-Singh, M. T. Kearney, G. Mintzer, and
I. L. Chuang, Constructing qudits from infinite-dimen-
sional oscillators by coupling to qubits, Phys. Rev. A
104, 032605 (2021).

[68] O. Katz and C. Monroe, Programmable quantum simu-
lations of bosonic systems with trapped ions, Phys. Rev.
Lett. 131, 033604 (2023).

[69] J. Whitlow, Z. Jia, Y. Wang, C. Fang, J. Kim, and K. R.
Brown, Quantum simulation of conical intersections using
trapped ions, Nat. Chem. 15, 1509 (2023).

[70] T. Navickas, R. J. MacDonell, C. H. Valahu, V. C. Olaya-
Agudelo, F. Scuccimarra, M. J. Millican, V. G. Matsos,
H. L. Nourse, A. D. Rao, M. J. Biercuk, C. Hempel, I.
Kassal, and T. R. Tan, Experimental quantum simulation
of chemical dynamics, J. Am. Chem. Soc. 147, 23566
(2025).

[71] Z. Davoudi, M. Hafezi, C. Monroe, G. Pagano, A. Seif,
and A. Shaw, Towards analog quantum simulations of
lattice gauge theories with trapped ions, Phys. Rev. Res. 2,
023015 (2020).

[72] N. Schlosser, G. Reymond, I. Protsenko, and P. Grangier,
Sub-Poissonian loading of single atoms in a microscopic
dipole trap, Nature (London) 411, 1024 (2001).

[73] A. L. Shaw, P. Scholl, R. Finkelstein, R. B.-S. Tsai, J. Choi,
and M. Endres, Erasure cooling, control, and hyper-
entanglement of motion in optical tweezers, Science
388, 845 (2025).

[74] A. Schuckert, E. Crane, A. V. Gorshkov, M. Hafezi, and
M. J. Gullans, Fault-tolerant fermionic quantum comput-
ing, arXiv:2411.08955.

[75] J. M. Martyn, Z. M. Rossi, A. K. Tan, and I. L. Chuang,
Grand unification of quantum algorithms, PRX Quantum
2, 040203 (2021).

[76] U.-J. Wiese, Ultracold quantum gases and lattice systems:
Quantum simulation of lattice gauge theories, Ann. Phys.
(Amsterdam) 525, 777 (2013).

[77] T. J. Stavenger, E. Crane, K. C. Smith, C. T. Kang, S. M.
Girvin, and N. Wiebe, C2QA—Bosonic Qiskit, in 2022
IEEE High Performance Extreme Computing Conference
(HPEC), Waltham, MA, USA (IEEE, Piscataway, NJ,
2022), pp. 1–8.

[78] M. Reagor, W. Pfaff, C. Axline, R. W. Heeres, N. Ofek, K.
Sliwa, E. Holland, C. Wang, J. Blumoff, K. Chou, M. J.
Hatridge, L. Frunzio, M. H. Devoret, L. Jiang, and R. J.
Schoelkopf, Quantum memory with millisecond coherence
in circuit QED, Phys. Rev. B 94, 014506 (2016).

[79] R. K. Kessing, P.-Y. Yang, S. R. Manmana, and J. Cao,
Long-range nonequilibrium coherent tunneling induced by
fractional vibronic resonances, J. Phys. Chem. Lett. 13,
6831 (2022).

[80] D. Motlagh, R. A. Lang, P. Jain, J. A. Campos-Gonzalez-
Angulo, W. Maxwell, T. Zeng, A. Aspuru-Guzik, and J.
Miguel Arrazola, Quantum algorithm for vibronic dynam-
ics: Case study on singlet fission solar cell design,
Quantum Sci. Technol. 10, 045048 (2025).

[81] Y. Zhou, P. A. M. Casares, D. Dhawan, I. Loaiza, S.
Jahangiri, R. A. Lang, J. M. Arrazola, and S. Fomichev,
Quantum algorithms for photoreactivity in cancer-
targeted photosensitizers, arXiv:2512.15889.

[82] L. D. Whalley, P. van Gerwen, J. M. Frost, S. Kim, S. N.
Hood, and A. Walsh, Giant Huang–Rhys factor for
electron capture by the iodine interstitial in perovskite
solar cells, J. Am. Chem. Soc. 143, 9123 (2021).

[83] D. V. Lang and R. A. Logan, Large-lattice-relaxation
model for persistent photoconductivity in compound semi-
conductors, Phys. Rev. Lett. 39, 635 (1977).

HYBRID OSCILLATOR-QUBIT QUANTUM PROCESSORS: … PHYS. REV. X 16, 041008 (2026)

041008-71

https://doi.org/10.1103/PhysRevLett.129.160501
https://doi.org/10.22331/q-2023-10-16-1140
https://doi.org/10.1103/PhysRevD.110.014507
https://doi.org/10.1109/MM.2020.2985976
https://doi.org/10.1109/MM.2020.2985976
https://doi.org/10.1038/s41534-020-0278-0
https://doi.org/10.1038/s41534-020-0278-0
https://doi.org/10.1103/4rf7-9tfx
https://doi.org/10.1103/PhysRevLett.82.1784
https://doi.org/10.22331/q-2023-10-23-1148
https://doi.org/10.1103/PhysRevLett.132.091903
https://doi.org/10.1103/PhysRevLett.132.091903
https://doi.org/10.1103/PhysRevA.109.052412
https://doi.org/10.1103/PhysRevA.109.052412
https://doi.org/10.1103/PhysRevLett.124.063605
https://doi.org/10.1103/PhysRevLett.124.063605
https://doi.org/10.1103/PRXQuantum.2.030204
https://doi.org/10.1103/PhysRevLett.76.1796
https://doi.org/10.1038/s41586-019-0960-6
https://doi.org/10.1038/s41586-019-0960-6
https://doi.org/10.1103/PhysRevA.104.032605
https://doi.org/10.1103/PhysRevA.104.032605
https://doi.org/10.1103/PhysRevLett.131.033604
https://doi.org/10.1103/PhysRevLett.131.033604
https://doi.org/10.1038/s41557-023-01303-0
https://doi.org/10.1021/jacs.5c03336
https://doi.org/10.1021/jacs.5c03336
https://doi.org/10.1103/PhysRevResearch.2.023015
https://doi.org/10.1103/PhysRevResearch.2.023015
https://doi.org/10.1038/35082512
https://doi.org/10.1126/science.adn2618
https://doi.org/10.1126/science.adn2618
https://arXiv.org/abs/2411.08955
https://doi.org/10.1103/PRXQuantum.2.040203
https://doi.org/10.1103/PRXQuantum.2.040203
https://doi.org/10.1002/andp.201300104
https://doi.org/10.1002/andp.201300104
https://doi.org/10.1103/PhysRevB.94.014506
https://doi.org/10.1021/acs.jpclett.2c01455
https://doi.org/10.1021/acs.jpclett.2c01455
https://doi.org/10.1088/2058-9565/ae0828
https://arXiv.org/abs/2512.15889
https://doi.org/10.1021/jacs.1c03064
https://doi.org/10.1103/PhysRevLett.39.635


[84] S. Kim, S. N. Hood, and A. Walsh, Anharmonic lattice
relaxation during nonradiative carrier capture, Phys. Rev.
B 100, 041202 (2019).

[85] H. M. Bretscher, L. Graziotto, M. H. Michael, A.
Montanaro, I.-T. Lu, A. Grankin, J. W. McIver, J. Faist,
D. Fausti, M. Eckstein, M. Ruggenthaler, A. Rubio, D. N.
Basov, M. Hafezi, M. Claassen, D. M. Kennes, and M. A.
Sentef, Fluctuation engineering in cavity quantum materi-
als, arXiv:2604.08666.

[86] M. Babadi, M. Knap, I. Martin, G. Refael, and E. Demler,
Theory of parametrically amplified electron-phonon
superconductivity, Phys. Rev. B 96, 014512 (2017).

[87] A. N. Ciavarella, S. Hariprakash, J. C. Halimeh, and C.W.
Bauer, Truncation uncertainties for accurate quantum
simulations of lattice gauge theories, arXiv:2508.00061.

[88] Y. Tong, V. V. Albert, J. R. McClean, J. Preskill, and Y. Su,
Provably accurate simulation of gauge theories and
bosonic systems, Quantum 6, 816 (2022).

[89] A. Eickbusch, V. Sivak, A. Z. Ding, S. S. Elder, S. R. Jha,
J. Venkatraman, B. Royer, S. M. Girvin, R. J. Schoelkopf,
and M. H. Devoret, Fast universal control of an oscillator
with weak dispersive coupling to a qubit, Nat. Phys. 18,
1464 (2022).

[90] A. Maiti, Controlling and protecting quantum information
in superconducting oscillators, Ph.D. thesis, Yale Univer-
sity, 2025.

[91] B. J. Chapman, S. J. de Graaf, S. H. Xue, Y. Zhang, J.
Teoh, J. C. Curtis, T. Tsunoda, A. Eickbusch, A. P. Read,
A. Koottandavida, S. O. Mundhada, L. Frunzio, M. H.
Devoret, S. M. Girvin, and R. J. Schoelkopf, High-on-off-
ratio beam-splitter interaction for gates on bosonically
encoded qubits, PRX Quantum 4, 020355 (2023).

[92] P. Krantz, M. Kjaergaard, F. Yan, T. P. Orlando, S.
Gustavsson, andW. D. Oliver, A quantum engineer’s guide
to superconducting qubits, Appl. Phys. Rev. 6, 021318
(2019).

[93] M. Kudra, M. Kervinen, I. Strandberg, S. Ahmed, M.
Scigliuzzo, A. Osman, D. P. Lozano, M. O. Tholén, R.
Borgani, D. B. Haviland, G. Ferrini, J. Bylander, A. F.
Kockum, F. Quijandría, P. Delsing, and S. Gasparinetti,
Robust preparation of Wigner-negative states with opti-
mized snap-displacement sequences, PRX Quantum 3,
030301 (2022).

[94] M. Aidelsburger, Artificial Gauge Fields with Ultracold
Atoms in Optical Lattices (Springer International Publish-
ing, New York, 2016).

[95] F. Görg, K. Sandholzer, J. Minguzzi, R. Desbuquois, M.
Messer, and T. Esslinger, Realization of density-dependent
Peierls phases to engineer quantized gauge fields coupled
to ultracold matter, Nat. Phys. 15, 1161 (2019).

[96] N. Mueller, T. Wang, O. Katz, Z. Davoudi, and M. Cetina,
Quantum computing universal thermalization dynamics in
a ð2þ 1Þd lattice gauge theory, Nat. Commun. 16, 5492
(2025).

[97] C. Kang, M. B. Soley, E. Crane, S. M. Girvin, and N.
Wiebe, Leveraging Hamiltonian simulation techniques to
compile operations on bosonic devices, J. Phys. A 58,
175301 (2025).

[98] A. Morningstar, M. Hauru, J. Beall, M. Ganahl, A. G. M.
Lewis, V. Khemani, and G. Vidal, Simulation of quantum

many-body dynamics with tensor processing units: Flo-
quet prethermalization, PRX Quantum 3, 020331 (2022).

[99] J. Unfried, J. Hauschild, and F. Pollmann, Fast time
evolution of matrix product states using the QR decom-
position, Phys. Rev. B 107, 155133 (2023).

[100] G. Vidal, Efficient simulation of one-dimensional quantum
many-body systems, Phys. Rev. Lett. 93, 040502 (2004).

[101] N. Schuch, M. M. Wolf, F. Verstraete, and J. I. Cirac,
Entropy scaling and simulability by matrix product states,
Phys. Rev. Lett. 100, 030504 (2008).

[102] U. Schollwöck, The density-matrix renormalization group
in the age of matrix product states, Ann. Phys. (Amster-
dam) 326, 96 (2011).

[103] R. Orús, A practical introduction to tensor networks:
Matrix product states and projected entangled pair states,
Ann. Phys. (Amsterdam) 349, 117 (2014).

[104] J. C. Bridgeman and C. T. Chubb, Hand-waving and
interpretive dance: An introductory course on tensor
networks, J. Phys. A 50, 223001 (2017).

[105] M. Lubasch, J. I. Cirac, and M.-C. Bañuls, Algorithms for
finite projected entangled pair states, Phys. Rev. B 90,
064425 (2014).

[106] F. Giustino, Electron-phonon interactions from first prin-
ciples, Rev. Mod. Phys. 89, 015003 (2017).

[107] Multidimensional Quantum Dynamics: MCTDH Theory
and Applications, edited by H.-D. Meyer, F. Gatti, and
G. A. Worth (Wiley-VCH, New York, 2009).

[108] A. Sinatra, C. Lobo, and Y. Castin, The truncated Wigner
method for Bose-condensed gases: Limits of validity and
applications, J. Phys. B 35, 3599 (2002).

[109] S. L. Braunstein, Error correction for continuous quantum
variables, Phys. Rev. Lett. 80, 4084 (1998).

[110] S. Lloyd and J.-J. E. Slotine, Analog quantum error
correction, Phys. Rev. Lett. 80, 4088 (1998).

[111] J. Zhang, C. Xie, K. Peng, and P. van Loock, Anyon
statistics with continuous variables, Phys. Rev. A 78,
052121 (2008).

[112] T. Morimae, Continuous-variable topological codes, Phys.
Rev. A 88, 042311 (2013).

[113] V. V. Albert, S. Pascazio, and M. H. Devoret, General
phase spaces: From discrete variables to rotor and
continuum limits, J. Phys. A 50, 504002 (2017).

[114] K. Noh, S. M. Girvin, and L. Jiang, Encoding an oscillator
into many oscillators, Phys. Rev. Lett. 125, 080503
(2020).

[115] A. L. Grimsmo, J. Combes, and B. Q. Baragiola, Quantum
computing with rotation-symmetric bosonic codes, Phys.
Rev. X 10, 011058 (2020).

[116] Y. Xu, Y. Wang, E.-J. Kuo, and V. V. Albert, Qubit-
oscillator concatenated codes: Decoding formalism and
code comparison, PRX Quantum 4, 020342 (2023).

[117] Y. Xu, Y. Wang, and V. V. Albert, Multimode rotation-
symmetric bosonic codes from homological rotor codes,
Phys. Rev. A 110, 022402 (2024).

[118] Y. Xu, Y. Wang, C. Vuillot, and V. V. Albert, Letting the
tiger out of its cage: Bosonic coding without concatena-
tion, Phys. Rev. X 15, 041025 (2025).

[119] S. Chakraborty and V. V. Albert, Hybrid oscillator-qudit
quantum processors: Stabilizer states, stabilizer codes,

ELEANOR CRANE et al. PHYS. REV. X 16, 041008 (2026)

041008-72

https://doi.org/10.1103/PhysRevB.100.041202
https://doi.org/10.1103/PhysRevB.100.041202
https://arXiv.org/abs/2604.08666
https://doi.org/10.1103/PhysRevB.96.014512
https://arXiv.org/abs/2508.00061
https://doi.org/10.22331/q-2022-09-22-816
https://doi.org/10.1038/s41567-022-01776-9
https://doi.org/10.1038/s41567-022-01776-9
https://doi.org/10.1103/PRXQuantum.4.020355
https://doi.org/10.1063/1.5089550
https://doi.org/10.1063/1.5089550
https://doi.org/10.1103/PRXQuantum.3.030301
https://doi.org/10.1103/PRXQuantum.3.030301
https://doi.org/10.1038/s41567-019-0615-4
https://doi.org/10.1038/s41467-025-60177-7
https://doi.org/10.1038/s41467-025-60177-7
https://doi.org/10.1088/1751-8121/adb5df
https://doi.org/10.1088/1751-8121/adb5df
https://doi.org/10.1103/PRXQuantum.3.020331
https://doi.org/10.1103/PhysRevB.107.155133
https://doi.org/10.1103/PhysRevLett.93.040502
https://doi.org/10.1103/PhysRevLett.100.030504
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1088/1751-8121/aa6dc3
https://doi.org/10.1103/PhysRevB.90.064425
https://doi.org/10.1103/PhysRevB.90.064425
https://doi.org/10.1103/RevModPhys.89.015003
https://doi.org/10.1088/0953-4075/35/17/301
https://doi.org/10.1103/PhysRevLett.80.4084
https://doi.org/10.1103/PhysRevLett.80.4088
https://doi.org/10.1103/PhysRevA.78.052121
https://doi.org/10.1103/PhysRevA.78.052121
https://doi.org/10.1103/PhysRevA.88.042311
https://doi.org/10.1103/PhysRevA.88.042311
https://doi.org/10.1088/1751-8121/aa9314
https://doi.org/10.1103/PhysRevLett.125.080503
https://doi.org/10.1103/PhysRevLett.125.080503
https://doi.org/10.1103/PhysRevX.10.011058
https://doi.org/10.1103/PhysRevX.10.011058
https://doi.org/10.1103/PRXQuantum.4.020342
https://doi.org/10.1103/PhysRevA.110.022402
https://doi.org/10.1103/ls5r-vj7r


symplectic operations, and non-commutative geometry,
PRX Quantum 7, 020320 (2026).

[120] J. Niset, J. Fiurášek, and N. J. Cerf, No-go theorem for
Gaussian quantum error correction, Phys. Rev. Lett. 102,
120501 (2009).

[121] T. Häner, M. Roetteler, and K. M. Svore, Optimizing
quantum circuits for arithmetic, arXiv:1805.12445.

[122] F. Agostini and B. F. E. Curchod, Chemistry without the
Born–Oppenheimer approximation, Phil. Trans. R. Soc. A
380, 20200375 (2022).

[123] G. S. Engel, T. R. Calhoun, E. L. Read, T.-K. Ahn, T.
Mančal, Y.-C. Cheng, R. E. Blankenship, and G. R.
Fleming, Evidence for wavelike energy transfer through
quantum coherence in photosynthetic systems, Nature
(London) 446, 782 (2007).

[124] V. K. Jaiswal, D. Aranda Ruiz, V. Petropoulos, P.
Kabaciński, F. Montorsi, L. Uboldi, S. Ugolini, S.
Mukamel, G. Cerullo, M. Garavelli, F. Santoro, and A.
Nenov, Sub-100-fs energy transfer in coenzyme NADH is a
coherent process assisted by a charge-transfer state, Nat.
Commun. 15, 4900 (2024).

[125] S. P. Neville and M. S. Schuurman, Calculation of quasi-
diabatic states within the DFT/MRCI(2) framework: The
QD-DFT/MRCI(2) method, J. Chem. Phys. 160, 234109
(2024).

[126] M. B. Smith and J. Michl, Singlet fission, Chem. Rev. 110,
6891 (2010).

[127] M. B. Smith and J. Michl, Recent advances in singlet
fission, Annu. Rev. Phys. Chem. 64, 361 (2013).

[128] J. Michl, Unconventional solar energy: Singlet fission,
Mol. Front. J. 3, 84 (2019).

[129] D. Casanova, Theoretical modeling of singlet fission,
Chem. Rev. 118, 7164 (2018).

[130] D. Padula, Ö. H. Omar, T. Nematiaram, and A. Troisi,
Singlet fission molecules among known compounds: Find-
ing a few needles in a haystack, Energy Environ. Sci. 12,
2412 (2019).

[131] E. Pradhan and T. Zeng, Design of the smallest intramo-
lecular singlet fission chromophore with the fastest singlet
fission, J. Phys. Chem. Lett. 13, 11076 (2022).

[132] X. Liu, X. Wang, S. Gao, V. Chang, R. Tom, M. Yu, L. M.
Ghiringhelli, and N. Marom, Finding predictive models for
singlet fission by machine learning, npj Comput. Mater. 8,
70 (2022).

[133] T. Zeng, N. Ananth, and R. Hoffmann, Seeking small
molecules for singlet fission: A heteroatom substitution
strategy, J. Am. Chem. Soc. 136, 12638 (2014).

[134] L. Dalla Via and S. Marciani Magno, Photochemotherapy
in the treatment of cancer, Curr. Med. Chem. 8, 1405
(2001).

[135] T. C. Zhu and J. C. Finlay, The role of photodynamic
therapy (PDT) physics, Med. Phys. 35, 3127 (2008).

[136] G. Cui and W.-h. Fang, State-specific heavy-atom effect on
intersystem crossing processes in 2-thiothymine: A poten-
tial photodynamic therapy photosensitizer, J. Chem. Phys.
138, 044315 (2013).

[137] F. Ponte, D. M. Scopelliti, N. Sanna, E. Sicilia, and G.
Mazzone,How computations can assist the rational design
of drugs for photodynamic therapy: Photosensitizing

activity assessment of a Ru(II)-BODIPY assembly, Mole-
cules 27, 5635 (2022).

[138] S. Mai and L. González, Molecular photochemistry:
Recent developments in theory, Angew. Chem., Int. Ed.
59, 16832 (2020).

[139] D. R. Yarkony, Nonadiabatic quantum chemistry—past,
present, and future, Chem. Rev. 112, 481 (2012).

[140] R. Long, O. V. Prezhdo, and W. Fang, Nonadiabatic
charge dynamics in novel solar cell materials, WIREs
Comput. Mol. Sci. 7, e1305 (2017).

[141] T. Nelson, S. Fernandez-Alberti, A. E. Roitberg, and S.
Tretiak, Nonadiabatic excited-state molecular dynamics:
Modeling photophysics in organic conjugated materials,
Acc. Chem. Res. 47, 1155 (2014).

[142] G. A. Worth and L. S. Cederbaum, Beyond Born-Oppen-
heimer: Molecular dynamics through a conical intersec-
tion, Annu. Rev. Phys. Chem. 55, 127 (2004).

[143] M. Huix-Rotllant, A. Nikiforov, W. Thiel, and M. Filatov,
Description of conical intersections with density functional
methods, Top. Curr. Chem. 368, 445 (2016).

[144] C. S. Wang, N. E. Frattini, B. J. Chapman, S. Puri, S. M.
Girvin, M. H. Devoret, and R. J. Schoelkopf, Observation
of wave-packet branching through an engineered conical
intersection, Phys. Rev. X 13, 011008 (2023).

[145] I. B. Bersuker, The Jahn-Teller Effect and Vibronic Inter-
actions in Modern Chemistry (Springer, New York, 2013).

[146] C. A. P. Goodwin, F. Ortu, D. Reta, N. F. Chilton, and D. P.
Mills, Molecular magnetic hysteresis at 60 kelvin in
dysprosocenium, Nature (London) 548, 439 (2017).

[147] D. Reta, J. G. C. Kragskow, and N. F. Chilton, Ab initio
prediction of high-temperature magnetic relaxation rates
in single-molecule magnets, J. Am. Chem. Soc. 143, 5943
(2021).

[148] J. K. Staab and N. F. Chilton, Analytic linear vibronic
coupling method for first-principles spin-dynamics calcu-
lations in single-molecule magnets, J. Chem. Theory
Comput. 18, 6588 (2022).

[149] T. J. Penfold, J. O. Johansson, and J. Eng, Towards under-
standing and controlling ultrafast dynamics in molecular
photomagnets, Coord. Chem. Rev. 494, 215346 (2023).

[150] A. Mattioni, J. K. Staab, W. J. A. Blackmore, D. Reta, J.
Iles-Smith, A. Nazir, and N. F. Chilton, Vibronic effects on
the quantum tunnelling of magnetisation in Kramers
single-molecule magnets, Nat. Commun. 15, 485 (2024).

[151] A. Endo, K. Sato, K. Yoshimura, T. Kai, A. Kawada, H.
Miyazaki, and C. Adachi, Efficient up-conversion of triplet
excitons into a singlet state and its application for organic
light emitting diodes, Appl. Phys. Lett. 98, 083302 (2011).

[152] H. Uoyama, K. Goushi, K. Shizu, H. Nomura, and C.
Adachi,Highly efficient organic light-emitting diodes from
delayed fluorescence, Nature (London) 492, 234 (2012).

[153] T. J. Penfold and J. Gibson, The role of vibronic coupling
for intersystem crossing and reverse intersystem crossing
rates in TADF molecules, in Highly Efficient OLEDs
(Wiley, New York, 2018), Chap. 9, pp. 297–330.

[154] J. Eng and T. J. Penfold, Open questions on the photo-
physics of thermally activated delayed fluorescence, Com-
mun. Chem. 4, 91 (2021).

HYBRID OSCILLATOR-QUBIT QUANTUM PROCESSORS: … PHYS. REV. X 16, 041008 (2026)

041008-73

https://doi.org/10.1103/yr64-ypxt
https://doi.org/10.1103/PhysRevLett.102.120501
https://doi.org/10.1103/PhysRevLett.102.120501
https://arXiv.org/abs/1805.12445
https://doi.org/10.1098/rsta.2020.0375
https://doi.org/10.1098/rsta.2020.0375
https://doi.org/10.1038/nature05678
https://doi.org/10.1038/nature05678
https://doi.org/10.1038/s41467-024-48871-4
https://doi.org/10.1038/s41467-024-48871-4
https://doi.org/10.1063/5.0214637
https://doi.org/10.1063/5.0214637
https://doi.org/10.1021/cr1002613
https://doi.org/10.1021/cr1002613
https://doi.org/10.1146/annurev-physchem-040412-110130
https://doi.org/10.1142/S2529732519400042
https://doi.org/10.1021/acs.chemrev.7b00601
https://doi.org/10.1039/C9EE01508F
https://doi.org/10.1039/C9EE01508F
https://doi.org/10.1021/acs.jpclett.2c03131
https://doi.org/10.1038/s41524-022-00758-y
https://doi.org/10.1038/s41524-022-00758-y
https://doi.org/10.1021/ja505275m
https://doi.org/10.2174/0929867013372076
https://doi.org/10.2174/0929867013372076
https://doi.org/10.1118/1.2937440
https://doi.org/10.1063/1.4776261
https://doi.org/10.1063/1.4776261
https://doi.org/10.3390/molecules27175635
https://doi.org/10.3390/molecules27175635
https://doi.org/10.1002/anie.201916381
https://doi.org/10.1002/anie.201916381
https://doi.org/10.1021/cr2001299
https://doi.org/10.1002/wcms.1305
https://doi.org/10.1002/wcms.1305
https://doi.org/10.1021/ar400263p
https://doi.org/10.1146/annurev.physchem.55.091602.094335
https://doi.org/10.1007/128_2015_631
https://doi.org/10.1103/PhysRevX.13.011008
https://doi.org/10.1038/nature23447
https://doi.org/10.1021/jacs.1c01410
https://doi.org/10.1021/jacs.1c01410
https://doi.org/10.1021/acs.jctc.2c00611
https://doi.org/10.1021/acs.jctc.2c00611
https://doi.org/10.1016/j.ccr.2023.215346
https://doi.org/10.1038/s41467-023-44486-3
https://doi.org/10.1063/1.3558906
https://doi.org/10.1038/nature11687
https://doi.org/10.1038/s42004-021-00533-y
https://doi.org/10.1038/s42004-021-00533-y


[155] C.-X. Li, W.-W. Guo, B.-B. Xie, and G. Cui, Photo-
dynamics of oxybenzone sunscreen: Nonadiabatic dynam-
ics simulations, J. Chem. Phys. 145, 074308 (2016).

[156] Z. Wu, M. Wang, Y. Guo, F. Ji, C. Wang, S. Wang, J.
Zhang, Y. Wang, S. Zhang, B. Jin, and G. Zhao, Non-
adiabatic dynamics mechanism of chalcone analogue
sunscreen FPPO-HBr: Excited state intramolecular pro-
ton transfer followed by conformation twisting, J. Phys.
Chem. B 125, 9572 (2021).

[157] X. Zhao, Y. Wu, Y. Shi, Y. Liang, X. Feng, Y. Sun, S. Cui,
X. Jin, M. Tao, H. Wang, and G. Zhao, Non-adiabatic
dynamics mechanism in excited state of novel uv protective
sunscreen in rice: Conical intersection promotes internal
conversion, J. Cluster Sci. 32, 967 (2021).

[158] M. Wang, Z. Wu, F. Ji, C. Wang, and G. Zhao, Ultrafast
nonadiabatic mechanism of plant sunscreens biflavonoids
with two excited-state intramolecular proton transfer
structures, J. Lumin. 246, 118816 (2022).

[159] M. Barbatti, A. J. A. Aquino, J. J. Szymczak, D.
Nachtigallová, P. Hobza, and H. Lischka, Relaxation
mechanisms of UV-photoexcited DNA and RNA nucleo-
bases, Proc. Natl. Acad. Sci. U.S.A. 107, 21453 (2010).

[160] P. R. L. Markwick and N. L. Doltsinis, Ultrafast repair of
irradiated DNA: Nonadiabatic ab initio simulations of the
guanine-cytosine photocycle, J. Chem. Phys. 126, 175102
(2007).

[161] J. A. Green, M. Y. Jouybari, D. Aranda, R. Improta, and F.
Santoro, Nonadiabatic absorption spectra and ultrafast
dynamics of dna and rna photoexcited nucleobases,
Molecules 26, 1743 (2021).

[162] Y. He, M. Hashimoto, D. Song, S.-D. Chen, J. He, I. M.
Vishik, B. Moritz, D.-H. Lee, N. Nagaosa, J. Zaanen, T. P.
Devereaux, Y. Yoshida, H. Eisaki, D. H. Lu, and Z.-X.
Shen, Rapid change of superconductivity and electron-
phonon coupling through critical doping in Bi-2212,
Science 362, 62 (2018).

[163] T. E. Reinhard, U. Mordovina, C. Hubig, J. S. Kretchmer,
U. Schollwöck, H. Appel, M. A. Sentef, and A. Rubio,
Density-matrix embedding theory study of the one-dimen-
sional Hubbard–Holstein model, J. Chem. Theory Com-
put. 15, 2221 (2019).

[164] M.M. Denner, A. Miessen, H. Yan, I. Tavernelli, T.
Neupert, E. Demler, and Y. Wang, A hybrid quantum-
classical method for electron-phonon systems, Commun.
Phys. 6, 233 (2023).

[165] M. ten Brink, S. Gräber, M. Hopjan, D. Jansen, J. Stolpp,
F. Heidrich-Meisner, and P. E. Blöchl, Real-time non-
adiabatic dynamics in the one-dimensional Holstein
model: Trajectory-based vs exact methods, J. Chem. Phys.
156, 234109 (2022).

[166] J. Kogut and L. Susskind, Hamiltonian formulation of
Wilson’s lattice gauge theories, Phys. Rev. D 11, 395
(1975).

[167] F. J. Wegner, Duality in generalized Ising models and
phase transitions without local order parameters, J. Math.
Phys. (N.Y.) 12, 2259 (1971).

[168] M. Kebric, L. Barbiero, C. Reinmoser, U. Schollwöck, and
F. Grusdt, Confinement and Mott transitions of dynamical
charges in one-dimensional lattice gauge theories, Phys.
Rev. Lett. 127, 167203 (2021).

[169] A. Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. (Amsterdam) 303, 2 (2003).

[170] L. Homeier, C. Schweizer, M. Aidelsburger, A. Fedorov,
and F. Grusdt, Z2 lattice gauge theories and Kitaev’s toric
code: A scheme for analog quantum simulation, Phys. Rev.
B 104, 085138 (2021).

[171] S. Coleman, R. Jackiw, and L. Susskind, Charge shielding
and quark confinement in the massive Schwinger model,
Ann. Phys. (N.Y.) 93, 267 (1975).

[172] S. Coleman, More about the massive Schwinger model,
Ann. Phys. (N.Y.) 101, 239 (1976).

[173] D. Horn, M. Weinstein, and S. Yankielowicz, Hamiltonian
approach to ZðNÞ lattice gauge theories, Phys. Rev. D 19,
3715 (1979).

[174] P. Orland and D. Rohrlich, Lattice gauge magnets: Local
isospin from spin, Nucl. Phys. B338, 647 (1990).

[175] S. Chandrasekharan and U. J. Wiese, Quantum link mod-
els: A discrete approach to gauge theories, Nucl. Phys.
B492, 455 (1997).

[176] M. Mathur, Harmonic oscillator prepotentials in SU(2)
lattice gauge theory, J. Phys. A 38, 10015 (2005).

[177] E. Zohar, J. I. Cirac, and B. Reznik, Quantum simulations
of gauge theories with ultracold atoms: Local gauge
invariance from angular momentum conservation, Phys.
Rev. A 88, 023617 (2013).

[178] M. Mathur and T. P. Sreeraj, Canonical transformations
and loop formulation of SU(n) lattice gauge theories,
Phys. Rev. D 92, 125018 (2015).

[179] E. J. Gustafson, Prospects for simulating a qudit based
model of ð1þ 1Þd scalar QED, Phys. Rev. D 103, 114505
(2021).

[180] T. V. Zache, M. Van Damme, J. C. Halimeh, P. Hauke, and
D. Banerjee, Toward the continuum limit of a ð1þ 1ÞD
quantum link Schwinger model, Phys. Rev. D 106,
L091502 (2022).

[181] T. M. R. Byrnes, P. Sriganesh, R. J. Bursill, and C. J.
Hamer, Density matrix renormalization group approach
to the massive Schwinger model, Phys. Rev. D 66, 013002
(2002).

[182] B. Buyens, S. Montangero, J. Haegeman, F. Verstraete, and
K. Van Acoleyen, Finite-representation approximation of
lattice gauge theories at the continuum limit with tensor
networks, Phys. Rev. D 95, 094509 (2017).

[183] L. Funcke, K. Jansen, and S. Kühn, Topological vacuum
structure of the Schwinger model with matrix product
states, Phys. Rev. D 101, 054507 (2020).

[184] U.-J. Wiese, Towards quantum simulating QCD, Nucl.
Phys. A931, 246 (2014).

[185] D. Yang, G. S. Giri, M. Johanning, C. Wunderlich, P.
Zoller, and P. Hauke, Analog quantum simulation of
(1þ 1)-dimensional lattice QED with trapped ions, Phys.
Rev. A 94, 052321 (2016).

[186] A. Blais, R.-S. Huang, A. Wallraff, S. M. Girvin, and R. J.
Schoelkopf, Cavity quantum electrodynamics for super-
conducting electrical circuits: An architecture for quan-
tum computation, Phys. Rev. A 69, 062320 (2004).

[187] O. Milul, B. Guttel, U. Goldblatt, S. Hazanov, L. M. Joshi,
D. Chausovsky, N. Kahn, E. Çiftyürek, F. Lafont, and S.
Rosenblum, Superconducting cavity qubit with tens of

ELEANOR CRANE et al. PHYS. REV. X 16, 041008 (2026)

041008-74

https://doi.org/10.1063/1.4961261
https://doi.org/10.1021/acs.jpcb.1c05809
https://doi.org/10.1021/acs.jpcb.1c05809
https://doi.org/10.1007/s10876-020-01819-2
https://doi.org/10.1016/j.jlumin.2022.118816
https://doi.org/10.1073/pnas.1014982107
https://doi.org/10.1063/1.2728897
https://doi.org/10.1063/1.2728897
https://doi.org/10.3390/molecules26061743
https://doi.org/10.1126/science.aar3394
https://doi.org/10.1021/acs.jctc.8b01116
https://doi.org/10.1021/acs.jctc.8b01116
https://doi.org/10.1038/s42005-023-01353-3
https://doi.org/10.1038/s42005-023-01353-3
https://doi.org/10.1063/5.0092063
https://doi.org/10.1063/5.0092063
https://doi.org/10.1103/PhysRevD.11.395
https://doi.org/10.1103/PhysRevD.11.395
https://doi.org/10.1063/1.1665530
https://doi.org/10.1063/1.1665530
https://doi.org/10.1103/PhysRevLett.127.167203
https://doi.org/10.1103/PhysRevLett.127.167203
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1103/PhysRevB.104.085138
https://doi.org/10.1103/PhysRevB.104.085138
https://doi.org/10.1016/0003-4916(75)90212-2
https://doi.org/10.1016/0003-4916(76)90280-3
https://doi.org/10.1103/PhysRevD.19.3715
https://doi.org/10.1103/PhysRevD.19.3715
https://doi.org/10.1016/0550-3213(90)90646-U
https://doi.org/10.1016/S0550-3213(97)80041-7
https://doi.org/10.1016/S0550-3213(97)80041-7
https://doi.org/10.1088/0305-4470/38/46/008
https://doi.org/10.1103/PhysRevA.88.023617
https://doi.org/10.1103/PhysRevA.88.023617
https://doi.org/10.1103/PhysRevD.92.125018
https://doi.org/10.1103/PhysRevD.103.114505
https://doi.org/10.1103/PhysRevD.103.114505
https://doi.org/10.1103/PhysRevD.106.L091502
https://doi.org/10.1103/PhysRevD.106.L091502
https://doi.org/10.1103/PhysRevD.66.013002
https://doi.org/10.1103/PhysRevD.66.013002
https://doi.org/10.1103/PhysRevD.95.094509
https://doi.org/10.1103/PhysRevD.101.054507
https://doi.org/10.1016/j.nuclphysa.2014.09.102
https://doi.org/10.1016/j.nuclphysa.2014.09.102
https://doi.org/10.1103/PhysRevA.94.052321
https://doi.org/10.1103/PhysRevA.94.052321
https://doi.org/10.1103/PhysRevA.69.062320


milliseconds single-photon coherence time, PRX Quantum
4, 030336 (2023).

[188] A. Romanenko, R. Pilipenko, S. Zorzetti, D. Frolov, M.
Awida, S. Belomestnykh, S. Posen, and A. Grassellino,
Three-dimensional superconducting resonators at T ¼
20 mK with photon lifetimes up to τ ¼ 2 s, Phys. Rev.
Appl. 13, 034032 (2020).
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